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2 Notations and Conventions

Notation 2.1: For any point x € R"™, we will denote its Euclidean length by |x|:

|x| = ’xf + -+ x2.

Notation 2.2: For any x € R™ and any r > 0, we let B,.(x) denote the open ball of radius r
centered at x with respect to the Euclidean distance:

B.(x) ={y €ER": |y —x| <r}.
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Notation 2.3: Suppose that X € Y < IR™ are open sets. For any function ¢ € C.°(X), we let
¢Y € €2 (Y) denote the smooth extension of ¢ to Y obtained by setting ¢ = 0onY \ X. It’s
trivial to see then that supp ¢ = supp ¢* and hence ¢ is indeed compactly supported as well.

Notation 2.4: We let Z, stand for the positive integers: Z, = {1,2,3, ... }.
Notation 2.5: For any n € Z_, let 3(n) denote the set of multi-indices of length n:
I(n) = {(ay, ..., ay) € Z™ : each a;, = 0}.
Notation 2.6: Let «, 8 € I(n). Then
1) a < B (resp. a < B) means that each a;, < By (resp. ay < By).
2.) a!denotes a;! - ...- ay!.
3.) |a| denotes a; + -+ + a,,.
4.) Forany x € R™, x* denotes x;* - ...~ x,™.
5.) For any sufficiently differentiable function or distribution f, % f denotes 0“1 ... 9% f.

Notation 2.7: Let Q € R™ be an open subset. We let the following denote the following spaces
of complex-valued functions:

1.) ¢™(Q) denotes the space of k-times continuously differentiable functions over Q. In
particular, C* (Q) denotes the space of smooth functions.

2.) C"(Q) denotes the space of k-times continuously differentiable functions over Q with
compact support. Sometimes C:° () is also denoted by D (Q).

3.) We let S(R™) denotes the space of rapidly decreasing functions:
S(R™) = {¢p € C*(RM) : [x*0Pp(x)| <0 Va,B € I()}.
This space is called the Schwartz space.

Notation 2.8: Let Q € R™ be an open subset. We let the following denote the following space of
distributions:

1.) D’(Q) denotes the space of distributions over Q.
2.) £'(Q) denotes the space of distributions over Q with compact support.
3.) §'(R™) denotes the space of tempered distributions over R".

Definition 2.9: A function f € R™ — C is said to be of polynomial growth if there exist C, M >
0 such that

If()| <c(+ |xDM Vx € R™.
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Notation: If f is a function or distribution over R™ and h € R", then 7, f stands for f shifted in
the direction h:

Tof =f(x—h)
(in the case f is a distribution, this means that t, f is the distribution ¢ = (f, ¢ (x + h))).

Notation 2.10: For points ¢ € R"™, we let (¢) denote the quantity

()= +1E»H>

Definition 2.11: Suppose that u € £'(Q) is a compactly supported distribution where Q is an
open subset of R™. We say that ¢, € R™ \ {0} is not in the frequency set “Z(u)” of u if there
exists an open conic neighborhood I' € R™ \ {0} of &, such that for all N € R there exists a
Cy > 0 such that

[ < ()™ vé e,

Definition 2.12: Suppose that u € D'(Q) is a distribution where Q is an open subset of R™. We
say that (x,, &,) € Q x (R™ \ {0}) is not in the wavefront set “WF (u)” if there exists a ¢ €
C°(Q2) such that ¢ (x,) = 0 and & & Z(pu).

It’s an easy exercise to show that one can add the requirement that ¢p must also be identically one
in a neighborhood of x, without changing the definition.

Definition 2.13: Suppose that K € D' (X x Y) is a distribution, where X € R™ and Y € R™ are
open subsets, such that if = : X X Y — X denotes the projection map (x, y) + x, then the
restriction i : supp K — X is a proper map. Then we define the pushforward of K by =,
denoted by m,K € D’(X), to be the following distribution. Take any ¢ € CZ°(X). Let L € Y bea
compact subset such that

supp K N (supp¢p XY) S supp¢ X L

(note that the left-hand side is the preimage of supp ¢ under the map 7 : supp K — X), which
exists because of the mentioned “proper” map. Let ¢ € C.°(Y) besuchthaty =1ina
neighborhood of L. Then we define

(m.K,$) = (K, @ ).

It’s an easy exercise to show that our defined value of m,K at ¢ here does not depend on the
choice of L and 1. Furthermore, it’s now hard to show that 7, K is indeed a distribution (i.e. it
satisfies the required continuity assumptions). Moreover, it’s easy to show that the map m, is
linear.

3 Chapter1
3.1 Principal Value Distribution x~1 (Problem 1.3) (9/25/2020)
The principle value distribution x~ in D’(R) is defined by:
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(x71, ¢) =

¢( P(x ) ¢( )
s—>0+ .I-

To see that this is indeed a distribution, take any compact subset K € R. Let b > 0 be such that
c [—b,b]. Forany ¢ € C°(K), we have that:

b
f¢(X)d N ¢( ) f ¢>(x) - ¢(x)dx
£—>0+ X s—>0 X

&

f ¢(x) - ¢>( %) 0

s—>0+

Using the fact that:

X 1
$(x) = $(0) + f $'(s)ds = $(0) + x f ¢’ (xt)dt
0 0

(the rightmost expression is in fact just the 1% order Taylor expression for ¢ based at 0), we can
rewrite the previous expression as:

fb(qb(O) +x ) ¢'(xt)dt) - (¢(0) —xf! ¢'(_xt)dt)

X

dx

= lim
e-0t
&

b 1 ! ! _
- ]xfo (¢’ (xt) + @' (—xt))dt

e-0% X e-0*t

b 1
dx | = lim J f (¢ (xt) + ¢’ (—x0))dt dx
e 0

&

b 1
= J j(qb'(xt) + ¢'(—xt))dt dx.
00

Where in the last equality I’ve used the Dominated Convergence Theorem with the observation
that the integrand of the outside integral is bounded by 2 sup ¢" < oo and that its integration
domain is bounded (it’s overkill to cite DCT here though). Thus, for any ¢ € C°(R) we have
the estimate:

[{(x~1, p)| < 2bsup ¢’
and so x~ 1 is indeed a distribution.

Now, what is this distribution’s order? It turns out to be one. To prove this, first let’s observe that
because of the above inequality we know that its order is less than or equal to one. So if we
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prove that it’s not equal to zero, then we’ll be done. To do this, for any positive numbers a, b, ¢ €
R:a,b,c >0lety,, . : R —> R beacompactly supported smooth bump function that satisfies:

1. suppy < [0, ),
2. Y = contheinterval [a, b],
3. 0 <y < ceverywhere.

Jack Lee’s Smooth Manifolds book shows how to construct such a smooth bump function. A
typical example looks like:

Notice that with these functions:

(X Yape) = 1 flpabC( x) f dx—cln )

Now, consider the sequence of functions {lpak,bk,ck}m witha, = 1/k, b, = 1,and ¢, = ek,

k=1
Then:

(x~ Ly )=lln(1)=k—>oo as ko o
) ak,bk,ck k e_kZ "

But if x~! was an order 0 distribution, then the distribution “seminorm estimate” would tell us
that (x™, 9, p,c,) = 0 @ k — oo since:

1
Supld)ak,bk,ckl = E -0 as k — oo.

So x~1 must indeed be an order 1 distribution.

3.2 A Distribution u € D’(R) such thatu = 1/x on (0,0) and u = 0 on (—, 0)
(Problem 1.4) (9/25/2020)

An example of a distribution u € D’(R) such that u = 1/x on (0, ) and u = 0 on (—oo, 0) is:

= i [ 200,

&
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It obviously has the desired properties and it’s obvious that the limit here exists (since the
integrand tends to ¢’(0) as x — 0%). To see that it’s a distribution, take any compact K € R and
any b > 0 such that K < [—b, b]. Then taking any ¢ € C°(K) and using the equation ¢ (x) =

¢(0) +x fol ¢’ (tx)dt, we can rewrite the above quantity as:

lim fwdx = lim f.fqb’(tx) dx = f.fqb’(tx) dx,
e * g_,0+€ 0 00

e-0*t

and so we get the distribution “seminorm estimate” |(u, ¢)| < b sup|¢’|. It’s interesting to note
that by the mathematics in the section discussing the principle value distribution x ™1, it’s easy to
see that this distribution has order 1. Gunther Uhlmann also observed that if we want to solve the
same problem but instead require that u = 1/x™ on (0, o), then we can use:

(u, ) = lim

e-0t X

fcp(x) =1 GOV

The inner sum is of course just the (n — 1)™ Taylor polynomial of ¢ based at 0. | wonder what
the order of this distribution is?

3.3 An Interesting Example of a Non-Extendible Distribution (Problem 1.5) [2/26/2021].

Consider the linear form u : €:°(0, ) — C given by

W)= 9B/
k=1

The claim is that this is a distribution and that it cannot be extended to all of R (i.e. there does
not exist a v € D’ (R) such that the restriction of v to (0, ) is u). First let’s show that it’s a
distribution. Take any compact subset K < (0, ) of (0, ). Since K is compact we have that
the sequence 1/k for k € Z, escapes K eventually. More precisely this means that there exists
an m € Z, such that for any integer k > m, 1/k ¢ K. Thus over K we have that u is given by
the finite sum

W)= okp(1/k) Ve CIK),
k=1

Thus u satisfies the following distribution “semi-norm” estimate over K:

m

@ @) < ) suplokl v e CE).

k=1

So u is indeed a distribution. Next let’s prove that u cannot be extended to all of R. Let’s prove
this by contradiction. Suppose not. Then there exists a distribution v € D'(R) such that
V(0,000 = u. Take the compact subset K = [—1, 1] of R and let C, N > 0 be such that

6
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N
(W B < C ) suplakgl V€ CE(K),
k=0

Let ¥ € CZ°(R) be a smooth bump function that’s identically one on a neighborhood of zero and
whose support is contained in K = [—1,1]. Foranym € Z, : m = 2, let ¢,,, € C°(R) be the
test function

Pm(x) = P(2m@m + Dx) - x™.

(the condition m > 2 is for convenience so that as explained below supp ¢,, € K). Graphically
speaking, this test function is equal to x™ in a neighborhood of 1/m and whose compact support
is contained in an interval that’s situated between 1/(m + 1) and 1/(m — 1) (not including
these two points):

1/im+ 1) _,'I 1/m 1/(m—1)

For those interested for the more precise statement, the support of ¢,,, is contained in the closed
interval centered at 1/m with radius half the distance from 1/(m + 1) and 1/m. On one hand
we have that (in the last inequality here | bound x by 1/(m — 1) since the ¢,, = 0 past x >
1/(m—1))
N N k
[, dm)l < C Y suplo“pml < ¢ Y H () suplo/p@mem + 1] - supo I xm)|
k=0 =0

k=0 j
m—j

m—1

<3 (4)suolor] @i+ 0) .-ty 4 ()

k=0 j=0
By choosing a big enough constant D > 0, we can estimate this bound further by

mV(m + 1)NmN-1
(m—1)m-N

(v, pm)| < D

On the other hand, since supp ¢,, < (0, ©) we have that:
(v, pm) = (u, ¢m|(0,oo)> = 0" Py (1/m) = m!

But we then have a contradiction since the previous inequality implies that (v, ¢,,) > 0 asm —
oo while the above equation implies that (v, ¢,,,) = o as m — co. So indeed no such extension of
u can exist.
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4 Chapter 5
4.1 Convolution Equations on Forward Cones (Problem 5.5) (1/2/2021)

Note: Here I will write the components of my points/vectors as superscripts. For example, a
point x € R™ will be explicitly written out as x = (x1, ..., x™).

Here | discuss the following result which appears as a problem in the book.

Theorem: Let n > 2 be an integer and for any point x € R™ let ¥ denote the point obtained by
projecting it down to its first n — 1 components: ¥ = (x1,...,x™"1). In addition, let I" be the
forward cone:

r={xeR":x" > cl|x|}

where ¢ > 0 is some fixed positive constant. Let D (R™) denote the set of all distributions over
R™ whose support is contained in I":

Dr(R") ={u e D'(R™) : suppu S I'}.
Then the following are true:
a) Ifuy,..,u, € Dr(R™), then the convolution u; * ... * u,, is well defined.

b) Ifuy,..,u,;, € Dr(R™) and v € D'(R™) is such that supp v < {x™ > a} for some fixed
a € R, then the convolution u, * ... * u,, * v is also well defined.

c) Suppose that k € D;-(R™) is a convolution operator that has a fundamental solution E €
Dr-(R™). Then for any v € D'(R™) such that supp v € {x™ > a}, there exists a unique
solution u to the equation k * u = v such that supp u € {x™ > a} as well. Furthermore,
for any such solution u, supp(u) € supp E + supp v.

Proof: Let’s start with (a). Take any ug, ..., U, € Dr(R™). We need to show that the addition
function is proper over supp u; X ... X supp u,,. We will do this by using the criterion for such
properness described in Definition 5.3.1 in the book. Take any § > 0 and suppose that

X1, -, Xm € R™ are such that each x; € suppu; and |x; + -+ + x,,,| < 6. Since each suppu; <
T, we have that each x;* > 0 and so the previous inequality implies that each x/* < §. By
definition of I' we then get that each |%;| < 6 /c and so each:

lx;| </ (8/c)2+6%2=6((1/c)?+ 1.

Setting 6 = §+/(1/c)? + 1 in Definition 5.3.1 then proves the desired properness. This proves
(a).

Onwards to (b)! This is proved similarly: take any ug, ..., u,, € Dr(R™) and any v € D' (R"™)
such that supp v € {x™ = a} for some fixed a € R. Take any § > 0 and suppose that x; €
supp u; and y € supp v are such that [x; + --- + x,,, + y| < &. The last inequality implies that
both |X; + -+ X, + ¥| < & and [xT* + -+ x5 + y™| < . The latter coupled with the facts
that each x;* > 0 and y™ > a gives:
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x| < xP+-+xp+a—a<xt+-+xp+y"—a<d—a,
ly™ < |xf+ - +xp + Y+ [xT+ o+ x| <6+ m(5 - a).

By the definition of I' we have that each |X;| < (6§ — a)/c. The inequality |X; + - + %,,, + | <
6 then gives us that:

Pl <%+ + X, + P+ X+ + X <6 +m(6—a)/c.

In total we get the results:

Ix;] < V(6 —a)/c]? + (6 — a)?,
lyl < JI[6 +m(8 —a)/c]? + [§ + m(§ — a)]2.

Setting 8" > 0 in Definition 5.3.1 to be any constant bigger than the two constants on the right-
hand sides above then proves (b).

Finally we come to (c). Take any v € D'(R"™) such that supp v € {x™ > a} for some fixed a €
R. Obviously u = E = v is a desired solution since by Theorem 5.3.2 (iii) in the book,

suppu S suppE + suppv € {x" = a}
and
kxu=kxExv=4§*xv=v

(all of these convolutions make sense by part (b)). To prove that this is the unique desired
solution, suppose that # is another such solution. Convoluting both sides of the equation k * @i =
v by E from the left gives:

Exk*ii=Ex*v.
The left-hand side here is equal to:
Exkxti=k+xExti=§*1=1.

Plugging this into the previous equation recovers our previous solution: @i = E = v. So indeed the
desired solution to our equation is unique.

5 Chapter 6
5.1 Schwartz Kernel Theorem [Maintenance planned] (11/4/2020)

Note: I plan to do much needed maintenance on this entry. In particular, | want to make it a lot
more concise.

Note: This entry is hard.
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Here | give my version of a proof to the Schwartz Kernel Theorem. It’s exactly the same as the
proof in this book except that I fill in all of the details. Since this proof involves a lot of steps, |
think the best approach for any reader would be to first read Friedlander’s shorter proof in order
to get the main idea, and then read this proof if they want to see the details filled in.

Before we prove the theorem, let’s first observe a lemma:

Lemma: Suppose that f € C*(R™) is a smooth function such that it and all of its partials are T-
periodic where T > 0. Then its Fourier series converges uniformly to f:

f(x) = Zf; ezni(x'.g)/T
gEzZ

where each

R 1 .
fo=m [ e eormas
RT

where Ry is any T-periodic box (for example: Ry = [0, T]™). Furthermore, for any a € 7(n) (see
“notations and conventions ), the 3% partial of the Fourier series’ partial sums converge
uniformly to 0%f.

Proof: I’d say that this is a rather standard fact from the theory of Fourier series.

Now for the Schwartz Kernel Theorem:

Schwartz Kernel Theorem: Suppose that X € R™ and Y € R™ are open subsets. A linear map

p: Cr(Y) - D'(X) is sequentially continuous if and only if it’s generated by a Schwartz Kernel
keD' (X xY):

(wh, ) =k, o @ V).
Furthermore, k here is uniquely determined by .

Proof: We already proved in the book that if such a map u is generated by a Schwartz kernel k €
D'(X x Y), then it’s sequentially continuous. So let’s prove the forward implication. The fact
that k is uniquely determined by u is obvious since the above equation determines what k is
equal to on a dense subset of CZ°(X x Y) (dense with respect to convergence in C:°(X X Y) of
course). So let’s prove the existence of sucha k € D'(X X Y).

Let {Kj};:l and {Q j};ozl be compact exhaustions of X and Y respectively (we will need that fact

that each K; € Ky and Q; < QJY, later). Consider the bilinear form B : C°(X) x C2(Y) — C
given by:

B(¢,¥) = (uy, ¢).

10
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Now, fix any j, € Z,. Take any ¥ € C°(Q,, ). Since uyp € D' (X), we have that there exist
Cy, My, > 0 such that

B@WI = 1wh @ <Cy Y supld®pl v e Ce(K;)

|a|sM¢,

Now take any ¢p € C° (Kjo). The map = wp being sequentially continuous implies that the
map Y ~ (u, @) is also sequentially continuous. Thus the latter map is a distribution in D'(Y)
and so there exist Cy, Ny, > 0 such that:

B@.WI = .9l <Cp ) suplofy|  wpec(ey)
|BI=Ng
These two inequalities show that the restriction B;, : C(K;,) x €(Q;,) » Cof Bisa

separately continuous bilinear form over the Fréchet spaces C;° (Kjo) and C° (Qjo)' Now, noting
that Fréchet spaces are also Banach spaces we have by a quick corollary of the uniform
boundedness principle that B; is continuous with respect to the product topology. I prove this

corollary in my electronic diary about Folland’s “Real Analysis” book. In the that same
electronic diary, | also prove an equivalent condition for a bilinear map between Fréchet spaces
being continuous which in our case gives that there exist C; , N;, > 0 such that:

B = B, bW <G| D suplo®gl || Y sup|ofyl

IalijO |ﬁ|SNjO

ve € C2(K;,) and vy € C2(Q,)

Ok, with this in hand we are now ready to begin constructing the k € D'(X x Y ) that we want.
We will do this by defining continuous linear forms k; : C°(K; x Q;) — C for j € Z, and then
use their values to define k. Fix any j, € Z,. Let p € C°(K;,+1) and o € C(Q;,+1) be such
that p = 1 and o = 1 on neighborhoods of K;, and @, respectively. Let b > 0 be such that

K +1 %X Qj,+1 S [—b, b]™™. Now, take any y € CZ°(K;, X Q;, ). Define the value of k;_ at x to
be:

kipd = > B(Rigmp(0)e?xa/CD,g(y)e2nitym/en)
(g,h)EZM XTI
where ¥4 ) are the Fourier coefficients of y:

1 .
Xgn = W x(x, y)e—2m(x~g+y~h)/(2b)dxdy_

[~bb]m+n

Technically | should be writing y®"*R" (see notations and conventions) rather than y inside the
above integral since y is not necessarily defined over [—b, b]. Ok, in order for the previous

11
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expression to make sense let’s prove that the sum on the right-hand side converges uniformly.
Before we do that though, I’d like to point out that once we prove that the above sum makes
sense and is finite, then it will be clear that k;_ is a linear form since the equation for the Fourier

coefficient is linear in y and B is linear in its first argument.

Ok, let’s prove that that sum is absolutely convergent. First let’s create a bound to estimate how
large the above Fourier coefficients of y can get. Fix any index (g, h) € Z™ x Z™. First a piece
of notation: for an any multi-index a € 7(r), let H () be the multi-index whose s™ component
isequal to 1 if a; > 0 and is equal to 0 if a; = 0. Let N = N; . Notice that since

supp x < Kj, X Qj, S Kji'tq X Qjo'yy S [=b, b]™™,
we have that y and all of its partials are zero on the boundary of the box [—b, b]™*". So for any
(g, h) € Z™ x Z™ we have by many integrations by parts that

W+2)|7 (g 1

. 1 2b
Xgh = (2b)m+n (—27‘[1') m N+2 1n pN+2

r=1,g,%0 9r s=1,hg=0 s

a(N+2)}[(g,h) [X(x, y)]e—2m’(x~g+y~h)/(2b)dxdy_
[_b,b]m+n
Let E; > 0 be a constant such that:

(N+2)|7 (g,0)|

<E,.

e (2

Furthermore, notice that we can remove the unpleasant g, # 0 and h; # 0 indexing rules above
by writing the estimate (here I use the fact that 1/r < 2/(1 + r) if r > 0 is an integer):

2m+n
<
re1 (L4 1gr V2 T2, (1 + |hg|V+2)
Setting E, = 2™*"E,, we get the following estimate on our Fourier coefficient:

1
Lom| S E
[Reom] < Ez (1 + g V) T, (1 + |hg|V*2)

1

m N+2 1In hN+2
r=1,g,#0 Ir s=1,hg#0""s

Vol([—b, b]™*™) sup|aV+DH (gh)

Setting E; = E, Vol([—b, b]™™), notice that we can furthermore estimate our Fourier
coefficient as:

1

Rgnw| <E Z sup|0” x| ’
2wl < Es py T+ g T ) T (1 + [y V72)

which is written in a bit more familiar terms. Great! We’re going to use this estimate below.

12
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Meanwhile, going back to our definition of (k; , x), notice that we can bound each summand
term on the right by:

|B(R(gnyp(x) e x9)/(2) 5(y)e2milxh)/(2b))]

<6, Y suloligumpoentx9/e] ) 5" splorfopernts i)
|a|sN

|BI<sN

Now apply the product rule on each 8% and d#partials (recall that by convention 0° = 1 when
raising something to a multi-index):

|B(f(g.mp(x)e?mx 9/ @), g (y)e2milen)/(zb))|

al 27iy M .
< C |)2 | Z Z Sup ‘ ( ) gneznl(x'g)/(Zb)aa_np
'Jo (th) | _ 1
Pt n'(a—n)!\2b
B! (2711’)'”' .
hv Zm(y-h)/(zb)aﬁ—v
SUP L) (B—v)!'\2b ¢ ¢
|BI=Nv=p

If we distribute above sum, we merely get a big linear combination of terms of the form g"h".
So for some collection of coefficients A, ),

|B(X(gmp(x)e?m =D/, g(y)e M| < G £ g Z A g"h.

In|=N
|v|sN

Now, if we plug in the above estimate for y(g,h)| into this inequality we get that for some

constant E, > 0,
|B(R(gmyp(x) 29/ (2D) 5(y)e2milxn)/(2b))]

g"h’
<E, Z — T T sup|d¥ x|
L I+ 1gr D Ty (U A V2 e )

|lv|sN

Ok, since each |n| < N in the first sum, we have that
g" g" 1 2m

< < <
m (1 + |g |N+2) - Tm N+2 — m gz — Tm (1 + |g |2)
r=1 r r=1,9,20 9r r=1,g,#0 9r r=1 r

By a similar calculation we have that
hv 271
n N+2 = n AN
s=1(1 4 [hs[V+2) 7 TT5=1 (1 + [hs[?)

13
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So we get that for some constant E5 > 0,

[B(o.mp () 29/ @), 5 () 2miCem/ 20|

1
re1(1+ 19 [P [I5=1 (1 + |hs|?)

< Es sup|d” x|.

lY|sN+2

Tracing the above calculation again, notice that the value of the constant E is independent of
(g, h) (and even y). So the above estimate holds for all (g, h) € Z™ x Z™ (and all y). Thus the
above inequality shows that that the sum in the definition of (k; , x) decays like g7 and hZ in all
direction. Hence that sum is indeed absolutely convergent and thus makes sense. The above
inequality shows more: it gives us the estimate:

1
|<k]0!)()| < ES Z 2 2 Z Suplay)(l'
= - re1(1+1g-12) TT5=1 (1 + |hg|?) ez

Again, since the X, pyezmxzn SUM here is finite and the value of the constant Es is independent
of x, this shows that k;, is in fact a continuous linear form over CZ°(K;, x Q;, ).

Great, let’s show one last property of k;,. Let’s show that for any ¢ € C°(K;,) and any ¢ €
CCOO(QJ'O)’
(ki @ @ ) = B(¢,¥) = (uyp, ¢).

The Fourier coefficients of (¢ @ )X *R" are given by:

— 1 .
@ ®Wgm = Gpymm f PP (y)e 2ty /D) gy y
[_b'b]m+n

_ 1
— (2pm

f d)(x)e—Zni(x-g)/(Zb)dx . DR f w(y)e‘Z”i(y'h)/(Zb)dy_
[-b,p]™m [—b,b]"

Setting B, and 1, to be the Fourier coefficients of p®" and ®" respectively:

~

b = (Zb)m .

J 6 (x)e~2miC9)/@0) gy

B = (2b)n f Y (x)e-2mON/@b) gy,

[-b

we then get the trivial tensor Fourier coefficient relation:
(¢ ® lp)(g,h) = $g : wAh-

14
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Using this in the definition of (k; , ¢ & 1) then gives us that

0)

ki @Y= > B($yp()ermeaV@n i, g(y)ermom/@n))
(g,h)EZMXIN

Now, it’s easy to see by the lemma stated before this theorem that the series

Z ¢3gp(x)82ni(x'g)/(2b) = p(x) 2 ¢;gezm(x.g)/(zb)_

gEZm gezm
converges to p - ¢ in C°(R™). So this series converges to ¢ in C(K;,+1) since p - ¢ = ¢ on
Kj .1 (recall that supp ¢ € K; and p = 1 on K; ). For the same reason, we have that the series

Z B0 (y)e2mily-n)/(2b)

hezZm
converges to ¥ in C°(Q;,+1) as well. Using the fact that B; 44 : C(Kj,+1) X C2(Qj,+1) = C
is separately continuous we then have that

K@ @Y = D D Bis(Byp(eX /@D g (y)e2nitrn/a)

JgEL™ hELM

- Z Bjy41(Pgp(x)e?™x9/@0) ) = B; (¢,1) = B($, %) = (), P).

geEz™

We are now finally ready for the last step in the proof of this theorem. Define the function k :
C(X xY) — Cas follows. Take any test function y € C°(X X Y) and let j, € Z, be such that
supp x € Kj, X Qj,. Then set:

<k, X) = (kj01X>

Let’s prove that this is well defined by showing that this is independent of the j, that we chose
that satisfies the above property. Let r, € Z, be any other such index and let’s suppose without
loss of generality that j, < r,. As before, let p € C°(K;,+1) and o € C°(Q;,+1) be such that
p = 1and o = 1 on neighborhoods of K;, and Q;, respectively. Letting b > 0 be such that

Kj,+1 X Qj,+1 € [, b]™*™ we have by a similar discussion as above that the series

(g.n)eZ™xZ"

converges to y in C&°(Kj, 41 X Qj,+1) and thus in C2° (K41 X Qpy+1) (Since Kj, 41 X Qj 41 S

Ky +1 X Qry41)- The continuity and linearity of both k;  and k,,, implies that their values at y are

given by:

(kj, x) = z ki, (2 cgmyp(x)e?mx9/20) @ g(y)e2miyh)/(2b)),
(g,h)ELM XTI

15
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(kro X) = Z ks, ()Z(g’h)p(x)eZﬂi(x-g)/(ZD) R O-(y)ehti(y-h)/(zb))’
(g,h)ELMXLM

both of which are equal to
(g,h)EL™ XTI

So (kj,, x) = {kr,, x), and thus k is indeed well defined. It’s easy to see from the definition of k
that it’s linear. To see that it’s a distribution, we also have to show that it satisfies the distribution
“seminorm” like inequalities. Take any compact set R € X X Y. Let j, € Z, be such that R <
K;, X Qj,. Thensince k;, is continuous we have that there exist C, N > 0 such that for any y €

C2(R) < €2 (Kjy X Q)
[0e 201 = [ 0] <€ ) supla¥l.
ly|sN

So k is indeed a distribution over X X Y (i.e. k € D'(X x Y)). The last thing to show is that it
satisfies the property that we desire. Take any ¢ € C°(X) and any ¢ € CZ°(Y). Let j, € Z, be
such that supp ¢ X supp ¢ € K;, X Q;,. Then we have that:

(k,d @ Y) = (kjp, @ ¥) = (w, §).

So k is the Schwartz kernel of our map u. With this we’ve proven the theorem.

6 Chapter 8
6.1 Structure Theorem for Tempered Distributions [Theorem 8.3.1] (5/11/2021)

In this entry | work through the proof of the structure theorem for tempered distributions
(Theorem 8.3.1 in the book) by putting it into my own words and filling in the details.

Theorem: A distribution is a tempered distribution if and only if it is the derivative of a
continuous function of polynomial growth.

Proof: First suppose that a distribution u € D’ (R™) is the derivative of a continuous function
f € CO°(R™) of polynomial growth:

u=09%,

where a € 7(n) of course. We want to show that u is a tempered distribution. Since f is of
polynomial growth, there exist C > 0 and M € Z, such that |f(x)| < C(1 + |x|)™. Now, |
claim that the linear functional §(R™) — C given by

16
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©.1) ¢ (~1)ld f o

is a well-defined continuous extension of the distribution 0%f : C°(R™) — C to S(R™). If we
prove this, then this will show that u is indeed a tempered distribution. Take any ¢ € S(R™).
First let’s show that the above integral even exists. We estimate (here m is the Lebesgue
measure)

(1 + 1xD™xI"8%¢|
|x|2n

f|fa“¢| < cf<1+ XDM[39g]| = C f (1 + xDM|a%¢] +

B;1(0) [B1(0)]¢

dx - sup{(1 + [xD"|x|*"[0% ¢} |.

< € |m(B,(0)) sup{(1 + |x))"|9%6[} + j
[B1(0)]¢

|x|2n

The last quantity is finite since ¢ € S(R™) and thus the integral in (6.1) is indeed well defined.
It’s clear that (6.1) extends d%f : C;°(R™) — Cto S(R™). So all that’s left to prove is that the
linear functional defined by (6.1) is also continuous. By exactly the same computation as above,
for some constant C, > 0 we obtain the estimate:

< Cy[sup{(1 + [xDM[0“@1} + sup{(1 + [xD™|x|*"|0%I}].

-l [ rocg

By expanding the (1 + |x|)™ via the binomial theorem and then doing some further estimates,
we see that the above inequality implies that there exist C; > 0 and N € Z, such that

<G z sup|xPa%¢|.
|BTEN

-0t [ ro<o

Thus the linear functional defined by (6.1) is indeed continuous. As discussed above, this proves
that u is a tempered distribution.

Now let’s prove the other direction. Suppose that u € D'(R™) is a tempered distribution. We will
assume that the support of u is contained in R} = {x € R™ : each x;, > 0}. The general case will
then follow from the easy-to-see fact that any tempered distribution can be represented as a finite
sum of translations and reflections of such tempered distributions and that reflections and
translations of functions of polynomial growth are still of polynomial growth.

Alright, since u is a tempered distribution we have that there exist C > 0 and N € Z,. such that

{u, )| < C Z sup|x%9P ¢ | V¢ € S(RM).

lal.|IBI<N

Let Ey,, : R™ — C denote the function

17
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(x)OV+L - L ()N
Eni2(x) = [(N + D1"
0 otherwise

ifeach x;, =0

Observe that Ey, is in CY(R™) and that
a(N+2)1EN+2 =5

in the sense of distributions (here 1 € 7(n) denotes the multi-index with all ones). Letp €
€ (R™) be a smooth function such that

1) p=0
2) [p=1
3.) suppp < B,(0).

For each j € Z,, let p; € C°(R™) denote the functions p; = j"p(jx). Observe that p; — § in
D' (R™). Now, we will prove that E ., * u is a well-defined continuous function of polynomial
growth such that

a(N+2)T(EN+2 *U) = U

The fact that Eyy ., * u is well defined comes from the fact that the addition function R" x R™ —
R™ given by (x,y) = x + y is clearly proper on RT x R" and hence proper on

supp Ey42 X supp u (recall that supp Ey ., and supp u are both contained in R7). The fact that
the above equation holds follows immediately from

QWDT(E, o wy) = dWDI(E, ) sxu=08*+u=u

Next let’s show that Ey ., * u is a continuous function. We will do this by showing that it’s the
uniform limit over compact sets of the continuous functions described in the following claim.

Claim: For any j € Z,, the following is a well-defined smooth function over R":

Eniz * pj *u.

Furthermore, if 0 € C*(R™) is such that ¢ = 1 on a neighborhood of supp(u) and supp o S
R?%, then this function is explicitly given by

(6.2) Enyz * pj *u(x) = u®),0(y)(Ensz * pj) (x — ¥)).

Proof: Fix any j € Z,. The fact that the convolution Ey ., = p; * u is well defined follows from
the not-hard-to-prove fact that the restriction of the addition function R™ x R™ x R" — R" given
by (x,y,z) » x +y + zto R? x By,,(0) x RY is proper (recall that supp p; S B, /,(0)). Now,
let’s see why the right-hand side of the above equation even makes sense. Specifically we have
to show that argument of u on the right-hand side (i.e. a(y) (EN+2 * pj)(x — y)) is smooth and
of compact support. The compactness of its support follows from:
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0(y)(Ensz *pj)(x—=y)#0 = y€suppo and (x —y) € supp Ep,, + suppp;
= y€ER} and (x—y)€ER}+B/;(0) = y€eER} and y € x— R} —B,/;(0)
= |yl < |x]+1/].

The smoothness of the right-hand side of (6.2) also follows from this and Theorem 4.1.1 in the
book.

To finish proving the claim, all we have to do now is show that equality holds in (6.2). To start,
let f = Eyy, * pj. Let o, 0, € C*(R™) be such that

1.) or = 1 on aneighborhood of supp(f) and supp o5 < supp(f) + B1(0),
2.) 0, = 1 onaneighborhood of supp u and supp o,, € supp u + B;(0).

Take any test function ¢ € C°(R™). Analogously, let oy € CZ°(R™) be such that g, = 1 0na
neighborhood of supp ¢ (note the requirement for supp o, to be compact). By definition, we
then have that

(F *u(), (D)) = {F () ® (), (o (NSCx +))
= i, [ FI0 DRI +7)dx) = WO, [ £ = V)00 (I
= W), (2, 0.Nop(Df Z = YN = () ® (), 0, Ps (D (2 — 1)
= [ 60, 009D 2 = ¥}z = (@O, G = V) (@)

Since ¢ € CZ°(R™) was chosen arbitrarily, this shows that
fru(2) =), o,()f(z - y))
From here (6.2) follows immediately.

End of Proof of Claim.

Let 0 € C*(IR™) be as in the above claim. First let’s show that the sequence of functions Ey ., *
p; * u is uniformly Cauchy over compact sets and thus converges to some continuous function.

Fix any compact subset K € R™ and let R > 0 be such that K € B (0). Then, by the above
claim we have that

(6.3) SU}I?lEN+2 * P * u(x) — Engg * pj * u(x)l
X€e

= 52,13'(“(3’)' o) |En+z * pr(x — y) — Ensz * pi(x — M)

<C Z sup sup |05 (6(»)[Ey+z * pi(x — ¥) — Ensz * pj(x — Y)])|-

n
laf By *K YER
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It’s not hard to see that there exists a compact subset Q € R" such that for any fixed x € K, the
support of the function

U(}’)[EN+2 * p(x —y) — Engp * Pj(x - }’)]

is contained in Q (for instance, Q = Bg,1(0) will work). Because of this, we can change the
“y € R™ to “y € Q” in the last supremum above without changing the value of the supremum.
It’s not hard to see then by the product rule that for some € > 0 the last quantity in (6.3) is
further bounded by

o Z sup SUPla;/[ENH * pr(x —y) —Eygp * pj(x - J’)]l

XEK Yy€EQ
<C z Sulea;//[EN+2 * pr(z) — Enyz * Pj(Z)]l-

Since Ey,, € CN(R™), it’s well known that for y € 7(n) such that |y| < N, 0¥ (Ey42 * px)
converges uniformly to ¥ E ., over compact sets (this is a slight variant of Theorem 1.2.1 in the
book). Thus we see that the above quantity goes to zero as k, j — oo. So the first quantity in (6.3)
also goes to zero as k, j — oo:

sup|Eysz * P * u(x) = Enyz * pj u(x)| >0 as k,j - oo,

XEK
So indeed Ey .., * p; * u are uniformly Cauchy over compact sets and thus converge pointwise to
some continuous function. I claim that that continuous function that they converge to is Ey ., *

u. To see this, take any test function ¢ € CZ(R™) and do (here I interchange “lim” and “[ ,”
which | can do because of uniform convergence over compact sets)

(lim (Bxe * g+ 0), @) = [ lim (Bec * y + u()) $ ()

= Jll_)rg Enyz * pj*x u(x)p(x)dx = Jl'i—glo(ENH *pj*xU, @) = (Eytz2 * 8 xu, @)

= (Eny2 * u, @).

Hence Ey ., * u is indeed equal to the function that is the pointwise limit of Ey ., * p; * u and
thus is a continuous function.

The last thing left to do is to show that E., * u is of polynomial growth. This is again just a
game of bounding things. For any x € R™ we have that

|Enyz *u(x)| = ]l.i_)rglEN+2 *pj* u(x)l = }i_)rgl(u(y),a(y) “Enip * Pj(x - }’))|

<C Z lim sup [y%d) (a(y) ‘Enyz xpj(x —y))|

]—)00 E]Rn
lalIBlsn Y
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As before, it’s not hard to see that the support of the function g(y) - Ey., * pj(x —y) asa
function of y is contained in R? N B|y4+1(0). Thus we can change the “y € R to “y € R N
m” in the above supremum without changing its value. By the product rule, it’s then not
hard to see that for some C, > 0 the above quantity can further be bounded by

C, Z lim sup |y“af (EN+2 *pjx — y))|-
J=% |y|s|x|+1

lal1BI=N each y, =0
Now, we have that |y%| < (]x| + 1)!*! for any y in the domain of the above supremum. In
addition, as before, for any g € 7(n) such that || < N we have that 98 (Ey,, * pj) converges
to 38 Ey.,, uniformly over compact sets and so we can interchange the “limit” and “supremum”
in the above quantity without changing its value. Thus we see that the above quantity is further
bounded by

C(|x| + 1)'“I Z sup

lyl<lx|+1
laLIBISN Goch yy20

lim 55 (EN+2 *pj(x — }’))|

j—oo

=GUx+ D Y sup [0 Byealr— )|

lyl=lx|+1
lal.|BIsN each y, 20

A WN+DT

o
(N + D" oSty WIslxl+1
Bs(N+1)TeaCh V20

(note the change under the last X symbol). Since each
|Gx = Y)WV < (2]x] + DIVFOTA]

for all y in the domain of the above supremum, the last quantity in the previous equation is
further bounded by

C —
m(lxl + Dl Z 2]x| + DIv+D1I-4],
. lal.IBI=N

B<(N+1)1

Since this is a bound on |Ey ., * u(x)], it is clear from here that Ey ., * u is indeed of
polynomial growth. This finally proves the theorem.

6.2 Poisson’s Summation Formula [Theorem 8.5.1] (5/18/2021)
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In this entry I work through the proof of the special case of the Poisson summation formula when
the distribution in question is the Dirac delta function (Theorem 8.5.1 in the book) by putting it
into my own words and filling in the details.

Theorem: The following equality holds in §'(R"):
(6.4) Z 746 = Z e?migx
geEZ" gEL™
where both sides are interpreted as limits of partial sums in S’ (R™) that exhaust Z™ in any way.

Remark: The above equation requires a bit of interpretation. The left-hand side of (6.4) denotes
the functional S(R™) — C given by

6.5) b ) $9)
gEL"
while the right-hand side of (6.4) denotes the functional S (R™) — C given by
b— ) Py
gEZ™

The claim of the theorem then is that these are well defined tempered distributions, the partial
sums of Y gezn 746 and Y gezn e?™9* converge to these two distributions in S’ (R™) respectively,
and that these two distributions are equal.

Proof: For brevity, let “u” denote the left-hand side of (6.4) and let “v” denote the right-hand
side of (6.4). First let’s show that that both u and v are well defined tempered distributions and
that the partials sums on both sides of (6.4) converge to u and v respectively in ' (R™). One
way to do this of course would be to say that this follows from the uniform boundedness
principle and the fact that the limit of their respective partial sums’ actions on members of
S(R™) exist. But I will take a more elementary approach here by directly showing that both u
and v are tempered distributions and that their respective partial sums converge to them in
S'(R™).

Let’s start with u. Observe that since any ¢ € S(R"™) decays faster than any polynomial, we
have the sum in (6.5) is absolutely convergent and thus the action of u on any ¢ € §'(R") is
well defined (and obviously linear). Next let’s show that it’s a tempered distribution. For any
¢ € S(R™) we have that (here |g| denotes the usual Euclidian length of g)

sup||x|*"¢].

1
@)l = 6@+ D ¢o)| < suplgl + P

gEZ™M\{0} geZ™M\{0}

Since ¥ gezn\ (0} 1/|g|?" is finite, this shows that u : S(R™) — C is indeed continuous and hence
a tempered distribution. Finally, let’s show that the partial sums on the left-hand side of (6.4)
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converge to u in §'(R™). Let {gr}r=, € Z™ be any sequence that exhausts Z" (i.e. the map k ~
gk 1s a bijective Z, — Z™ map). Then for any ¢ € S(R™) we have that

Jim, <z Ug, ) = in‘éoz ¢(gr) = z ¢(9) = (w, ).
k=1 k=1

geZ"
Thus indeed Y3, ug, = uin §'(R™).

Now let’s show the same thing for v. The proof for showing that it’s well defined and that the
partial sums on the right-hand side of (6.4) converge to v in §'(IR™) is done exactly the same
way as for u by remembering that the Fourier transform maps s (R™) to itself. So I’ll omit
repeating those details and instead focus on showing that v : S(R™) — C is continuous. Since the
Fourier transform F : S(R™) — S(R™) is continuous, we know that there exist C;, C, > 0 and
Ny, N, € Z, such that

sup|@| < €, z sup|x*af ¢,
lal,|Bl<Nq

supl§Pn@l <, ) sup|x<df),
lal,|Bl<N2

forall ¢ € S(R™). Thus, proceeding as with u, we have that for any ¢ € S(R"),

~ 1 ~
.o <suplf| +| > o |supli€l)

geZ™\{o0}

<C Z sup|x®aP | + PIS C, sup|x%aP¢|.

lalIBlsN, gEL™\{0} lal,|BI<N>
Hence indeed v : S(R™) — C is continuous and thus is a tempered distribution.

Having dealt with these technical setup details, let’s start proving the theorem. | claim that v is
periodic over Z":

V=T Vh € 7M.
To see this, take any h € Z™ and observe that
TV = Z Thezmgvc — Z eZm’g~heZ1rig-x — Z eZnig-x = .
gELn gezn gEeL"

Now, lety € CZ°(R™) be such that Y > 0, suppy € (—1,1)™ and X jezn 749 = 1 (the
existence of such a ¥ is proven in Lemma 8.5.1 in the book). I claim that
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(6.6) v= z (rglp)v = Z 74, (Yv)

gEZL™ gEZL™

in the sense that the partial sums here converge to v in D' (IR™) (with respect to any exhaustion
of Z™). These partial sums turn out to converge to v in ' (R™) as well, but we don’t need that at
the moment. Observe that the second equality here simply holds because of the fact that v is
periodic over Z™. So let me prove the first equality. Take any ¢ € C.°(R™). As before, let
{gx}r=1 € Z™ be any sequence that exhausts Z™. Then we have that

lim > ((tg9)v,¢) = lim (v, (t41)).
k=1 k=1

Since ¢ is of compact support, each supp 59 € (—1,1)" + g, and ¥ jezn 749 = 1, we have
that X~ (t,9)¢ is eventually equal to ¢ as m — co. So the above limit is equal to (v, ¢) and
thus indeed we have that the partial sums of dezn(‘[gl/))v converge to v in D' (R™).

Now, let’s investigate what v is equal to. Focusing on v first, | claim that for any j € {1, ..., n},
(eZ"ixJ' — 1)17 =0.

To see this, observe that for any j € {1, ..., n} we have that (here e; is the standard unit vector
with all zeros except a one in the j™ position)

p2MiXjy, — Z @2TiXj p2MigX — z p2mi(gte;)x — z e2mihx — 4
gELN gELN hezn
We obviously then have that forany j € {1, ..., n},
6.7) (e#™¥ — 1)yv = 0.
We can in fact write a better version of this equation by linearizing the leading coefficient:
Claim: Our v above satisfies the following: forany j € {1, ...,n},
(6.8) xjpv = 0.

Proof: Our approach will be to prove the above equality locally at any point. Fix any j €

{1, ...,n}. Take any point y € R™. First suppose that the function (ez”"xf — 1) does not vanish at
the point y (i.e. y; & Z). Choose a small enough neighborhood W of y such that (e2™*/ — 1)
does not vanish on W. Then equality in (6.8) over W follows from (6.7) by writing (6.7) as

emej -1
7 xjpv =0
)

and then dividing through by the nonzero (e™*j — 1)/xj. Now suppose that it’s the case that
(e#™*j — 1) does vanish at y. If y # 0, then we can choose a neighborhood W of y such that
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0 ¢ W and W is disjoint from . Then (6.8) clearly holds on W because of the mere fact that
Y = 0 on W. Lastly, suppose that y = 0. Let W be any neighborhood of y such that W <
(—1,1)™. Then as before we can rewrite (6.7) over W as

2mix; _ 1

xjpv =0

e
Xj

where (e2™¥ — 1) /x; is interpreted to be equal to its limit value at x = 0, which observe makes
it smooth. Since (2™ — 1)/x]- is nonzero over W, we again get that equality in (6.8) over W
follows by dividing trough by (e — 1) /x; in the above equation. Having proved the equality
in (6.8) in a neighborhood of any point y in R™, the claim follows.

End of Proof of Claim

Now, take any ¢ € C*(R™). By Taylor’s theorem we know that there exist o; € C”(R") for j €
{1, ...,n} such that

B0 = $(0) + ) x0,(0)
j=1

By (6.8) we then get that
WYv, @) = WYv, $(0)) = ((Yv, 1), p).
Thus we’ve obtained that
Yv =C6
for some constant C € C. By (6.6) we then get that
(6.9) v=_=_C z 746
gEIM

in D'(R™). Since we already proved that both v and Y ;ezn 7,6 are tempered distributions, this

equality in fact holds in ' (R™). Thus, the only task left to do in order to prove the theorem is to
show that C = 1. To do this, let y : R™ — C denote the indicator function over (0, 1)™:

(1 if xe (D"
X0 = {0 if x (1"

Now let’s take the convolution of both sides of (6.9) with y. The left-hand side becomes

; 1 if g=0
= 2mig-x = =
vEX 2."’ X 2:{0 if g0 -
gEZL™ geEL™

Taking the convolution of the right-hand side of (6.9) with y gives
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CZTQ(S *)(zCZ(Tg(S)*)():CZ (5*Tg0())=CZTgX:

gEZ™ gEZ™ geEZ™ geEL™

which is equal to the constant function C almost everywhere (with respect to the Lebesgue
measure). Hence we must have that € = 1. As discussed above, this proves the theorem.

6.3 Fourier Transform of Tensor Products (Problem 8.3)

In this note we prove the following fact, which says that the Fourier transform of a tensor
product is the tensor product of the Fourier transforms. This is obvious for L! functions; the
tricky part is extending this to tempered distributions by duality.

Theorem 6.10: Suppose that u € §'(R™) and v € §'(R™). Thenu Q v € §'(R"*™) and
(6.11) u@®uv=u v.

Proof: First let’s prove that the distribution u @ v : C.°(Q) — C extends continuously to a linear
map of the form u @ v : S(R™) — C and hence is also a tempered distribution. Let’s do this by
setting u @ v to be the extension

(6.12) u® v(p) = (ulx),(v(y), ¢(x,y)) V¢ € S(R™™),
and prove that this is well defined and continuous.
Claim: Let f5 : R — C be the function in the argument of u above:
fo () = (w®¥), p(x,¥)).
Then f, € S(R™). Furthermore, the map ¢ = f, is a continuous S (R™**™) — S(R™) map.

Proof: Let’s start by computing the partials of f;,. Take any j € {1,...,n} and let e; =

(0, ...,0,1,0, ...,0) be the standard unit vector with a “1” in the j™ place, treated as a multi-index
here. I claim that

(6.13) 9% £ (x) = (W(¥), 0. p(x, ).

We prove this by generalizing the argument in Theorem 4.1.1 in the book. Forany h € R : h #
0 we have that

fo (x + hej) — fo(x)
h

— (), 0y $(x, y))‘

1 e;
)58 + heyy) = B, 9] - 0 b))

26



Haim Grebnev Last saved: September 4, 2022

Applying Taylor’s theorem up to the first order term gives us that this is equal to

1
(v(y),h f (1- t)ajefqb(x + thej, y)dt)|.
0

Applying the continuity of v : S(R™) — C tells us that for some € > 0 and some M > 0 the
above quantity is bounded above by

1

C Z sup |y®a) hf(1—t)ajef¢(x+the-,y)dt
la 4TI YERT 0

< hC Z sup |y“65€j65¢(x,y)|.

el +Tlsm PR

This obviously goes to zero as h — 0, and hence this proves (6.13). Furthermore, we see that for

[raprco| = [won walpComl < ) sup [yeaf[x ol g )]

lal+|Bl=M

<C Z sup x’lyaalafq,')(x,y)| < oo,

|l +TB1sm FYIERTTT

So indeed f € S(R™). Furthermore, it’s clear that this estimate shows that the mentioned map
¢ — fy is continuous.

I

Back to proving the theorem. Since we see that (6.12) is the composition of the continuous maps
u:S(R™) —» Cand ¢ ~ f5, we have that u ® v is indeed a tempered distribution.

Now let’s prove (6.11). Let’s do this by proving that u @ v and @i @ ¥ agree on test functions
of the form ¢ ® ¥ where ¢ € C°(R™) and Y € C°(R™) as distributions since (6.11) will then
follow by the density of finite linear combination of such test functions in all of §(R™*™). For
any ¢ € CZ(R™) and ¢ € CZ°(R™) we have that

U QY =uRv,dRY)=uURv,dQP) = (ux), (v(¥), pL)P()))
= (u, $) v, P) = (U, PND, Y) = (A ® D, ¢ ® P).

As explained above, this proves the theorem.

7 Chapter 11
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7.1 Wavefront Sets of Tensor Products
In this note | put the proof of Theorem 11.2.1 into my own words.

Theorem: Suppose that u € D'(2) and v € D'(@) where 2 € R™ and & € R™ are open
subset. Then

WFu @ v) € [WF(u) x WF(w)] U [WF(u) X (suppv X {0})] U [(suppu X {0}) X WF(v)].

Remark: By writing WF (u) x WF (v), we are slightly abusing notation. What we really mean is
the set

WF(u) X WF(v)

={((x, ), (Em) € (@x0) x (R™™\ {0}) : (x,§) € WF(w) and (y,n) € WF(v)}.
A similar remark goes for the other two sets on the right-hand side of the previous equation.

Proof: Fix any point ((xo, ¥o), (§0,10)) € (Q x ) x (R™*™ \ {0}). Let’s take a look at what
conditions on this point will imply that it’s not in WF (u & v). For instance, we have that this
point will not be in WF(u ® v) if

3¢ € C(Q) : p(xo) # 0 T € C2(0) : P(yo) # 0, (0,M0) € (¢ ® Y)(u X 1)).
This condition here is furthermore implied by (here 1 use Theorem 6.10 from above):
(7.1) 3P € C2(Q) : p(xo) #0 I € (°(0) = P(yo) # 0
3 conic neighborhood I' € R™™ \ {0} of (é3,17,) VN € R 3Cy > 0,

|pu(®|[Pvm)| < Cu(Em)Y V(&) ET.

So let us ask ourselves, when can this condition hold? First, | claim that this condition holds if
the following condition (4) holds:

(4) (o #0 and ng #0, and (x4, &) € WF(u) and/or (yo,1n9) & WF(v).

To see why, suppose that (4) holds. Without loss of generality let’s suppose that (xg, &) €

WF (w). Then there exist ¢ € CZ(Q) : ¢(x,) # 0 and a conic neighborhood I' € R™ \ {0} of &,
such that for all N € R there exist Cy > 0 such that |¢u(&)| < Cy(&)~" forall £ € T. Observe
also that since Y is a distribution of compact support, it’s Fourier transform v is of
polynomial growth and hence there exists M, C’ > 0 such that |1/777(77)| < C'(n)M forall n € R™.

Consider the conic neighborhood I' = T' x R™ < R™**™ \ {0} of (&,,7,). Shrink T as a conic
neighborhood around (&, n,) if necessary to make the following quantity finite:

B 1€, I
a = sup
Emer €]

<

Then, we have that forany N > 0 and all (¢,n) €T,
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|@(€)||@(n)| < CyC’ 1+ |n|2)M/2

1
(1+ 1§12

1
< Cn0'—— 7z (L+1E )M/
(1+-1GEm2)
- {CNC’aZ((E,r]))‘N+M if a>1
Sl if a1

It’s easy to see that this implies (7.1).
Next, | claim that (7.1) holds if the following condition (B) holds:
(B) §o=0 and ny #0, and x, € suppu and/or (yy,ny) € WF(v).

This shouldn’t be hard to see, and so I leave it to the reader to verify. Similarly, (7.1) holds if the
following condition (C) holds:

©) §0#0 and ny =0, and (xy&, € WF(u) and/or y, & supp(v).

Hence we have that a point satisfying either (A) or (B) or (C) isnotin WF(u @ v). Hence a
point lying WF (u @ v) does not satisfy A, does not satisfy (B), and does not satisfy (C). This is
precisely what the equation in the theorem states.

7.2  Wavefront Set of Projection Pushforward

In this note, | put the proof of the following theorem that appears in the book into my own words
by filling in the details. See Definition 2.13 for the definition of 7K.

Theorem: Suppose that K € D' (X x Y) is a distribution, where X € R™ and Y € R" are open
subsets, such that if = : X X Y — X denotes the projection map (x, y) = x, then the restriction
7 : supp K — X is a proper map. Then,

WF(m,K) € {(x,&) e X x (R*\ {0}) : Iy €Y (x,y,¢,0) € WF(K)}.

Proof: Let’s instead prove the equivalent statement that if (x,, &) € X x (R™ \ {0}) is such that
for all y € Y we have that (x,,y, &y, 0) € WF(K), then (x,, é,) € WF(m,K). Ok, suppose that
we have such a point (x,, &,). Then, it’s not hard to see that for any y € Y there exist ¢ €
C(X)andy € CZ(Y) such that ¢ = 1 and iy = 1 in bounded neighborhoods of x, and y
respectively and (x,, v, &5, 0) € Z([¢p @ Y]K). This last condition can of course be reformulated
as that for some conic neighborhood I' € R™*™ \ {0} of (&,,0), for all N € R there exists a

Cy > 0 such that

|([¢p @ YIK) (&, M| < Cy((&,m)™N V(¢ n) ET.
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Now, we have that the preimage of {x,} under the map r : supp K — X is compact. Explicitly,
this set is given by:
supp K N ({xo} X ¥) = {xo} X Q

for some compact set Q < Y. Because of Q’s compactness, we can choose a finite number of
points y; € Y forj = 1, ..., L such that if ¢;, 1;, and I are as above to each y;, then the regions
over which y; = 1 cover Q. Let the following denote the following regions:

Qj={x€X:qu(x)=1} and G)j={yj€Y:1pj(y)=1}

which notice contain x, and y; in the interiors respectively. Observe that by construction @ <
U‘l]=1 ®]'

Claim: There exists a p € C.°(X) such that the following three conditions hold:

1. p(xy) # 0,
2. suppp € ﬂ§-=lﬂ-
3.

l
(7.2) supp K N (suppp X Y) S suppp X U ;.
j=1

Proof: It’s not hard to see that this claim will follow if we show that there exists a compact
neighborhood R € N’_, ©; of x, such that

l
suppK N (RXY) SR X U(E)j.
j=1
Let’s prove this by contradiction: suppose not! Let R; S ﬂ;zl Q; for j = 1,2,3, ... be a sequence
of compact balls centered at x, with radii tending to zero. Then by assumption we have that

l

(7.3) suppK N (R; XY) & R; X U 0;.

j=1
Notice that each set on the left-hand side here is compact since it’s the preimage of R; under the
map 7 : supp K — X. We then have that (7.3) implies that for each j there exists a point
(x,2;) € supp K N (R; X Y) such that (x;,z;) & R; x U}, ©;. Since the sets on the left-hand
side of (7.3) are contained in some fixed compact set, by passing to a subsequence if necessary,
we may assume that (x;, z;) converges to a point of the form (x,, z,) for some z, € Y. By the
closedness of supp K, this implies that
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l l
(xo,20) € supp K 0 ({xo} X ¥) = {x,} X Q € {xo} X U 0; CR; x U 0 Vj=123..
j=1 j=1

But this then means that (x;, z;) is eventually in the sets on the right-hand side of (7.3), which is
a contradiction. This proves the claim.

I

Back to proving the theorem. Let p € CZ°(X) be as in the above claim. Now, as in Definition
2.13, let L € Y be a compact subset such that supp K N (suppp X Y) S suppp X Land let { €
CZ(Y) be such that ¢ = 1 on a neighborhood of L. Furthermore, by (7.2) we can shrink L if
necessary to ensure that it satisfies L < U§-=1 0;. Let R € Y be a compact set such that

LgRinggU@j
j=1

and modify ¢ so that it moreover satisfies supp { € R.

Leto, € C°(Y) forr =1,..,land g,,; € C*(Y) be a partition of unity subordinate to the open
cover 04, ...,0;, Y \ R of Y (in particular, we mean that each supp o; € ©; and suppa;.; €Y \
R). Then, for any & € R™ \ {0} we have that

pm.K(§) = (pm.K,e~*¢) = (n.K, p(x)e™*¢) = (K, [p(x)e ™ ¢] @ {())
+1

= ([p ® {IK, eV E0) = (Ip ® KN, 0) = ) (Ip ® (o)1), 0.

By construction we have that {ag;,., = 0 and so in fact the last term [p @ ({0;,1)]K in the last
sum is equal to zero. From here we can conclude that for any ¢ € R™ \ 0 such that (¢,0) €
nﬁ-zl I; (note that this is a conic neighborhood of ¢,) and all N € R,

l l
prR@| < ) 10p ® GoplK) 0 < D 106 ® %, 1K) 0] < Cu{(,00)™

for some constants C > 0. This shows that &, ¢ Z(pm,.K) and hence indeed (x,, é,) &
WEF(m,K). As discussed at the beginning of this proof, this proves the theorem.

7.3 Lemma for Pullback of Wavefront sets by Diffeomorphisms

In this note I put the proof of the following result that appears in the book into my own words.
It’s important because it’s a key step in demonstrating how the wavefront sets of distributions
transform under change of coordinates.
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Lemma: Suppose that F : U — V is a diffeomorphism between open neighborhoods of 0 in R"
such that F(0) = 0 and DF(0) = id (i.e. the Jacobian at zero is the identity matrix). Then for
any distribution v € D' (V),

{(0,$) e WF(F'v)} = {(0,§) € WF(v)}.
Proof: Observe that by assumption
F')=y+r®)

for some remainder term r € 0(y?). Now, fix a distribution v € D’(V). Take any direction
(0,&,) € WF(v). Let’s show that (0,¢,) € WF(F*v). Let y;,¢, € CZ (V) be compactly
supported functions in V that will soon be determined and consider the distribution F*(y,y,v).
Its Fourier transform is given by

[F*(1,v)] 7 (&) = (F*(Y1¥,v) (x), e~x¢) = (WY1v(y), e_iF_l(y)ﬂdet FrO
= (1Y), Poe OO det F1)) = (hrv(n), f P, (1)l T YETOI)|det F1|dy),

or in other words

(7.4) [F*($13,)]7(€) =f Yo, (y)e' @177 ST | det F~1 | dydn.

Now, since (0, ¢&,) € WF(v) we can choose 1, to be such that 1, (0) # 0 and there exists a
conic neighborhood I such that for all N € R there exists a Cy > 0 satisfying

[prv(m)| < ™ vy T,

We will show that (7.4) is rapidly decreasing (i.e. decays faster than |£|~* for all k > 0) ina
conic neighborhood of &, by separately showing that the n € T portion of the integral and n & T’
portion have this property.

OK, let’s start with the integral portionovern € T. Let¢p =y - & + r(y) - & (appears in the
exponent in (7.4)) and let grad,, ¢ denote the gradient of ¢ with respect to y (while ¢ is fixed).
It’s easy to see that

d _{; on,
(7.5) gra yqb—< +E>E

where I denotes the square identity matrix and dr, /0y, denotes the matrix with entries o7, /9y,
for u,v =1, ...,n (which notice are O(y)). Notice that if we define the following linear partial
differential operator wherever grad,, ¢ # 0:

1 S99 0
pei L300
|grad,, ¢| jzlayf y;

we then get that
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(7.6) Le—i0®.8) — p—id(8)

For our purposes notice that, by shrinking the support of ¥, if necessary while maintaining
P, (0) # 0, we can assume that grad,, ¢ # 0 over a neighborhood of supp 1. This is important

since supp Y, is the effective dy integration domain in (7.4). Hence, if we plug in (7.6) into the
right-hand side of (7.4) but when integration in 7 is only taken over I, and then integrate by
parts in y, and then repeat this k number of times gives the quantity

f f LT (Yo, (»)e¥|det F~1|)e ¢ dydn
ner

where LT denotes the transpose of L. A little bit of thought should convince the reader that this
quantity can be rewritten as

(7.7) f f el n=yE-r(x):8) Z YN fioa(y, &) dydn

ner |a|<k

for some smooth functions fi, o : V x (R™ \ {0}) = R with supp,, fx o € supp ¥, (“supp,”

means the projection of the support onto the “y” component). It’s also not hard to see that since
the coefficients of L are homogeneous of order —1 in &, we have that each f; , is homogeneous
of order —k in . Hence, if we let

A=max sup |fia( 0)| <o,

p
lalsk yesupp y,
|6]=1

then (7.7) is bounded by (here m, is the Lebesgue measure)

Z Yv(mIn® dn | mg(supp,)Ak*|E|7.,
ner lalsk

where the important point here is that this is a finite constant times |&|~* (the dn integral is finite
since ¥, v is rapidly decreasing in T). Hence the n € T portion of the integral in (7.4) is indeed
rapidly decreasing (in all directions & € R™ \ {0} in fact!).

Next let’s look at the n & T portion of the integral. Let 0 = y - n — ¢ (y, &) (also appears in the
exponent in (7.4)), whose y gradient observe is equal to

on,
grad, o =1(n—¢) — _ay ¢
v

Shrinking the support of ¥, further if necessary while maintaining y,(0) = 0, it shouldn’t be
difficult to see that there exists a conic neighborhood I; € T; S T of &, which is small enough so
that grad,, o # 0 for y in a neighborhood of supp i,, ¢ € T; and n ¢ T (hint: let T, be the set of

rays passing through a precompact neighborhood of &,/|&,| in {|¢| = 1} N T). Define the
operator
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and observe that it satisfies
Melomd) = gio(yms),
If we plug this into the right-hand side of (7.4) but when integrating only over n ¢ T, and then

integrate by parts in y, and then repeat this k number of times gives the following quantity for
Eely:

f M (Gro G, () ldet F~1])eie0nd gy dy.
ner

A little bit of thought should convince oneself that this quantity can be rewritten as

j Yiv(m)g(y,n,Ee 00 dydn.
nér

for some smooth function g : V x I'¢ X T; = R such that supp g S supp 1, (“I'*” means the
complement of I" in R™ \ {0}). Notice that since the coefficients of M are homogeneous of order
—1in(n, &), g is homogeneous of order —k in (1, £). Hence, if we let

A= sup |g(y,6,w)| <o,
YEsupp P
[(6,w)]=1

then for big enough k the previous quantity is bounded by the following (i.e. for k big enough so
that |n|* grows faster than 1, v(1n) — which observe is indeed of polynomial growth))

e (supp )7 f PO e

Let’s break this integral up for the moment:

f¢1 V) T E)I" dn + f¢1v<n)|( .

InI<1 InI>1

It’s pretty clear that the first integral here decays like |&|~% for big enough & € T;. To see that the
second integral has the same property, observe that using the elementary identity (a — b)? > 0,
hence a? + b? > 2ab, and so (a? + b?)~1 < (2ab) ™1, we see that this second integral is
bounded by the following for sufficiently large k > 0:
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mg(supp l/)z)i( . 1 1
e | | o |
ner

[n]>1

Hence this shows that the n & T portion of the integral in (7.4) is rapidly decreasing in the
directions & € I3.

To summarize what we’ve proved: we’ve shown that for sufficiently large k > 0 there exists a
constant C,, > 0 such that

IIF* @12~ (O] < Ciefé)7F v§ e

Since F*(Y,y¥,v) = F*(Y1,)F*v and F* (Y y,) € CZ(U) is nonzero at x = 0, this shows that
indeed (0,&,) € WF(F*v). Since (0,&,) € WF v was chosen arbitrarily, we’ve in fact
demonstrated that

{(0,$) e WF(F'v)} < {(0,§) € WF(v)}.

To show inclusion in the other direction, simply observe that by what we proved above but
applied to F~1 gives:

{(0,8) e WF(v)} = {(0,§) € WF((F™))'F'v)} € {(0,§) € WF(F'v)}.

With this we’ve proved the lemma.
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