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Haim’s Notes About
Introduction to Partial Differential Equations (2" Ed)
by Gerald B. Folland

Important: Folland uses a convention on the Fourier transform in this book that falls into the
minority category in terms of where one places the constant rz. Here | follow his convention and
so I strongly urge the reader to quickly glance at this convention in the section “Notations and
Conventions” below before proceeding to any other part of this document.

Important: | reference many theorems from both this document and the book. If I merely write
“Theorem X then I’m referencing a theorem from this document. On the other hand, if I write
“Theorem X from the book,” then I’m referencing a theorem from the book.
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2 Notations and Conventions

Definition 2.1: For functions f € L'(R™), we define the Fourier transform of f as

F© = [ e peod

The definition of the Fourier transform for tempered distributions follows from here.

Notation 2.2: For any tempered distribution u over R™, we denote its inverse Fourier
transform by 1. It is explicitly given by

(x) = a(—x).
Notation 2.3: We let D denote (2ri)~?! times a derivative:

D = ! d
T 2mi

Notation 2.4: Suppose that ( is an open subset and that L = /<, a,0 is a linear partial
differential operator over Q with C coefficients. The characteristic form of L is the
polynomial y; € C*(Q x R™) given by

B = ) ag@ie.
lal=k

Notation 2.5: We will use ( - | - ) to denote inner product and ( -, - ) to denote distribution
evaluations. In addition, in my distribution evaluations I will always put the distribution first and
the test function second (i.e. if u is a distribution and ¢ is a test function, I always write (u, ¢)
and never write (¢, u)).

Notation 2.6: For any point h € R™ and any function or distribution u, we let 7, u denote the
translate of u in the direction h:

Tou = u(x — h).

Notation 2.7: For any point x € R™, we will denote its Euclidean length by |x|:

lx| = fxlz + -4 x3.

Notation 2.8: For any x € R™ and any r > 0, we let B,.(x) denote the open ball of radius r
centered at x with respect to the Euclidean distance:

B.(x) ={y eR": |y —x| <r}.
Notation 2.9: We let Z, stand for the positive integers: Z, = {1,2,3, ... }.
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Notation 2.10: For any n € Z, let 7(n) denote the set of multi-indices of length n:
I(n) = {(ay, ...,a,) € Z™ : each a;, = 0}.

Notation 2.11: In R™, for j € {1, ...,n} we let e; stand for the point/vector that has all zeros
except a one in the j entry: e; = (0,...,0,1,0,...,0).

Notation 2.12: Suppose that X € Y < R™ are open sets. For any function ¢ € C°(X), we let
¢Y € €2 (Y) denote the smooth extension of ¢ to Y obtained by setting¢p = 0onY \ X. It’s
trivial to see then that supp ¢ = supp ¢¥ and hence ¢ is indeed compactly supported as well.

We also extend this notation to other objects such as distributions in the obvious way.
Notation 2.13: Let a, € I(n) be multi-indices. Then

1) a < B (resp. a < B) means that each a;, < B (resp. a, < Br).

2.) a!denotes a;! - ...- ay!.

3.) |a| denotes @y + -+ + a,.

4.) Forany x € R™, x% denotes x;* - ... x,".
5.) For any sufficiently differentiable function or distribution f, *f denotes 9% ... 3% f.

Notation 2.14: Let Q € R™ be an open set. We let the following denote the following spaces of
complex-valued functions:

1.) €™(Q) denotes the space of k-times continuously differentiable functions over Q. In
particular, C* () denotes the space of smooth functions.

2.) CI"(Q) denotes the space of k-times continuously differentiable functions over Q with
compact support. Sometimes C°(Q) is also denoted by D(Q).

3.) We let §(R™) denotes the space of rapidly decreasing functions:
S(R™) = {q.’) € C*(R") : |x“65q,')(x)| <o Va,pE€ ﬂ(n)}.
This space is called the Schwartz space.

Notation 2.15: Let Q € R™ be an open set. We let the following denote the following space of
distributions:

1.) D'(Q) denotes the space of distributions over Q.
2.) £'(Q) denotes the space of distributions over . with compact support.
3.) §'(R™) denotes the space of tempered distributions over R™.

Definition 2.16: Suppose that u € D'(Q) is a distribution. We define the complex conjugate of
u to be the distribution given by: for all ¢ € C°(Q),



Haim Grebnev Last Saved: December 1, 2024

(@ ¢) = (u, ).

This matches with the usual complex conjugate for ordinary functions. I include this definition
here since I’ve never seen it stated in any textbook.

Definition 2.17: Suppose that X is a measure space and that 1 < p < oco. We define the LP norm
of a measurable function f : X — C to be

i = [[1r0] "

In the case p = 2, we also define the L? inner product to be

(f. 9= [ 1

We let LP (X) denote the set of functions for which the LP norm is finite.
Definition 2.18: For any s € R we let H,(R™) denote the Sobolev space given by
Hy(R™) = {u € S'(R™) : (1 + [§1)*/*0(§) € L*(RM)}.

In this space we impose the inner product

(u, v)s = f (1 + €D 2E)PE)E.

It’s a standard exercise to show that this turns H;(R™) into a Hilbert space.
Notation 2.19: For any s € R, we let AS denote the operator
AS =1 — (2m)~2A]%/2
which is explicitly given by
Asu = [+ E1D72a©)]"  vu e S'(RY).

This operator is nice because it allows us to neatly write the norm of any u € H,(R™) as the L?
norm of (ASu)™, and the standard isometry from H_,(R™) to [H,(R™)]* (the dual of H,(R™)) as
A28,

Definition 2.20: A symbol of order m € R over an open set Q € R™ is a smooth function p €
C*(Q x R™) such that for any compact subset K € Q and any multi-indices a, § € 7(n) there
exists a constant Cy, 3 x > 0 such that

Dngp(x' | < Copr@+1ED™ 1 v(x,&) € K xR

We denote the vector space of all symbols of order m over Q by S™(Q). In addition, we define
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S—°(Q) = ﬂ Sm@Q) and  S®(Q) = U S Q).

meR meR

Definition 2.21: A function p : Q X R™ — C is said to be homogeneous of degree m in & if
there exists a ¢ > 0 such that p(x, té) = t™p(x, ) whenevert > 1 and |¢| > c.

Definition 2.22: A pseudodifferential operator is a linear map P : C°(Q) — C*(Q) of the
form

Pu(x) = f e27x 8 p (x, )1(E)dé

where p € S™(Q) is a symbol of order m € R U {+o0}. With respect to this notation, we say that
“p is a symbol of P” or alternatively that “P has p as a symbol” (P can have more than one
symbol). For any symbol p € S™(Q) we let p(x, D) denote the pseudodifferential operator that it
generates as above. We denote the vector space of all pseudodifferential operators of order m by
Y™ (Q). Note that for any pseudodifferential operator P as above, it’s in fact unnecessary to
check that P actually maps C:°(Q) into C*(Q) since, as one can check, that is automatic from
the above equation. In addition, one can also check that P is automatically continuous.

Definition 2.23: Suppose that {mj :j=0,1,2, } is a strictly decreasing sequence of real
numbers and that p € S™0(Q) and {p; € S™(Q) : j = 0,1,2, ... } are symbols of the indicated
order. Then we say that the formal series }.72, p; is an asymptotic expansion of p if for any k €
Z+’

-1

p— pj € ST(Q).
j=0

In this case we write p~ Y52, p;-

Definition 2.24: An amplitude of order m € R over an open set Q € R"™ is a smooth function
a € C*(Q x R™ x Q) such that for any compact subset K < Q and any multi-indices a, 8,y €
J(n) there exists a constant C, 5, x > 0 such that

DEDYDEa(x, & )| < Copyr(+1ED™ 1 V(x,&,y) €K xR" X K.

We denote the vector space of all amplitudes of order m over Q by A™(Q).

Notation 2.25: For any amplitude a € A™(Q), we let P, : C°(Q2) — C*(Q) denote the operator
given by

Paut) = [[[ et g, yyutrddyas

Note that the fact that the above equation maps C:°(Q) to C*(Q) is automatic; one can prove
this by carefully justifying interchanging D, partials under the integral signs using the
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inequalities in the definition of A™(Q). Furthermore, one can show that this map is continuous
and hence has a distribution kernel.

Definition 2.26: Suppose that & € R™ isanopenset. Letm, : A X Q - Qandmy, : A X Q > Q
denote the projection maps (x,y) ~ x and (x,y) ~ y respectively. A subset W < Q X Q is said
to be proper if the restrictions 7. |,, : W — Q and ny|W : W — Q are proper maps.

Equivalently, for any compact subset A € (, both
Ax)nNw and QxAnNW
are compact subsets of Q x Q.

Definition 2.27: Suppose that Q € R™ is an open set. A linear map T : C°(Q2) —» C*(Q) with
distribution kernel K is said to be properly supported if supp K is a proper subset of Q x Q.

Definition 2.28: Suppose that S, T : C°(Q) —» C*(Q) are linear maps. Then we say that S is the
transpose of T and write S = T" if

(Tu,v) = (u, T'v) vu,v € CZ(Q).
We say that S is the adjoint of T and write S = T~ if
(Tu,v) = (u, T*v) Vu,v € CZ(Q).

Definition 2.29: A symbol p € S™(Q) of order m is said to be elliptic of order m if for any
compact subset A < Q there exist constants c,, C, such that

Ip(x, E)| = c4l&I™ Vx €A and V& € R": |&]| = C,.

A pseudodifferential operator P € W™ (Q) of order m is said to be elliptic of order m if one of its
symbols is elliptic of order m (since any two such symbols differ by a S~ (Q) symbol [c.f.
Theorem 5.1 below], it’s not hard to see that this is well defined.

Sometimes I will drop writing “of order m” and just say elliptic when the order is clear or
irrelevant. Also, observe that elliptic linear differential operators with C* coefficients are also
elliptic in this sense as well.

Definition 2.30: Suppose that P is a pseudodifferential operator. Let P be a properly supported
pseudodifferential operator such that (P — P) € W~ (Q) (exists by Corollary 8.32 in the book).
Then, a parametrix for P is a properly supported pseudodifferential operator Q (possibly of a
different order) such that both (PQ — 1) € ¥~(Q) and (QP —I) € ¥~=(Q) where I stands for
the identity. It’s not hard to see that this definition is independent of the P that we choose (see
Theorem 8.37 in the book).

It’s a (nontrivial) fact that every elliptic pseudodifferential operator has a parametrix.
Definition 2.31: Suppose that O € R™ is an open subset. We let the following denote:

700 = Q x (R \ {0}
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We say that a subset V € T°Q is conic if for any (x, &) € V, we have that (x, c&) € V for all nonzero ¢ €
R.

Definition 2.32: Suppose that p € S™(Q) is a symbol. We say that p is elliptic of order m at
(x0, &) € T°(Q) if there exists a conic neighborhood V of (x,, é,) and constants ¢, C > 0 such
that

Ip(x, )| = c|E|™ v(x, &) eV : & =C.

We say that a pseudodifferential operator P € W™ (Q) is elliptic of order m at (x,, §,) € T°(Q) if all
of its symbols are elliptic of order m at (x,, &,) € T°(Q) (by Proposition 8.11(b) in the book or
Theorem 5.1.1 below, it suffices only to check one symbol).

Definition 2.33: Suppose that P € Y™ (Q) is a pseudodifferential operator. We define the
characteristic variety of order m of P to be the set

char,, P = {(x,&) € TyQ : P is not elliptic of order m at (x, £)}.
It’s easy to see that this is a closed cone in T°(.

Note: Folland doesn’t include m in his notation or definition of the characteristic variety. |
imagine that it’s implicit.

Definition 2.34: Suppose that p € S™(Q) is a symbol. We say that p is smoothing at (x, &o) €
TOQ if there exists a conic neighborhood V € T°Q of (x,, &) on which p is rapidly decreasing:
forany M > 0 and any a, 8 € I(n) there exists a constant Cy, o, s > 0 such that

DEDEp(x, )| < Cupap( + 16D v(x,) € V.

We say that a pseudodifferential operator P € ¥™(Q) is smoothing at (x,, &,) € T°(Q) if all of its
symbols are smoothing at (x,, &,) € T°(Q) (by Proposition 8.11(b) in the book or Theorem 5.1.1
below, it suffices only to check one symbol).

Definition 2.35: Suppose that P € ¥™(Q) is a pseudodifferential operator. We define the
microsupport of P to be the set

usupp(P) = {(x,&) € T°Q : P is not smoothing at (x, &)}
It’s easy to see that this is a closed cone in T°Q.

Definition 2.36: Suppose that u € D'(Q) is a distribution. We define the wavefront set of u as
WF(u) = ﬂ{charo P : P € ¥°(Q) is properly supported and Pu € C*(Q)}.

This may be a different definition than what some people are used to, such as the one given in
the book Introduction to The Theory of Distributions (2" Ed) by Friedlander and Joshi, but
Folland proves in his book that the two definitions are equivalent. See Section 5.8 below.
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3 Chapter 2

3.1 Invariance of the Wave Operator

Here | solve Problem 2 in Section 2.A in the book, which asks to show that in R? =
{(x,t) : x,t € R},

(3.1) (0 — 03 (uoTy) = [(8; — Du] o T.
where

_ [cosh @ sinh 6]
6 sinh® cosh@t

We’ll show this for u € §(R?), from which the fact will follow for u € D’(R?) by density.

Instead of doing it by brute force, let’s solve this problem as conceptually as possible. Taking the
Fourier transform of the left-hand side of (3.1) gives

(3.2) (02 — 0B (w o Tp) = (12 — £2)(w o Tp) = (12 — £2) a0 ([T317).

det Tg
Using that
(3.3) cosh? @ —sinh?0 =1

(this is why these are called the “hyperbolic” cosine and sine) it’s quick to see that detTy = 1,
Ty = T_g (use Cramer’s rule), and that Ty = T, due to symmetry. Hence (3.2) is equal to
(T2 =& o T_y.

Now, a small computation using (3.3) shows that the columns of T, are orthonormal with respect
to the Minkowski metric: ((z, §), (z/,&"))grr = tt’ — €&, and hence Ty preserves this
Minkowski metric. This is simply a complicated way of saying that (72 — £2) = (12 — £2) o Ty.
Hence (3.2) is further equal to

1
~ detT,

(@2 = &3 e T glaoTp = [(t? —{HA] o T [z = &»al o ([Tg']7)

= ([(67 — 89)ul » Tp) ™.

Taking inverse Fourier transforms then gives (3.1) as desired.

3.2 Comment on Spherical Harmonics

Fixn = 2. Let B and S denote the unit open ball and unit sphere in R™ respectively centered at
zero. In section 2.H, for every k > 0 the author defines the following spaces:

P, = {set of all homogeneous polynomials of degree k over R™}

H, = {P € P, : AP = 0}

8
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Hy, = {Pls: P € H;}.
The author calls H, the spherical harmonics of degree k.

I want to point out that these H,’s are the eigenfunctions of the Laplacian over S. To see why,
recall the standard formula for the Laplacian in R™ in spherical coordinates:

_ 02 N n—120 A

~ or? roor "

where A, is the Laplacian over the sphere rS. Now, take any P|s € Hj, where P € H,. Since P
is a homogeneous polynomial of degree k, in spherical coordinates it is of the form P(rx) =
Q(x)r* forr > 0 and x € S where Q is some smooth function over S. Thus by the above
equation we have that

0=AP =k(k —1)Qx)r* 2+ (n — DkQ(x)r*¥ 2 + A,s[Q(x)T¥].

(3.4) A

Now, restricting both sides of this equation to S where r = 1 gives us that
0=k(k—1Q() + k(n—1)Qx) + As[Q(x)].
Since P|s = Q, we have that this implies that
AgP = —k(k +n — 2)P.

So indeed, members of Hj, are eigenfunctions of the spherical Laplacian Ag with eigenvalue
—k(k +n — 2). From here we also quickly get that H, L H; with respect to the inner product of
L?(S) when k = j by doing integration by parts twice over S. Furthermore, by Theorem 2.53 in
the book we know that the H,’s span the whole Hilbert space L?(s) and so these must be all of
the eigenfunctions of the spherical Laplacian (this requires a bit of Hilbert space theory to
understand).

We also get a more intuitive proof of the following lemma that appears Lemma 2.62 in the book:
Lemma 3.5: Suppose that Y € H, and let ¥ : R™ \ {0} — C be the function
Y(rx) =Y(x) vr >0, Vx €S.
Then
AY = —k(k +n—2)r72Y.

Proof: Forany » > 0 and any x € S, we have by (3.4) above that (I leave out the details
justifying the second equality below: it’s a standard differential geometry fact/calculation):

AY (rx) = A Y (rx) = r2A,Y (%) = r2AsY (x) = —1r72k(k + n — 2)Y (x)
= —r2k(k +n—-2)Y(rx).
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Chapter 5
3.3 Wave Equation Cauchy Problem on Hyperplane

Here | solve Problem 3 in Section 5.A in the book which asks us to do the following. Suppose
thatv = (v',v,) € R™ X R is a unit vector such that |v'| < |v,| and consider the hyperplane
perpendicular tov: § = {(x,t) € R™*1: x-v' + tv, = 0}.

First we show that that there is a linear map T : R**1 - R™*! that maps S to {(x, t) : t = 0} of
the form T = T, T, where (here “rotation” means “unitary matrix”)

T,(x,t) = (Rx,t), whereR is a rotation in R™.
T,(x,t) = (x1, x5, ..., Xp, t"), where [i}] =T, [ﬂ where

T, — [coshG sinh 9]
6 sinh® cosh@l

Let R be any unitary matrix that takes v’ to (|v'|, 0, ...,0) and define T; as above. Observe that T;
takes v to (Jv'|, 0, ...,0,v,). Since Ty is unitary itself, it preserves inner products and hence take
S = vt to (Tyv)*. In other words,

T, [S] = {(xq, ey X, t) + x1|V'| + tvy = 0}

Hence we need to find a 6 so that T, take this to {(x, t) : ¢ = 0}. This will happen if and only if

) (=0 = o= (2).( =) 5 =2) 70

This implication will hold if (|v'|,v,) is parallel to Ty (0, 1), or more precisely if there exists an
a € Rsuch that a(|v’|,vy) = Ty (0, 1). Writing this system out gives

(3.6) al|v'| = sinh 6,
(3.7) av, = cosh 6.

Since cosh 8 > 0, we need to choose a to have the same sign as v,. Since cosh? § — sinh? 6 =
1, we need to choose a so that a?(vZ — |v'|?) = 1. Since |[v'| < |v,|, this is possible by simply
choosing

sgnv,
JE—E
With this a, the surjectivity of 8 — sinh 8 implies that there exists 6 solving (3.6) and hence

(3.7) because we choose the appropriate sign for a. This gives us the T, T,, and hence T = T, T,
that we wanted.

a =

Next, suppose we want to solve the Cauchy problem

(0 -Du=0, uls=f oduls=g

10
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Instead suppose that we can solve the Cauchy problem
(0 —Mv =0, V|g=gy = f° T, 0:Vl(t=0y =

where g is to be determined. We set u = v o T. First let us show that u also solves the wave
equation. We have that R preserves A (see Theorem 2.1 in the book) and hence T; preserves
(02 — A) since it does not affect the ¢-axis. By Problem 2 in Section 2.H in the book (or see
Section 3.1 above), T, preserves 97 — a5, and hence (82 — A) since it does not affect the x;-axis

for 2 < i < n. Thus T preserves the (92 — A) and so indeed u satisfies the wave equation:
(0 =Du= (0 —D)(weT) =[(0f —D)v] T = 0.

Next let’s show that u satisfies the proper boundary conditions. It’s easy to see that u|g = f is
indeed satisfied, so let us figure out what g must be in order for d,u|s = g to be satisfied.
Observe that

o,u=0,(voT)=dT() - [(Vv)oT] = (0, v)°T.

Let us write Tv = (w', w,), and note that w, # 0 since we know that the invertible T already
takes the (n — 1)-dimensional S to the (n — 1)-dimensional {(x, t) : t = 0} and hence cannot
take v € Sto {(x,t) : t = 0} as well. The above quantity can then be rewritten as

(a)oa(o__.__o'l)v + a(w,,o)v) oT = wy(0;voT)+ (a(w,,o)v) oT.

Now, we have that on {(x, t) : t = 0}, a(w,,o)v = a(w,_o)(f o T™1). Thus if we set

g= wio 90T =000 (f o T7H)],

then indeed we’ll get that d,uls = g.

4 Chapter 6
4.1 Convergence in Sobolev Spaces Implies Convergence as Distributions
Here | prove the following quick and useful lemma:

Lemma 4.1: Suppose that s € R. Suppose also that {u; € H;(R") : j € Z,} and v € H(R")
are such that u; —» v in Hs(R™). Then u; —» v in D'(R"™) as well.

Proof: Take any test function ¢ € C°(R™) and observe that

[y = v. )] = [(@ ©) — 5), (-5
= |[ @+ 172 - @1+ 12726 -ds]| < [y = vl

The last quantity goes to zero as j — oo by assumption, and so the lemma follows.

11
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4.2 The H™0 Sobolev spaces

In this note we define the following space:

Definition 4.2: Suppose s € R and that 2 € R™ is an open subset. We let H2(£2) denote the
closure of C () in H,(R™). We impose on H2(2) the inner product that it inherits from
H (R™) itself.

Observe that since H;(R™) is a Hilbert space and H2(() is a closed subspace of it, H2(Q) is also
a Hilbert space.

4.3 The Localized Sobolev Spaces
In this note we define and discuss the properties of the localized Sobolev spaces.

Definition 4.3: Suppose that s € R and that 2 € R™ is an open subset. We let H*¢(2) denote
the set of all distributions u € D' () such that for any bounded open subset 2, of 2 satisfying
N, € 0, u agrees with an element of H,(R™) over 2,. We impose the topology described below
on H¢(n).

By Proposition 6.13 in the book, we know that for any u € H°°(Q) and any ¢ € C(Q), ¢pu is
in Hg(R™) (technically we should be writing the “zero extension of ¢pu to R™”). Thus we can
impose the topology on H°°(Q) generated by the family of seminorms

(4.4) {u— ligulls : ¢ € C2(D}.

This turns H°°(Q) into a locally convex topological vector space. It’s not hard to see that this
space is Hausdorff. Furthermore, it is a Fréchet space as the following proposition shows.

Proposition 4.5: Suppose that s € R and that 2 € R™ is an open subset. Then H¢(02) is a
Fréchet space.

Proof: We will prove this proposition by proving the following

1. One only needs a countable subset of the seminorms described in (4.4) to generate the
same topology on H°°(Q), and hence this space is metrizable.

2. This space is complete.

First let’s prove (1). Let 7 denote the topology on H°¢(Q) defined by (4.4). Let {W,, : k € Z,}
be a precompact exhaustion of Q (i.e. each W, is an open subset of Q such that W, € W, and
Q= U Wy). Foreach k € Z,, let ¢, € C(Q) be such that ¢p = 1 on W, and supp ¢ S
W,,1. Let 77 denote the topology on H°°(Q) given by the following countable family of
seminorms:

12
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= ligulls : k € Z,}.

We will prove that 77 = 7. Consider the identity map id : (H°(Q),T") - (HX°(Q),T). It’s
easy to see that this is continuous. To prove that the inverse identity map id™* : (H¢(Q),T) —
(Hlc(Q),T") is continuous, take any ¢ € C2(Q) and let k € Z, be such that supp ¢ S W,.
Observe that ¢, = 1 on supp ¢ and so ¢, = ¢p¢,. Observe also that since v = ¢v is a
continuous Hg(R™) — Hs(R™) map (Proposition 6.12 in the book) there exists a constant Cy, > 0
such that [[¢v]ls < Cyllvls for all v € Hs(R™). Thus for any u € H°¢(Q) we have that

lipulls = llpdrulls < Cypllprulls.

So indeed id™" is continuous. Hence the two topologies 7 and 7' are the same and so we’ve
proven (1).

Now let’s prove (2). Suppose that {u,, : k € Z.} is a Cauchy sequence in H°°(Q). For any open
W € Qsuchthat W € Q, let ¢, € CZ(Q) be such that ¢, = 1 on W. Observe that for any
such W, {¢y,u} is Cauchy in H,(Q) and hence converges to some vy, € H,(R™) as k — oo.
Note that by Lemma 4.1 we also have that {¢,, u; } converges to v,, in D'(R™) as well. Now,
define the distribution v € H°°(Q) as follows: for any open set W as above let v over W be
equal to the restriction of vy, to W. We will now show that this is well defined and that u;, — v
in H°°(Q). To prove this first claim, take any open sets W and W' as above such that W n W' #
@. Then forany ¢ € C°(W n W') we have that

(O, ) = lim (St ) = lim (s, pyyp) = lim ().

Since a similar calculation shows that this is also equal to {(v,,+, ), we have that v is indeed well
defined. Finally, let’s show that u, — v in H°(Q). Take any ¢ € C2(Q). Let W be an open set
as above such that supp ¢ S W and observe that ¢ = ¢¢,. Then, since multiplying by ¢ is a
continuous operation in Hg(R™) (c.f. previous paragraph) we have that ¢, u; converging to vy,
in H,(R™) implies that

Pux = pwux = vy = ¢pv  in Hy(R") as k — .

From here we see that indeed u,, — v in H°¢(Q) and so (2) is proven.

]
5 Chapter 8
5.1 The Zero Pseudodifferential Operator has S Negative Infinity Symbols (Proposition
8.11)

Note: The version of this proposition in the book has a mistake. | describe the correct version
here and I’d like to thank the author of this book for pointing out how the mistake needs to be
fixed.

13
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In this section | work through the proof of the following theorem that appears in this book by
putting it into my own words.

Theorem 5.1: Suppose that 2 € R™ is an open set and that P € ¥™(12) is a pseudodifferential
operator over 2 equal to zeroasamap P : C°(2) -» C*(2) (i.e. Pu = 0 forany u € C°(2)).
Letp € C*(2 x R™) be a symbol of P. Then

1)p € S™*().

2.) If 2 is dense in R™, then in fact p = 0. If 2 is not dense in P, then p can be chosen so that
p # 0.

Proof: First let’s prove (1). Let p € C*(Q X R™) be a symbol of P. For every fixed x € Q, let
py (x,z) € D'(R™) denote the distribution that is the inverse Fourier transform of the smooth
function z » p(x, z). It’s explained in the book before this theorem that py (x, x — z)|,eq iS
related to P = p(x, D) by the equation

p(x, D)u = (p3(x,x — 2)|eq. u(2))  Vu€CX(Q)

where the right-hand side of this equation is regarded as a function of x € Q. Now, | claim that
for any fixed x € Q, the distribution pJ (x, z) = 0 on the open set {x} — Q. To see this, take any
¢ € C2({x} — Q), let R denote its zero extension to R™ (see Notation 2.12), and then observe
that

(P3 (%, 2| zey-0 0 (2)) = (PY (x,2), ¥ (2)) = (¥ (x, x — 2), o™ (x — 2))

= (pg(x'x - Z)lZEQr d)Rn(x - Z)|Z€Q> = p(X, D) [¢Rn(x - Z)l ] = 0.

Z€Q
Another way to state this is that p} (x, z) is equal to zero on the set
0={(x,2z)eQxR":z€{x}—0}

in the sense that for any fixed x, py (x, z) is zero on the set of z € R™ that satisfy (x, z) € O (i.e.
on the x-slice of 0). Notice that O is an open subset of Q x R" since if one lets G : R" X R" —
R™ denote the continuous function G(x,z) = x — z, then 0 = (O X R™) n ¢~1[Q].

Next, by Theorem 8.8 in the book we know that for any a € 7(n) such that |a| > m + n, for any
fixed x € Q the distribution z*py (x, z) is a continuous function. Let f, : Q x R™ — C denote the
function whose value at any point (x,, z,) € Q x R™ is equal to the value of z%pJ (x,,z) at z =
z,. By Theorem 8.8 we furthermore know that £, is class C/(Q x R™) for any j € Z, U {0} such
that |a| > m + n + j and that for any such j the partials of f,, of order < j are bounded on sets
of the form K X R™ where K is a compact subset of Q. By the previous paragraph we also know
that f;, is zero on O, which is an open neighborhood of Q x {0} in Q x R™. Thus, by dividing the
above f,’s be z%, we see that for any fixed x € Q the distribution pJ (x, z) is in fact in C*(R™).
As with the f,,’s, let’s let pJ (x, z) also denote the function whose value at any point (x, z) €

Q x R™ is the value of the distribution/function pJ (x, z) at the point z (a technical point). By
similar logic as in the second to last sentence, we know that py € C*(Q x R™).

14
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Now, | claim that for any compact subset K € Q and any a, 8,y € 7(n),

(5.2) , ?élIPan ZVDZ[;D,‘C"pX(x, z)| < oo.
X,z

We prove this in cases:

Cases |y| > m+n + |a| + |B]: We prove these cases by induction on the size of |]. The base
case of |[f| = 0 and |y| > m + n + |a] is trivial as it follows immediately from Theorem 8.8.
Now suppose that || > 0 and |y| > m + n + |a| + |8]. Then we have by the product rule that

B na — B na,,v B! ]/! —wnbB-®na,.v
D, D ,Z2) =2zYD, D ,Z) + E y=@p D ,Z).
z xfy(x Z) Z z xp2(x Z) y: w'(ﬁ —(,l))|(y—(l))'z z xp2(x Z)
wsp
W<y

The left-hand side here is bounded over K X R™ by Theorem 8.8 and each term in the £ sum on
the right is bounded over K x R™ by the inductive hypothesis since each | — w| < || and

lyl>m+n+|al+|8] = ly—ow|l>m+n+lal+]|B— ol

So the only term left “zVDZB D%pJ(x,z)” must then also be bounded over K x R™. This
establishes (5.2) in these cases.

Cases |yl <m+n+ |a| + |B|: Let N € Z, be a positive integer such that 2N > m + n + |a| +
|B|. Then we have that over (x,z) € K X R"

Bpa,,v Iy DfD,?pg(x,Z)| if |z <1
2/ D Dgpy(x,2)| < Iz

DY DDy (x,2)| <

|| 2N DfD;gpg(x,z)| if |z >1
foD,‘fp}’(x,z)| if |z| <1
N
— n
Zzzei DZﬁD,‘j‘p}’(x,Z) if |z|]>1

I\~

The quantity in the |z| < 1 region is bounded by continuity. For the region z > 1, notice that if
we distribute the £ sum we’ll get lots of terms that we know are bounded by the previous case.
This establishes (5.2) in these cases.

Having proved (5.2), we are ready for the last step to prove (1). In particular, notice that (5.2)
implies that for all fixed x € Q and any a € 7(n), DZpJ(x, z) is a Schwartz function of z and
thus the classic Fourier transform of p3 (x, z) is equal to p(x, z). Ok, take any compact subset

K € Qandany a, 8,y € 7(n). Since the Fourier transform F : S(R™) — S(R™) is continuous,
there exists a constant € > 0 and a finite collection of indices {;,7; € 7(n) : j = 1, ..., M} such
that

15
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sup

M
y y'DIF ()| < 62 sup |szfo¢| Vo € S(R).
yeERM -
j=1

zER™

Hence, for any (x,y) € K x R™ we have that

y' D Dgp(e, )| = [yrpfng [ e oy da| =yl [ e ebgpyx az

M
SCZ sup
n

j=1yER

which we know is finite by (5.2). It’s easy to see that this implies that p € S™*(Q).

ZVJ'DZﬁjD,‘fp}’(x, z)|,

Now let’s prove (2). Suppose first that Q is dense in R™. Then of course O is dense in Q0 X R™.
Since pj (x, z) is zero on O, we have in fact that py (x, z) is zero on all of Q x R™ by continuity.
Since p(x, z) is the Fourier transform of py (x, z) in the variable z, we get that indeed p = 0.
Now suppose that Q is not dense in R™. Take any ¢ € C.°(Q2) and any y € C°(R™) such that
supp ¥ is disjoint from Q. Observe that if we set p € C*(Q X R™) to be the symbol

p(x,y) = p(x)e > *Vh(~y)
then we have that
Pz (x,2) = ()P (x — y)
and so
p;(x,x = 2) = p()Y(2) = 0.

Thus p(x, D) = 0 and so p is a nonzero symbol of P.

5.2 Equivalent Condition for Proper Support (Proposition 8.12)

Here | work through the proof of the following theorem by putting it into my own words. One of
the things that I do differently here from the book is that in the proof of the forward direction of
(2), I instead consider a compact neighborhood of the set that the author calls “C.” I think that
this is either needed, or helps avoid a certain amount of extra work.

Theorem 5.3: Suppose that 2 € R™ is an open set. A linearmap T : C°(2) —» C*(N) is
properly supported if and only if the following two conditions hold:

1. For any compact subset A € 2 there exists a compact subset B € 2 such that
supp Tu S B whenever suppu S A.

16



Haim Grebnev Last Saved: December 1, 2024

2. For any compact subset A < 2 there exists a compact subset C < 2 such that Tu = 0 on
A wheneveru =0onC.

Proof: Let K denote the distribution kernel of T. First suppose that T is properly supported, or in
other words: supp K is a proper subset of Q X Q. Let’s start by proving that (1) holds. Take any
compact subset A € Q. Let B € Q be the compact subset

B = m,[(Q X A) N supp K].
Observe that
suppK N (B¢ x A) = Q.

Now, take any u € CZ°(Q) such that supp u € A. By the above equation we have that for any
v € CZ(Q) such that supp v € B¢,

(Tu,v) =(K,v @ u) = 0.
Thus supp Tu € B and so (1) holds.

Now let’s prove that (2) holds. Take any compact subset A € Q. Let A" < Q be a compact
neighborhood of A in Q. Let ¢’ < Q be the compact subset

C'=m,[(4" x Q) nsuppK].
Let C < Q be a compact neighborhood of C’ in Q. Observe that as before we have that
suppK N (A" x (C")°) = Q.

Now, take any u € C°(Q) such thatu = 0 on C. Then suppu < (C")¢. Notice that for any v €
CZ(Q) such that supp v € (4")™, the above equation implies that

(Tu,v) = (K, v ® u) = 0.
Hence Tu = 0 on (A")™ and thus on A as well. So (2) holds.

Now suppose that conditions (1) and (2) hold. Take any compact subset A < Q. First let’s show
that supp K N (Q x A) is compact in Q x Q. Let A’ € Q be a compact neighborhood of 4 in Q.
By (1) there exists a compact subset B’ < Q such that supp Tu S B’ whenever suppu € A'.
Observe that for any u, v € CZ () such that suppu € (A")™ and supp v € (B")¢, we have that
supp Tu € B’ and so

(K, v @u) =(Tu,v) =0.
Thus
supp K n ((B)° x (4)™) = ¢
and so

suppK N (Q x A) € B’ x A.
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Since the left-hand side here is closed and the right-hand side is compact, this implies that
supp K N (Q x A) is compact.

Now let’s show that supp K N (A X Q) is compact. Letting A’ be as before, by (2) we have that
there exists a compact subset C' < Q such that Tu = 0 on A" whenever u = 0 on C'. Observe
that if u, v € CZ () are such that suppu € (C)€ and supp v € (4")™, then u = 0 on C’, thus
Tu=0o0nA’, and so

(K,vQu) =(Tu,v) =0.
Hence
supp K n ((A)" x (C)¢) =@
and so
suppKN(AXQ)cS AxC'.

Again, since the left-hand side here is closed and the right-hand side is compact, this implies that
supp K N (A x Q) is compact. Thus supp K is a proper subset of Q x Q and so T is indeed
properly supported.

5.3 A Useful Lemma for Amplitudes

For a reason that might not be clear at first, the following lemma and its variants turn out to be
extremely useful in the theory of amplitudes. One of their most common applications is to justify
interchanging limits and partials with the outer integral in the definition of the amplitude maps
P, for a € A™(Q). For instance, this lemma can be used to prove that the maps P, indeed map
CZ(Q) into C*(Q) and that the mapping is continuous.

Lemma 5.4: Suppose that a € A™(£2) is an amplitude. Suppose also that B < 2 is a compact
subset, a, 8,y € 7(n) are multi-indices, and that N € Z, is a positive integer. Then there exists a
positive constant Cg o 5, v > 0 such that

| j 24 pEDY DEa(x, £, y)u(y)dy| < Cpapyn (1 + D12 z sup Du
|o|<2N
Yu € C°(Q) : suppu &S B and Vx € B.

Remark: The reason for having “2N” in the estimate is that it makes the proof easier below. In
particular, the convenience is that we can expand the quantity |€]2" in a simple manner using the
distributive property.

Proof: Let {Cy, : 0 € 3(n) such that |¢| < 2N} be the constants in the expression
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E17 = > Gy,

Then, for any u € €°(Q) such that suppu € B and any x € B we have that (in the third
equality below I integrate by parts in y)

1§12%

f ezni(x—y)-fpr;’Dga(x, ¢, y)U(J’)dY|

Cuo f £9e=2mvE D DY DEa(x, €, y)u(y)dy

|o|<2N

=S [ Dle 4 ]pt pyDEaCs £ utrIay

|o|<2N

| > Cus | e gDl DERGH £ yu0)]dy

|o|<2N

Applying the product rule to the Dy partial in the last quantity and then appealing to Definition
2.24, it’s not hard to see that there exists a constant Cg 4 g, v > 0 such that the above quantity is
less than or equal to

Copyn(L+1ED™ 14 > supD7u
|o|<2N
Dividing through by |&]?" gives
| j M EDEDY DEa(x, §, yYur)dy| < oyl A+ 1ED™1 D sup D7,
|lo|<2N

Since the left-hand side is continuous in x and &, from here we see that we can increase the value
of Cg o5, > 0 to make it so that the inequality in the statement of the lemma holds. This
proves the lemma.

A useful variant of the above lemma that is proved in almost exactly the same way is the
following.

Lemma 5.5: Suppose that a € A™(£2) is an amplitude. Suppose also that B < 12 is a compact
subset and that the set

A={yen:alx¢&y) #0forsome(x,¢) € BXR"}
IS compact. Let , 8,y € 7(n) be multi-indices and N € Z, be a positive integer. Then there exists a

positive constant Cg 4 g, v > 0 such that
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| f >N EDIDIDEa(x, § Y)u()dy| < Cpapyn (1 + [EH™ =2 Z sup D7u

A
|lo|<2N

Vu € C*(2) and Vx € B.

54 Amplitude Kernels are Smooth Away from the Diagonal

In this note I prove the following fact that the author leaves to the reader to work out. It’s a direct
generalization of the same fact that holds for the usual symbols S™ () proved in Proposition
8.8(b) in the book. I avoid using equation (8.23) in the book; I’11 discuss its rigorous meaning at
the end.

Theorem 5.6: Suppose that 2 € R™ is an open set and that a € A™(12) is an amplitude. Let K
denote the distribution kernel of P,. Let j € Z, U {0} be any nonnegative integer. Then for any
multi-index a € 7(n) such that |a| > m + n + j, the distribution (x — y)*K is of class C’. In
particular, this shows that K is C* away from the diagonal 4, = {(x,y) €2 X 02 : x = y}.

Proof: Let « € 7(n) be any such multi-index and let 8,y € 7(n) be multi-indices such that

IB| + |yl <j.Letp: R™ - R be a smooth bump function such that p = 1 on the ball B; (0) and
p = 0 on [B,(0)]¢. Consider the sequence of smooth bump functions {p, € C°(R™)};-, given
by pi (&) = p(&/k). Now, we have that for any test function w € C°(Q2 X Q)

(DEDY[(x — »)*K (x, 1)1, w(x, D) = (=DBIHYIK (x, ), (x — y)*DE DY w(x, y))

= -0y [[[ exmeagn g, ) — )b DYwx, )dydsdx.

Using a slight variant of Lemma 5.4 (i.e. change u to w there) and the dominated convergence
theorem it’s not hard to see that this is equal to

0t gim [[] e 2p,©at, £ - )DL DI Wi, Y)dydax.

The great thing about this is that now the integrand is compactly supported in the full (y, &, x)
space and so we can apply Fubini’s theorem. Let a;, denote the function a,(x,§,y) =
pr(&alx, &, y). Then, letting F ! denote the ordinary (integral) inverse Fourier transform we
have that the above quantity is further equal to

(=1)IB1+1v] ’lijgoff}'gl[(_l)lamgak(x,f,y)]l _y)DfD.;W(x,y)dydx

(x

= (_1)|a|+|y| 111—{20 fffs_l[fﬁ”Dgak(x' f,y)]l _y)w(x,y)dydx,

(x

where in the last inequality | did an integration by parts. Now | claim that this is equal to
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(=1)lal+lvl ffji'f—l [f[)’H’Dg‘a(x, ¢, y)] |(x—y)W(x' y)dydx,

where notice that the inverse Fourier transform here is well defined and continuous since by
assumption fﬁ”Dg‘a is integrable in &. This will then show that

DEDYIGx = VK] = (~DIHNF [ DEaCe g ]|

and thus (x — y)*K (x, y) is indeed of class C/. Ok, we will prove my claim by showing that

B+y _
xsyggllf Dfla = al@ &5, = 0

where B = supp w. Observe that for any x,y € B
gy pe 0 if [§|<k
€7Dl = Al S| = esrpgace, g, )| i 1¢] > 2k
< CapyplElPFYVI(L + (g™l if || <k or |€] = 2k

for some constant C, 5, 5 > 0. On the region k < [£| < 2k we have that (here we still assume
x,y € B)

6847 D, — al(x,£,)] = [ DE(p(®) = Dax £
<1181 " (7 sup Doy — 11 [DE 0 ax,£,)]

g=a

1 a " 1 (14 2k)™le=el if m—|a—0o| =0
= kw+m2 (o) supD o =177 Ca- C’B{(Hk)m =0l if m—|a—o| <0

osa

for some constants C,,_, 5. Since the above bound over the region k < |§| < 2k decays like
1/kIBl+lvl=-m+lal there exists a constant C > 0 such that

C .
|§B+VD§‘[ak—a](x,€,y)| Sm if k< |€| < 2k.
Thus for any x, y € B we have that (here m, is the Lebesgue measure)

6947 D¢ la — a1,

mg[Byx(0) \ B, (0)] + J Ca‘ﬁ,y,B|g|lﬁI+Iyl(1 + |E)m-lal g,
[B2k(0)]€

< -
— kIBl+lyl-m+|al

Since the last quantity goes to zero as k — oo, this proves my claim and hence the theorem.
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As the author mentions in the book, if a € A™(Q) then the distribution kernel K of the map P, :
Cr(Q) » C*(Q) is given by

(K,w) = jﬂ e2mi=y)Eq(x, &, yI)w(x, y)dydEdx vw € CZ(Q X Q).

If one could formally interchange the inside dy and d¢ integrals, then one would seem to get that
K = ay(x,x —y,y) where ay denotes the inverse Fourier transform of a in the second variable.
It is for the reason that we often use ay (x, x — y, y) as a piece of notation to symbolize the above
distribution K.

One can actually come close to interpreting the notation ay (x, x — y,y) as an actual inverse
Fourier transform using limits. Indeed, let p € C°(R™) be a smooth bump function such that

p = 1ontheball {|¢] < 1}and p = 0 on {|&]| > 2} and consider the sequence {p; €
CZ(R™)}=, given by p, (&) = p(é/k). Then if we consider the compactly supported amplitude
approximations a; given by a, (x,¢,y) = p(§)a(x, &, y), then it’s not hard to prove using
similar techniques as in the above proof that forany w € C°(Q X Q),

|| e 4atu g ymwnyrdydsax = Jim [ @40 - v ywee vy,

where each (a;)Y is a genuine integral inverse Fourier transform of a, in the second variable.
Observe also that another way to put this is that the kernel K of the map P, is the limit of
{(ar)¥3}r-; in the sense of distributions.

5.5 Asymptotic Expansion of Amplitude Maps (Theorem 8.27)
In this note | give a different (but equivalent) presentation of the proof of the following theorem.

Theorem 5.7: Suppose 2 € R™ is an open set and that a € A™ () is an amplitude such that
P, : CZ(2) » C*(N) is properly supported. Let p € C* (2 X R™) be the smooth function

p(x’ f) — e—Znix-EPa(ezmy-E)
(see remark below). Then p € S™(2) and P, = p(x, D). Furthermore,

1
P~ ) —0fDFa(§x)

a€ei(n)
(see remark below).

Remark: In the definition of p(x, &), the quantity P, (e2™%%) signifies P, applied to the smooth
function y — e2™'¢, This makes sense since, as is explained in the text, properly supported
(continuous) maps from CZ°(Q) to C* () such as P, extend to continuous C*(Q2) —» C*(Q)
maps. Next, a precise formulation of what we mean by the above equation is that
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= 1
PO~ Y (8  whereeach p(§) = ) —0fDFa(x§x).
=0

la|=j

Proof: By Proposition 8.26 in the book, we can modify a so that the following three things
happen:

1.) The values of a are unchanged in a neighborhood of the diagonal
{(x, &) EQAXR"XQ:x =y}
2.) The set

I, ={(x,y) €A xQ:a(xé,y) # 0 for some ¢ € R}
is proper in Q X Q (this set often useful since it contains the support of the kernel of P,).
3.) The map P, is unchanged.

Observe that if we prove the theorem for this modified a, then the theorem will hold for the
original a as well. So suppose that we made this modification to a.

Ok, fix any x € Q. For any u € C°(Q) we have that

Paut) = [[ e S an, &, yuGdyds = [[[ e o, g y)em ) dndyds

= [|J e Sau . vy ray amdnds

where the switching of the dn and dy integrals in the last step is justified since X, is proper and
thus the set of y such that a(x, &, y) # 0 for some ¢ € R™ is compact. For the same reason and
Lemma 5.5 we have that this dy integral also decays faster than any power of |¢| and is of
polynomial growth in |n| and so it is justified to interchange the last dn and d¢ integrals to get
that the above quantity is further equal to

]]J e2ni(x—y)'fa(x, f' y)ezniy'ndydf ﬁ(n)dT]

It’s easy to see that this is equal to

[ Pleremyaanan = [ em<tpeemacnan

If we prove that p € S™(Q), then the first claim in the theorem will follow. We will in fact prove
right now that the following two facts holds:

a) There exists a sequence of numbers {Mj :j=0,1,2, } such that u; - —co and such that
for any compact subset B < Q, for each k > 0
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k
sup [p(x, &) — ) pj(x, &) < Cpp(1 + [E[)H*

XEB
j=0

for some constants g, > 0 where p; are defined in the above remark.

b) For any multi-indices a, § € 7(n), there exists a real number u(a, 8) such that for any
compact subset B € Q,

sup DEDEP(x, )| < Cpap(1 + 1ENHEP,
X

for some constant Cg , g > 0.

It’s not hard to see that each p; € $™=J(Q) and so by Theorem 8.20 in the book we will have
that (a) and (b) together show that both p € S™(Q) and p~ X532, p;. Hence the theorem will be
proved.

Let’s start by proving (b). We have that
(5.8) p0c,§) = et || 2 maa,n, e dyd.

Take any a, B € 7(n). Let B € Q be any compact subset. Let B € Q be a compact neighborhood
of B in Q (i.e. we technically need fatten B a little since we’ll be considering D, partials of p at
points on the boundary of B as well). Since Z, is proper, the set of y such that a(x,n,y) # 0 for
some (x,n) € B x R™ is compact. Thus by Lemma 5.5 we can interchange D partials with the

double integrals in the above equation to get that over x € B (I apply the product rule here),
DEP(E) = . () (~DMare2mixs [[ eamCmnage , )y« e dydy,
Y=a

By similar reasoning, we can interchange D, partials with the double integrals in the above
equation to get that over x € B,

DEDEP(x, §)

= Z (;{) (_1)|V| Z (:g) D;CT [x]/e—znix.f] jj Df—U[BZni(x—y)-na(x, n, y)]ya_yezmy.gdydn
o<f

y<a

Looking at the double integrals in the last quantity, after distributing the Df 7 partial it’s not
hard to see by Lemma 5.5 that there exists an M € Z, independent of B and a positive constant
Cp o, > 0 such that the quantity in the above equation satisfies the bound

DEDEP(x, )| < Copp(1 +1EDM
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(for instance, M = |B] + 2N will work where N > 0 is any integer such that |f| + m — 2N <
—n — 1). This proves (b).

Now let’s prove (a). To help avoid possible confusion, | will sometimes write my partials as D;

where j = 1,2,3 indicates what argument I’m differentiating a function in. Take any compact
subset B < (. The idea here is to use Taylor’s theorem on the function { = a(x, {,y) centered at
¢ = & We have by (5.8) that for any j = 0 (here R, ¢ ; is the Tailor series error term for the

just mentioned function)

(5.9) p(x,&) = j j e2mC=)-Dg (x, 1, y)dydy

1 . .
lafsk

Let’s take a look at the first sum on the right-hand side. Over (x,§) € B X R™ we have that every
integral in that sum it is equal to

] ] (—D)lelpg[e?mit=y)>=D]o%a(x, &, y)dydn = ] j 2= (1-OpeaLa(x, €, y)dydn

where in the last equality | did integration by parts in y using the fact that the set of y such that
a(x,&,y) # 0 for some (x,&) € B x R™ is compact. Letting F denote the Fourier transform,
observe that the above quantity can further be written as

j 2O, [DFafalx,§, ]|, _, dn = D§oalx,,x).

Taking a look back at (5.9), we see that (a) will be proved then if we can show that over (x, ) €
B x R™ there exists a sequence of numbers p; : j = 0,1,2, ... independent of B such that u; —
—oo and the integral of the error term satisfies

(5.10) ||| e @Ry mdyn| < o + gD

for some constants Cp , > 0. Using Taylor’s theorem, we can write out the integral on the left-
hand side here as

1
1 .
) Y [ [ermenomna - okagaq + e - £,)0 - dedydn,
0

|la|=k+1
Let’s take a look at each integral in this sum. Call the integral in the a™ term in the above sum

Iy (x,8):

1
I, €) = f j j MG (=D (1 — Yo% a(x, & + t(n — £),y)(n — £)%dt dydn
0
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1
= ff(l _ t)k f(—1)|“|D§‘[eZ”i(x‘y)'(”‘f)]ag‘a(x,E +t(n — &), y)dy dtdn
0

1
- f f(l -tk f eV (=D pLoLa(x, & + t(n — &),y)dy dt dn
0

where in the last equality | did integration by parts in y. Furthermore, let J,(x, &, t,n) denote the
inner dy integral in the last quantity:

JoGo £ tm) = j oMY (- DEaLa(x, & + t(n — &), y)dy.

Over the region |n — &| < |€]/2, we see from this equation directly that there exists a constant
Cp ke > 0 such that

U6, &6, < Copa(1+31E1/2)m10 = Cp o (1 + 31€]/2)™ K,

Over the region |n — &| = |€]/2, it’s not hard to see by repeating similar steps as in the proof of
Lemma 5.4 that for any positive integer N € Z, there exists a constant Cp 4 o, 5 SUch that

UaCt, &t < Copanln —EIT2NA +1E+t(n — D™

< CoranIn —EMNA+ED™* A+ n—&P™* if m—k=0
" (Cranin — &|72N if m—k<0

(the triangle inequality was used in the m — k > 0 case). Thus in the following two cases we
have that (here m, is the Lebesgue measure)

i. Ifm—-—k=0:
1o (x, )| < Cppe(1+3E1/2)" *me{n = In — &I < 1€]/2}

+Copan(LHIED™ [ = 7N Iy - .
n:n=¢§1=151/2

If we choose N big enough, the right-hand side grows no faster than |&|™ ¢+,
ii. Ifm-k<O:
1o (x, )| < Cpra(1+3181/2)™ *me{n : In — &l < 1€1/2}

+ Cpan f ln — &17*Ndn.
n:n-&12[&|/2

In this case, we also have that if we choose N big enough the right-hand side grows no
faster than |&|™k+n,

From both cases we see that there exists a constant Cz , > 0 such that
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1o (x, )| < Cpa(1 + [EP™H" Vx € B.

Plugging this back into the equation following right after (5.10), we have that there exists some
constant Cp ;, > 0 such that

|[[ e @R mdyn| < G+ IR

Setting y,, to be the sequence y, = m — k + n, this proves (a). As discussed above, this proves
the theorem.

Because of the above theorem, we can establish the following useful piece of notation.

Notation 5.11: Suppose that P € ¥™(£2) is a properly supported pseudodifferential operator.
We let o, € C* (2 X R™) denote the following function:

O'p(x, E) — e—Zm'xofP(eZm'y'f)_

The great thing about this function o, is that because of the above theorem we know that o, €
S™(Q) and that it is a symbol of P: P = ap(x, D).

5.6 Pseudodifferential Operators and Sobolev Spaces (Theorem 8.40)

Here | give a slightly different proof of Theorem 8.40 in the book, which | break up into two
theorems.

Theorem 5.12: Suppose that P € ¥™(12) and that s € R. Then P maps H?(2) continuously into
Hlc. () (see the remark below).

Remark: Here is how we interpret this theorem. In the proof below we will show that P maps the
subspace C(Q) € H,(R™) continuously into H°¢,. (©). Precisely, this means that for any ¢ €
C2 (Q) there exists constant C > 0 such that for any u € C°(Q),

llpPulls—m < Cliulls.

This continuity then implies that P extends uniquely to a continuous P : H2(Q) — H¢,, () map
(this technically uses the completeness of H.°¢,,(Q), see Proposition 4.5).

Proof: Pick any ¢ € C°(Q). As mentioned in the above remark, it will be enough to prove the
existence of a constant C > 0 such that ||¢pPulls_,, < C|lu|ls forall u € C°(Q). Observe that if
p € S™(Q) is a symbol of P, then ¢P = q(x, D) were g = ¢p(x)p(x, &). The symbol g € S™(Q)
of course satisfies the property that q(x, §) = 0 for x outside the compact set supp ¢. Now, for
any u € C°(Q) we have that

G.13)  @Puly) = f f 2 EN % (x )2(E)dEdx = f 601 — £ OUE)E,
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where g, denote the Fourier transform of g in the first variable. Thus, we have that

I9Pulln = || @+ W20, - g Dacra]| = | [ KenOF @z

LZ
where
K®,& = 1+ ™21+ €19)™5/2q,(n — §,€) and  f(&) = (1 + [E[D2(8).

Using similar techniques that we used to prove Lemma 5.4, it’s not hard to see that for any N €
Z, there exists a constant C, > 0 such that

16, Ol < Cy(L+ SN+ [E1H™?2 v, & € R™
Thus for any N € Z.., by Lemma 6.10 in the book (the little unnamed inequality)

K@, )| < Cy(1 + [n|D)ES™™/2(1 + [§|D)™9/2(1 + |n — €]~V
< Cy25~mI/2(1 4 | — &|2)ls—ml/2-N,

So, we can let N be big enough so that K is in L*(R™) in each variable separately. Hence by
Young’s inequality for integral operators (Theorem 0.10 in the book) we have that

lpPulls—m < ColIfll 2 = Cpllulls

for some constant Cy, > 0 only dependent on ¢. This proves the theorem.

If the pseudodifferential operator is properly supported, then we can say something else:

Theorem 5.14: Suppose that P € ¥™(2) is properly supported and that s € R. Then P maps
Hl°¢(Q) continuously into H¢,, ().

Remark: Here we don’t need any special interpretations since P is perfectly defined over
H°(Q) € D'(Q) (see page 277 in the book).

Proof: Take any ¢ € C°(Q2). We will prove this theorem by showing that there exists a constant
C>0anday € CX(Q) such that ||¢pPu|ls_,, < Cllyulls for all u € H(Q). Let A S Q bea
compact subset of Q that contains supp ¢ in its interior. By Theorem 5.3 there exists a compact
subset C < Q such that Pp = 0 on A whenever p € C°(Q2) iszeroon C. Lety € C°(Q) be such
that 1y = 1 on a neighborhood of C. Then, by the solution of Exercise 4 of Section 8.B in the
book we have that Pul 4in: = P(ypu)] 4 for all u € D'(Q). Hence pPu = ¢pP(pu) for all u €

D’ (Q), and in particular for u € H°°(Q). Now, as in the proof of Theorem 5.12 observe that if

p € S™(Q) is a symbol of P, then ¢P = q(x, D) where q(x, &) = ¢(x)p(x, ). Notice that the
symbol g € S™(Q) satisfies the property that q(x, &) = 0 for x outside the compact set supp ¢
and q(x, D) is also properly supported. Then we have that for any u € H°(Q),

(pPu) () = (pP@w)) () = (qtx, DYRwW) ~ () = (q(x, D) Pu)(x), e~2™m%),
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where we’ve used the fact that g(x, D) (yu) is compactly supported since q is proper (c.f. page
276 in the book). To continue the calculation, let p € C°(Q2) be suchthat p = 1 ona
neighborhood of supp[q(x, D)(yu)]. By the discussion on pages 269-270 in the book, we then
have that the above quantity can further be written as

(e DY), pGIE™1) = (©), [ e g, DpCede > dx)

= (Fu(®), f e2miEq (x, £)e 2T ),

Now, since Yu € H () we arrive at that

@Pw) " () = f ] e2miE1Eq (x, &) Pu(E)dxde.

From here we can continue just as in the proof of Theorem 5.12 starting with (5.13) to get that
there exists a constant Cy, > 0 only dependent on ¢ such that

lpPulls-m < Collipulls.

This proves the theorem.

5.7 Local Solvability of Properly Supported Elliptic Pseudodifferential Operators

Here | prove the following theorem by putting the proof of Theorem 8.45 in the book into my
own words. I’m going to try to be very careful in my notation.

Theorem 5.15: Suppose that P € ¥™(2) is a properly supported elliptic pseudodifferential
operator of order m. Pick any f € D'(£2). Then, for any x, € 2 there exists an open
neighborhood U of x,, contained in £2 such that the equation Pu = f has a solution u € D'(2)
over U (i.e. (Pw|y = fly)-

Proof: Let Q be a parametrix of P and consider the operator S = (PQ — 1) € ¥=*(Q). Let W be
an open neighborhood of x,, such that W < € is compact. Since S is properly supported, by

Theorem 5.3 there exists a compact subset A € Q such that values of Su on W only depend on
the values of u € C°(Q) on A. Let ¢,y € C°(Q) be such that

$p=1 on W and Y =1 on A
Now, consider the operator T : C2(R™) — C®(R™) given by (see Notation 2.12 for « - R"»)

Tu = [¢pS@ - [uloDI*".

I put “~”” over my T here to remind us that this operator is acting over R™ and not Q anymore.
The reason we will want to work with an operator over R™ is so that we can utilize H;(R™)
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Hilbert spaces theory. It’s not hard to show that T is a pseudodifferential operator of order —oo as
well, and using Proposition 8.12 is also properly supported. Let’s also observe an almost obvious
technical point:

Claim: For any v € D’(R™),
(TU)|Q = ¢S [vlaD.

Proof: We have that this already holds for v € CZ°(R™) by definition. To prove it for more
general distributions, we argue by continuity. Take any v € D'(R") and let {v, }z~; € C°(R™)
be such that v;, — v in D’'(R™). Then, we have that

(TU)|Q = ]li_l)‘folo(TUk)ln = ]11_)1{}0 dSWlvklal) = dS@[vlaD).
Il

Back to proving our theorem. Consider f = (¢f)R" € £'(R™). We claim that if we can find a
v € D'(R™) such that (T + I)v = f over some open neighborhood U € W of x,, then u =
Q(v|gq) will be the solution we’re seeking. To see why, observe that

PQla)ly = (S+DWlaly = [qu(i,l)(le))]lU +vly = (Tv+ V)lu
= f|u = fly.
Hence indeed it suffices to find a such a v € D'(R™).

Since f € £&'(R™), we have that f € H,(R™) for some s € R. Fixing such an s € R, the
following claim is the key to applying Hilbert space theory to our problem.

Claim: The operator T : H,(R™) — H,(R™) is a compact operator.

Proof: Take any bounded subset B of H,(R™). We’ll show that T[B] has a convergent
subsequence in H (R™). Let p € C°(R™) be such that suppp € Q and p = 1 on supp ¢. It’s
not hard to see by definition that Tv = pT (v) for all v € D’(R™) and so we have that

T[B] = {pT(v) : v € B}.

Now, take any r < 0 and recall that T € W"(R"). By Theorem 5.14 we have that there exists a
constant C, > 0 and a o € C°(R™) such that for any v € H;(R™),

T < Cyllovlls.

Since multiplication by o is a continuous operation in H(R™), this implies that the set in the
previous equation is bounded in H,_,.(R™). Furthermore, every member of that set is also
supported in the fixed compact set supp p. Hence by the proof of Rellich’s theorem (Theorem
6.14 in the book) we have that this set has a subsequence that converges in H;(R™). Thus the
map T : H,(R™) —» H,(R™) is indeed compact.
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I

Back to proving the theorem. Let Ty denote the ( - | - ), adjoint of T and let T* denote the
ordinary adjoint of T (see Definition 2.28 for the latter). By Fredholm’s theorem and its corollary
(Corollary 0.42 in the book) we have that (T + Iv = f has a solution if and only if £ L

{g € H,(R™) : Ty g = —g}. We will use the following claim to put this condition into a more
convenient form.

Claim: The following is true and makes sense:

(Flg), = —(f. T*A%g) Vg € Hy(R™) : Ty g = —g.

Proof: For shorthand, let R denote the set of all g considered here. First let’s prove the following
version of the above equation:

(5.16) (hlg)s = — (h, T*A25g) Vh € CX(R™) Vg e R.
We have that for any h € C°(R™) and any g € R,

~Thlghs = (T glh), = (glTh), = [ (1 + 16199 Th)ds.

Now, since h is compactly supported and T is properly supported we have that Th € CZ°(R™)
(alternatively T always vanishes outside of supp ¢). So we can continue the above calculation as

=\" =
= (W) (=), (Th) () = (42, Th),
Now, by definition we have that (T*u, 7) = (u, T_v) for all u, v € C°(R™). By the continuity of

T* : D'(R™) - D'(R™) (Exercise 8.B.4 in the book) we have that this also holds for u €
D'(R™). So we can further continue the above calculation as

= (T*A% g, h) = (T*A%5g,h) = (h, T*A>Sg),

where observe that the last expression makes sense since T* maps D’ (R™) maps into € (R")
since T* is properly supported and in W~ (R™) (see pages 290 — 291 in the book). Hence we’ve
shown that

_<h|g)s = (th*Azsg)J
which evidently implies (5.16).

Now, using the density of C°(R™) in Hg(R™) and the fact that convergence in H;(R™) also
implies convergence in D'(R™) (see Lemma 4.1), we get that (5.16) also holds if we replace h
with f. This proves the claim.

I
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Back to proving our theorem. Because of the above claim, we now have that (T + I)v = f has a
solution if and only if

(f,hy=0 VheXx

where

X = {T*Ang tg € Hs(Rn) such that Ts*g = —g}

If we let p € C°(R™) : supp p S Q be such that p = 1 on supp f, then we can harmlessly
change the above condition to!

(f,hy=0 VheE)pX.

This condition might not actually not hold for f, but we can modify f slightly so that this does.
By Fredholm’s theorem (Theorem 0.38 in the book) we have that pX is a finite dimensional
vector space. Thus by (the technical) Lemma 8.44 in the book there existsan e > 0anda g €
CZ(R™) such that g vanishes on B.(x,) and (f — g, h) = 0 for all h € pX'. Then we get that
there exists a solution v € D'(R™) to (T + I)v = f — g. Such a v solves (T + )v = f over U =
B.(xy) N W. As discussed before this proves the theorem.

5.8 Equivalent Definition of Wavefront Set (Theorem 8.56)

In this note I put the proof of the following theorem into my own words by filling in some of the
details in the proof.

Note: If you are confused as to why the following is not a definition, please see Definition 2.36
above.

Theorem 5.17: Suppose that u € D'(2) is a distribution where 2 € R™. Then (x,, &) €
WF (u) if and only if there exists a ¢ € CZ°(2) such that ¢p(x,) # 0 and an open cone V € R™ \
{0} containing &, such that

VM>0 3C>0 VEeV, |pu(®|=<c@+|En™.

Proof: Take any (x,, &,) € T°Q. First suppose that it satisfies the final condition in the theorem
with some ¢ € C°(Q) and V € R™ \ {0}. We want to show that (x,, &,) € WF(u). We leave it
to the reader to show that there exists a p € C*(R™) such that p(¢) is homogeneous of degree 0
for large &, p(&,) # 0, and suppp < V (Folland constructs such a function in his proof of
Proposition 8.52 in the book). Notice then that p - ¢u is rapidly decreasing in all directions.
Hence it’s a Schwartz function and so it’s inverse Fourier transform is smooth. The reason the

! The reason for p is to make the vector space pX that we’re considering a subspace of C° () (rather than just
C*(Q)). This is in fact unnecessary because all members of X already have compact support, but I’m too lazy to

prove this. It follows from T*v = 1S*(¢v) and then an extension argument to R™.
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inverse Fourier transform is of interest that it can be written as a pseudodifferential operator (see
the claim below). First observe that by Theorem 8.8(a) in the book we have that p agrees with a
Schwartz function away from zero.

Claim: Forany v € £'(Q),

p(D)[v] = p v = f e2mEp(£)D () dE.

where p(D) € W°(Q) is the operator obtained from the symbol p thought of as being held
constant in the x-variable (i.e p(x, &) = p(§)).

Note: The reason the last expression doesn’t follow immediately from the definition of
pseudodifferential operators is that with no assumptions this integral representation for p(D)
only works when v € C°(Q).

Proof: Let’s start by proving the first equality. If v € CZ°(£), then this simply follows from the
convolution theorem since p is Schwartz and hence in §’'(R™) (see chapter 8 of Friedlander and
Joshi’s book on distribution theory). For general v € £'(Q), let {v, : k € Z, } be a sequence in
C(Q) that converges to v in £'(Q). We have already established that each p(D)[v,] = D * v,
and so passing to the limit and using the continuity of p(D)[...] and p * (...) establishes the
equality for v € £'(Q) as well. The second equality in the claim simply follows from the
convolution theorem.

I

Back to proving our theorem. We thus have that

(5.18) p(D)[pu] € C*(Q)

Consider the operator P € W°(Q) given by Pv = p(D)[¢v] for v € C(Q). Notice that the
symbol of P is p(&)¢(x) (mod S~1(Q)) and hence (x,,&,) & char, P by construction.

Now, by Corollary 8.32 there exists a properly supported operator P € W°(Q) such that P = P +
R where R € ¥~*(Q).2 I claim that Pu € C*(£). To see why, take any precompact U < Q and
let C < Q be such that Pv = 0 on U if v = 0 on C (c.f. Proposition 8.12 in the book). Let ¢ €
C:° () be such that ¢ = 1 on a neighborhood of C. Then by the solution of Exercise 4 of
Section 8.B we have that Pw = P(yyw) on U for all w € D’(). Hence we have that

(Pu)], = (PGpw)| = () yw) + RGw)] .

By expanding supp y earlier if necessary, we can assume without loss of generality that ¢ = 1
on supp ¢ as well and so the quantity p(D)(¢yu) above is simply p(D)(¢u). By (5.18) and the
fact that R € ¥~ (Q) is smoothing, we see that the above quantity is smooth. Since U € Q was

2 p would be enough to prove that (x,, &,) & WF (u) if we knew that it was properly supported. Unfortunately we
don’t know that (or at least I don’t), and so that is the purpose here of taking the negligible modification P of P to do
the job.
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chosen arbitrarily, this shows that indeed Pu € C* (). Now, considering that chary P =
char, P, we have that (x,, &,) & char, P. It’s easy to see then that by Definition 2.36, (x,, &,) €
WF(u).

Now let’s prove the other direction: suppose that (x,, &,) € WF (u). Then, there exists a properly
supported P € W°(Q) such that Pu € C*(Q) and (x,, &) €& chary P. Since T° \ char, P is open
we have that there exists a neighborhood N < Q such that (x, ;) & char, P forall x € N and
hence (x,&,) € WF(u) forall x € N. Let ¢ € C°(Q) be such that supp¢ S N and ¢(x,) # 0.
Let

T={&eR"\{0}: (x,&) € WF(¢u) for some x € Q},

which is of course a cone. Notice that by Theorem 8.54 in the book,

(5.19) WF(¢pu) € WF (W) n (supp ¢ x (R™\ {0}))

(to see why, consider the W°(Q) operator of multiplication by ¢). It’s not hard to see that this
implies that &, & Z. Now, I claim that X is closed. To see why, let {&, : k € Z, } be a sequence in
X that converges to some & € R™ \ {0}. By definition, for each k € Z, there exists an x; € Q
such that (xy, &) € WF(¢u). By (5.19) we in fact know that each x; must be contained in
supp ¢, and so by its compactness and passing to a subsequence if necessary, we may assume
that x;, — x for some x € supp ¢. Then (x;, &) = (x, &) and hence the closedness of WF (¢u)
implies that (x, &) € WF(¢u). Thus é € X and so indeed X is closed.

Similarly to the first part of this proof, we may choose a p € C*(R"™) such that p(§) is
homogeneous of degree 0 for large &, p(&,) # 0, and p is zero on a neighborhood of . Consider
p(D)[¢u]. Notice that its wavefront set is empty since by Theorem 8.54 in the book again we
have that

WF(p(D)[¢u]) € WF(¢u) n usupp(p(D)) = 0.

Hence by Theorem 8.53 in the book we get that p(D)[¢pu] € C*(Q). Let’s now study its growth
rate.

By the “claim” at the beginning of the proof, we have that p(D)[¢u] = p * [¢pu]. Now, | claim
that this function p = [¢v] agrees with a Schwartz function away from supp ¢. To prove this, let
o € C*(R™) be such that it vanishes in a neighborhood of 0 and ¢ = 1 on a neighborhood of the
region |y| > 1. | claim that

(5.20) p * [pu]
= [op] * [$u] on R™\ (supp ¢ + B, (0) )

To see this, take any test function ¥ € C;° (1) whose support is disjoint from the compact set
supp ¢ + B;(0). We have that

@ * [pul, ) = B, (pu(x), Y(x + y))).

34



Haim Grebnev Last Saved: December 1, 2024

It’s not hard to see that by assumption on 1 we have that (¢pu(x), ¥ (x + y)) is zero on B, (0) (as
a function of y). Hence the above quantity can further be rewritten as

(ap(y), (pu(x), Y(x + y))) = ([op] * [pul, ),

which of course establishes (5.20). Having this in hand, and reminding ourselves that p agrees
with a Schwartz function away from zero, we have that op € C*(R™) and so we can write

[op] * [pu](x) = (Ppu(y), ap(x — y)).

Utilizing the fact that op is in Schwartz, it’s not hard to show that this quantity is bounded over
x € R™ even when multiplied by any polynomial in x. Hence this quantity is a Schwartz
function, which recall our original function of interest p(D)[¢u] = p * [¢pu] agrees with on the
region in (5.20). Having already showed that p(D)[¢u] € C*(Q), we finally get that p * [¢pu]
is a Schwartz function. That means that its Fourier transform p - ¢u is Schwartz. It’s not hard to

see that this implies that ¢u is rapidly decreasing in some open cone containing &, (i.e. satisfies
the conclusion in the theorem). This proves the theorem.

5.9 Change of Coordinates for Pseudodifferential Operators

In this section | work through the proof of the Theorem 8.58 in the book. Before we get to it
however, we need to establish a few things. All diffeomorphisms are assumed to be C*.

Definition 5.21: Suppose that F : 2" — 2 is a diffeomorphism between open sets and that T :
CP () - C*(N) is amap. Then the pullback of T, denoted by TF : €2 (2") - C®(R"), is the
map given by

TFu(x) = [T(uo F~1)]oF.
Notation 5.22: Suppose that F : 2" — 2 is a diffeomorphism between open sets. We let J» denote
the Jacobian matrix of F (i.e. [Jr(x)]jx = 9F;/0xy (x)).

Lemma 5.23: Suppose that F : 2" — 2 is a diffeomorphism between open sets and that L =
Ylal<k @o0% is a linear partial differential operator over 2 with C* coefficients. Then L” is also
a linear partial differential operator over £’ with C* coefficients of the same order.
Furthermore, the characteristic form of LF is given by

X = ) ago FOWF IO,
|a|=k
where “...T” denotes the transpose of a matrix.

The above lemma follows from the discussion on pages 32 — 33 in the book, and so | omit its
proof.
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Theorem 5.24: Suppose that F : 2" — 2 is a diffeomorphism between open subsets of R™ and
that P = p(x, D) € ¥™(N) is a properly supported pseudodifferential operator over . Then
PF e w™(Q") and is properly supported as well. Furthermore

opr(x,§) = p(F(x), [JF ()] 7€)  (mod S™(2"))
(see Notation 5.11 for o).

Proof: Allow us to point out that the theorem is already established when P is a linear partial
differential operator with C* coefficients by Lemma 5.23.

Ok, let’s first show that PF : C(Q) —» C*(Q) is properly supported. Let K¥ denote the
distribution kernels of P. For any u, v € C°(2") we have that

(PPu, v) = j [P(uo F1) o Fl(x)v(x)dx = ] P(uo FY()[v o F]()ldet /-1 () |dy

= (K" (x,y), [ldetJp-1(x)[v e FT1 ()] @ [u o F~H(»)]).

Letting G : Q' x Q' - Q x Q denote the diffeomorphism G(x,y) = (F(x), F(y)) (where x,y €
Q'), we can further rewrite the above quantity as

(IdetJr(WIGKP (x,y),v(x) @ v(¥))
where G*KP denotes the pullback of K* under G. Thus the distribution kernel of P is given by

KP" (x,y) = |detJr(0)|G K" (x,y)
and hence
supp K" < G[supp K*].

It’s not hard to see that G~ takes proper subsets to proper subsets. So, we have that P¥ is indeed
properly supported.

For later purposes, observe that the kernel KP" is smooth away from the diagonal Ay =
{(x,y) € Q' x Q' : x = y} since by Theorem 8.8 in the book we know that K¥ is smooth away from the
diagonal Ag = {(x,y) €A xQ: x = y}.

Now let’s prove that PF € $™(Q’) and that it has the symbol stated in the theorem. Let’s start with the
case m < —n. By Lemma 8.57 in the book there exists a smooth map u : N - GL,,(R) over an open
neighborhood N € Q' x Q' of Ayr such that p(x, x) = Jz(x) for all x € Q' and

F(x) —F(y) = u(x,y)(x —y) Vx,y €N.

By Proposition 8.15 in the book there exists a ¢ € C*(Q" x Q') that is identically one in a neighborhood
of Ay and such that supp ¢ is proper and contained in N. Now, we have that for any u € C°(Q),

Pfu(x) = j j e ED=2)8p (F (x), E)u o F~(2)dzdé
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_ ﬂ e2mi(F-FD)-E(F (x), O)u(y)|det [z () |dydE
= Qu(x) + Ru(x)

where

Qu(x) = j f e2mCN N Ep(F (%), E)u(y)|det/r ()| x, y)dyde,

RuGe) = [[ e -r ) p(r (), uldet Sy DI - B, 1))y,
Let’s first take a look at the “error term” R.
Claim: The distribution kernel of R is given by
KR = (1- ¢)KP".

Proof: We have that for any u, v € C°(R"™),

(Ru, v) = f f ] 2 (FCI—FO)€p(F (x), )u(y)|det Jr 1) (1 — p(x, y))dyde v(x)dx

- f f f e2mi(FOFO)Ep(F (x), €)|det Jp (1dE (1 — G, 1) ) (u(y)dacdy

where the interchanging of the integrals in the last step is justified because the integrand is
absolutely convergent since m < —n. By similar logic, the expression for (P¥u, v) is exactly the
same except that it doesn’t have the (1 — ¢(x, y)) term inside of it. Thus, we get that

(Ru,v) = (KP", (1 — $)[v ® ul),
From here the claim follows.
Il

Back to proving the theorem. Because of the above claim we see that supp K ¥ is proper.

Furthermore, since K** is smooth away from the diagonal Ay and (1 —¢) =01ina
neighborhood of this diagonal, we have that K is also smooth everywhere. In particular we get
that for any compact subset A < Q' there exists a compact subset B € Q' such that for any x €
A, the support of K(x, -) € CZ°(Q") is contained in B. Thus for any u € C°(Q2") we can do

Ru(x) = j KR (x, y)u()dy = j f e2mVE KR (x, y)0()dEdy

=je2’”'x'f [e‘z""x'fjez"iy'fKR(x,y)dy]ﬁ(f)df = Jez"ix'gr(xlf)ﬁ(f)df.

where
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rx,g) = e [ 2R G, y)dy
Using integration by parts (see the idea in the proof of Lemma 5.4) it’s not hard to see that r €
S=°(Q"). Since clearly R = r(x, D), this shows that R € ¥~*(Q").

Thus, for the case m < —n it suffices to show that Q € Y™ (") and that it has the symbol stated
in the theorem. As before, since m < —n, we have that the integrand in the integral defining Q is
absolutely convergent. Hence we can interchange the order of integration, make the substitution
& = u"1(x,y)n (transpose and inverse of u), and then switch the order of integration back to
get that

Qux) = f f MG (F (), 1T (x, ) muy) | det)r ()1 Cr )l det T2 Cx, )l dydn

- ﬂ e2™M =Yg (x,n, y)u(y)dydn
where

a(x,n,y) = p(F(x),u™*(x, y)mldet Jr () (x, y)|det ™1 (x, ¥)I.

It’s not hard to see that a € A™ (") and so Q = P, with respect to Notation 2.25. By reasoning
similar to what we did with R above we have that the distribution kernel of Q is given by K =

gbKPF and thus Q is also properly supported. Hence, by Theorem 5.7 we have that Q € ¥ (Q")
and

oo(x,m) = p(F(x), u "~ (x, x)n)|det Jp (x) | (x, x)[det u "7 (x,x)|  (mod S™71(Q"))
=p(F(x),Jz 7 (x¥)n) (modS™1(Q)).
As discussed above, this proves the case m < —n.

Now let’s look at the case m = —n. Let M > 0 be an integer such that m — 2M < —n (the
reason for this condition will be clear soon). Consider the elliptic (properly supported)
differential operator AM € W2M(Q) (A is the Laplacian). By the proof of Lemma 8.41 there exists
a¢ € C*(Q x R™) such that ¢ is zero in a neighborhood of A (this condition isn’t in the book)
and for any compact subset A € Q there exist constants ¢, C > 0 such that for x € A

1) ¢(x,é) = 1 when [¢] = C,
2) |0Am(x, g‘)| > c|&€|™ when {(x, &) # 0.

By the proof of Theorem 8.42 in the book, there exists a (properly supported) parametrix S €
p-2m(Q) for AM such that

05(x,§) = {(x,§)/oam(x,§)  (mod S™ ().

where the fraction on the right-hand side is interpreted to be zero when {(x, &) = 0. Now, since
(SAM — 1) € ¥~ (Q) we have that P = PSAM — T for some T € ¥~*(£). Since PS €
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pm-2M (), we can apply the already established cases of this theorem that we’re proving to PS,
AM and T to get that (PS)F € $™2M (), AM € w21 (Q"), and TF € ¥~ (Q") with symbols

O-(ps)F (x: E)
=p(F(x), 7 (&) C(F (), i 7 (0)€) Joam(F(x), Jo "1 (x)€)  (mod S™~2M-1(Q)),

0 oy (68) = o (FGO,Jp ™ (0)€) - (mod S#M71(Q)).
Since PF = (PS)F (AM)F — TF, by Corollary 8.38 in the book we get that
apr(x,€) = p(FOO,Jr ™ (0)€)(F (), Jp 7 (x)§)  (mod S™1(Q))
=p(FO),Jp 7 (x)¢)  (mod S™ ().

This proves the theorem.
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