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Chapter 5

Net Completeness Equivalent to Sequence Completeness in First Countable Topological
Vector Space (Page 167 or Problem 5.44) (9/25/2020)

The precise statement of the result that | want to discuss is:

Theorem: Suppose that X is a first countable topological vector space. Then every Cauchy net
being convergent in X is equivalent to every Cauchy sequence being convergent.

Proof: If every Cauchy net is convergent in X, then obviously all Cauchy sequences converge in
it since Cauchy sequences are Cauchy nets. So let’s prove the other direction. Suppose that all
Cauchy sequences converge in X. Take any net (x;);ea in X that’s Cauchy. We want to show
that it converges to something. Let U; 2 U, 2 U3 2 -+ be a nested neighborhood basis of 0.

Let’s construct the sequence {xyk}:;l inductively as follows. First, let @, 8; € A be such that for

any (a, B) 2 (ay,By) (i.e. both @ 2 a; and B = By), (x4, — x5) € U;. Lety, € A be such that
Y1 = a4, B1. Now, suppose that y,, is defined for k € {1, ...,n — 1}. Define y,, as follows. As
before, let a,, B, € A be such that for any (@, ) = (an, Bn), (x4 —x3) € U;. Then lety, € A

be such that y,, = ¥,_1, &y, Br. Great! Now that we have this sequence {xm}:zl' first notice that

by construction y; < y, S y3 < -+-. Notice also that for any integer N > 0 and integers m,n >

N, (x,, —x,. ) € Uy since both y,,, ¥, 2 yy and yy 2 ay, By- SO the sequence {xyk}:=1 is
Cauchy and hence convergent to some point x € X in X by assumption. Now, let’s prove that
the original net (x;),e also converges to x.
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Consider the continuous function f : X’ X X = X given by f(y,z) = x + y + z. Take any open
neighborhood U of x. Since £(0,0) = x and f is continuous, there exists an integer k, > 0 such
that f[Uy, X Uy, ] S U. Now, there exists an integer k; > 0 such that for any k > k;,

(xy, — x) € Uy,. Let ky = max{k, k;}. For any 1 2 yy,, consider the expression:

X3 =x+ (x),k2 - x) + (xz - kaz)'
Since k, = k4, the second term on the right-hand side is in Uy (xyk2 - x) € Uy,. And since

both A, vk, = vk, We have that the third term on the right-hand side is also in Uy (x,l — xykz) €
Uy, Thus we have that:

X)LEX+UkO+Uk0gU,

and so indeed we get that (x;);ea — x. This proves what we wanted.

Separately Continuous Bilinear Maps Between Banach Spaces are Continuous (Problem
5.39) (11/2/2020)

Theorem: Suppose that X', Y, Z are Banach spaces and that F : X X Y — Z is a separately
continuous bilinear map. Then F is continuous.

Proof: | claim that if we prove that there exists a C > 0 such that
IF (e, )1l < Clix]lIyl VxeX Vyed,
then this will suffice. To see why, take any (xy,v,) E X X Yandany e > 0: & < 1. Let

B e/(2C)
14 max{|lxoll, llyoll}

é

Then we have that:
F[B5(x0) X Bs(o)] € Be(F (x0,¥0))
since for any x € Bs(x,) and any y € Bs(y,),
|F Cx,¥) — F(xo, Yol = IF(x,¥) — F(x0,¥) + F(x0,¥) — F(x0, y0)l
= [IF(x — x0,¥) + F(x0,y — ¥o)ll < Cllx — xollllyll + Clixolllly — yoll

&

&
< C8(llyoll + 1) + Cllxollé < S+

= E&.

So let’s prove the first inequality above. Since y = F(x, y) is linear and continuous for all x €
X, we have that for any x € X there exists a constant C,, > 0 such that:

IFCe, I < Cellyll vy €Y.
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This means that

sup ||F(x,y)|| < Vx € X.
yeY:llyll=1

The uniform boundedness principle then says that

sup [[F(C-,»)ll = sup sup  [IF(x,y)|| <C <o
yeyillyli=1 yeY:llyll=1 xex:|xll=1

forsome C > 0.Foranyx € X : x # 0andany y € Y : y # 0 we then have that
x y
Il Iyl

which is the inequality that we wanted in the beginning of the proof. Ifoneof x =0ory =0
then that inequality obviously holds as well. With this the theorem is proved.

G = [P (o )| el < el

Equivalent Condition for Bilinear Maps between Fréchet Spaces to be Continuous (Page
166) (11/3/2020)

Theorem: Suppose that X', Y, and Z are Fréchet space generated by the countable family of
seminorms {pxtr=1, {qi}r=1, and {r }r=, respectively. Then a bilinear map T : X X Y — Z'is
continuous if and only if for any k, € Z, there exists a C > 0 and finite subsets J;,/, € Z, such
that

7o (T(x, ) < C Z Pi (%) Z as(y)

k611 SE]Z
forallxe X andy € Y.

Proof: This is proved exactly the same way the analog theorem is proved for linear maps of the
form T : X’ = Y. First let’s prove the backwards implication. Take any point (xq, y,) and let
((x3, ¥2))2ea be a net that converges to (x,, vy) in X X Y. Take any k, € Z,. Let C > 0 and
J1,J> € Z, be as in the statement of the theorem. Then

Tk, (T(x/b yi) — T(xo:}’o)) = Tk, (T(x)l — X0, y1) + T(x0,¥3 — 3’0))

<c| D =) || D ason |+ | D mix) | D astn =)

kejy S€J kejy S€J;

<C Z pr (2 — x0) Z [as(va — ¥o) + as(Vo)] | + Z Pr(xo) 2 s —vo) ||

kejy S€J2 kejy SE€J2

which goes to zero. Hence T'(x;, v;3) — T(x, Vo) and thus T is indeed continuous.
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Now let’s prove the forward direction. Take any k, € Z,. Since T is continuous at zero, we have
that there exist basis neighborhoods of zero in X and Y:

A={x€eX :p(x) <6, Vk €]} where J; is a finite subset of Z,
B={yeX:q;(y) <é& VsE€E]J,} where /, is a finite subset of Z,
such that T[A x B] is contained in the following open neighborhood of zero in Z:
{z €EZ:1y,(2) < 1}.
Letting 6 = min{6,, : k € J;} and € = min{e, : s € J,}, we have that the above implies that:

xeX:Zpk(x)<6

ke = rkO(T(x, y)) <1

y€y=2qs(y)<e

SEJ>

Letp : X - [0,00)and g : Y — [0, ) be the functions:

p(x) = z pr(x),

A=) a0,

SEJ,

which are clearly seminorms as well. Now, take any (x,y) € X X Y. There are three cases that
could happen:

Case p(x) = 0 or p(y) = 0: First let’s suppose that p(x) = 0. Let b > 0 be such that q(by) <
€. Then for any t > 0 we have that

Tko (T(tx, by)) <1

which can be rewritten as:

1
Ty (T(x, y)) < &

Letting t — oo then shows that ;. (T (x, %)) = 0. If p(x) # 0 and p(y) = 0 instead, then
mathematics similar to the above shows that ;. (T'(x,¥)) = 0 in this case as well.

Case p(x) # 0 and p(y) # 0: Then we have that:

_p(x) q(») §/2 /2 p(x) q(y)
(T D) = 5757 Mo (T <mq<_y>y>> T
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=S n | Yawm )

kE]l SE]Z

So on both cases we get that if we set C = 4/(5¢) in the statement of the theorem, then we have
that

n T ) <¢| > pe || ) as) |

kE]1 SE]Z

Since this holds for all x € X and y € Y, this proves the theorem.



