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2 Notations and Conventions 

Convention 2.1: All manifolds are without boundary by default (i.e. unless stated otherwise). 

Convention 2.2: All appropriate structures/maps are assumed to be smooth (𝐶∞) unless stated 

otherwise. 

Convention 2.3: In a topological space, all neighborhoods are open unless stated otherwise. 

Convention 2.4: The symbol ℝ+ denotes the set of positive real numbers: ℝ+ =
{𝑥 ∈ ℝ ∶ 𝑥 > 0}. 
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Definition 2.5: If 𝑃 ⊆ 𝑀 is an embedded submanifold of a Riemannian manifold without 

boundary (𝑀, 𝑔), then 𝑈 is called a normal neighborhood of 𝑃 if it is a diffeomorphic image of 

a set of the form 

{(𝑥, 𝑣) ∈ 𝑇𝑀 ∶ 𝑣 ⊥ 𝑃   and   |𝑣|𝑔 < 𝛿(𝑥)}, 

for some smooth function 𝛿 ∶ 𝑃 → (0, ∞), under the normal exponential map of 𝑃 in 𝑀. It is 

called a (𝜺-)tubular normal neighborhood if 𝛿 ≡ 𝜀 for some 𝜀 > 0. 

Definition 2.6: A regular domain is a smooth properly embedded submanifold with boundary 

of codimension zero. 

Notation 2.7: If (𝑀, 𝑔) is a Riemannian manifold possibly with boundary, 𝑥 ∈ 𝑀 is a point on 

𝑀, and 𝑣 ∈ 𝑇𝑥𝑀 is a tangent vector at 𝑥, then 𝛾𝑣 (or sometimes written 𝛾𝑥,𝑣) denotes the unique 

maximal geodesic with initial velocity 𝑣. 

Notation 2.8: If (𝑀, 𝑔) is a Riemannian manifold possibly with boundary, then 𝑆𝑀 denotes its 

unit sphere bundle. 

Notation 2.9: Suppose that (𝑀, 𝑔) is a Riemannian manifold with boundary and let 𝜈 ∶ 𝜕𝑀 →
𝑇𝑀 denote the inward pointing unit normal vector field at the boundary. Then the following 

denote: 

𝜕+𝑆𝑀 = {(𝑥, 𝑤) ∈ 𝜕𝑆𝑀 ∶ 〈𝜈, 𝑤〉 ≥ 0}, 

𝜕0𝑆𝑀 = {(𝑥, 𝑤) ∈ 𝜕𝑆𝑀 ∶ 〈𝜈, 𝑤〉 = 0}, 

𝜕−𝑆𝑀 = {(𝑥, 𝑤) ∈ 𝜕𝑆𝑀 ∶ 〈𝜈, 𝑤〉 ≤ 0}. 

The set 𝜕0𝑆𝑀 is also called the glancing region. 

Definition 2.10: If (𝑀, 𝑔) is a compact Riemannian manifold with boundary, then 

[−𝜏−(𝑥, 𝑣), 𝜏+(𝑥, 𝑣)] denotes the domain of 𝛾𝑥,𝑣 where (𝑥, 𝑣) ∈ 𝑆𝑀. We also write 𝜏(𝑥, 𝑣) =

𝜏+(𝑥, 𝑣), which is called the exit time function. 

Definition 2.11: If (𝑀, 𝑔) is a compact Riemannian manifold with boundary, then a closed 

extension (𝑁, 𝑔̃) is a compact Riemannian manifold (without boundary) such that 𝑀 ⊆ 𝑁 is a 

regular domain in 𝑁 and 𝑔̃ smoothly extends 𝑔 (i.e. the inclusion map 𝑖 ∶ 𝑀 → 𝑁 is an isometry). 

I typically let 𝑁 be the double of 𝑀 with 𝑔̃ being any smooth extension of 𝑔 (see my notes on 

Jack Lee’s book “Introduction to Riemannian Manifolds” for a proof of the existence of such a 

smooth extension). 

Convention 2.12: If I put a hat “ ̂ ” over a variable, function, or set, it typically means that I’m 

working with its local coordinate version/representation. For example, if 𝑓 ∶ 𝑀 → ℝ is a real 

valued function over a smooth manifold and (𝑈, 𝜑) is a chart of 𝑀, then 𝑓 = 𝑓 ∘ 𝜑−1. Since this 

convention is a relative imprecise statement, I will typically always define what my “hats” mean 

in my proofs below. 
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Notation 2.13: Suppose that (𝑀, 𝑔) is an oriented two-dimensional Riemannian manifold and 

that 𝑣 ∈ 𝑇𝑥𝑀 is a tangent vector. We let 𝑣⊥ denote the unique vector that is perpendicular to 𝑣, 

has the same length as 𝑣, and the ordered pair (𝑣, 𝑣⊥) is positively oriented. We call 𝑣⊥ the “90° 

rotation of 𝑣 counterclockwise.” Similarly, we let 𝑣⊥ denote the same thing but instead we 

require that (𝑣, 𝑣⊥) is negatively oriented. We call 𝑣⊥ the “90° rotation of 𝑣 clockwise.” It’s easy 

to see that the two are related by: 

𝑣⊥ = −𝑣⊥. 

Definition 2.14: Suppose that (𝑀, 𝑔) is an oriented 2-dimensional Riemannian manifold. Take 

any point 𝑝 ∈ 𝑀 and a covector 𝜔 ∈ 𝑇𝑝
∗𝑀 at 𝑝. We define the Hodge star operator “⋆” applied to 

𝜔 as the 90° rotation counterclockwise of 𝜔. Precisely: 

⋆ 𝜔 = [(𝜔♯)
⊥

]
♭
 

where ♯ and ♭ are the musical isomorphisms. 

Definition 2.15: Suppose that (𝑀, 𝑔) is an oriented 2-dimensional manifold. There are three 

standard vector fields over the geometry of the unit tangent bundle 𝑆𝑀: 

1.) We often let 𝑋 denote the geodesic vector field over 𝑆𝑀.  

2) For any point (𝑥, 𝑣) ∈ 𝑆𝑀 and let 𝜓𝑡(𝑥, 𝑣) = (𝛾𝑥,𝑣⊥ , 𝑊(𝑡)) where 𝑊(𝑡) is the parallel 

transport of 𝑣 along 𝛾𝑥,𝑣⊥ for some time. We often let 𝑋⊥ = 𝑑 𝑑𝑡⁄ |𝑡=0𝜓𝑡(𝑥, 𝑣). 

3.) Fix any point (𝑥, 𝑣) ∈ 𝑆𝑀 and consider the curve 𝜌𝑡(𝑥, 𝑣) given by 𝑡 ↦ cos(𝑡) 𝑣 +

sin(𝑡) 𝑣⊥. We often let 𝑉 = 𝑑 𝑑𝑡⁄ |𝑡=0𝜌𝑡(𝑥, 𝑣). This vector field is called the vertical derivative. 

Definition 2.16: Suppose that (𝑀, 𝑔) is a compact nontrapping Riemannian manifold. We define 

the scattering relation 𝛼 ∶ 𝜕𝑆𝑀 → 𝜕𝑆𝑀 to be the map 

𝛼(𝑥, 𝑣) = {

𝛾𝑥,𝑣(𝜏(𝑥, 𝑣))           if   (𝑥, 𝑣) ∈ 𝜕+𝑆𝑀

(𝑥, 𝑣)                        if   (𝑥, 𝑣) ∈ 𝜕0𝑆𝑀

𝛾𝑥,𝑣(−𝜏(𝑥, −𝑣))     if   (𝑥, 𝑣) ∈ 𝜕−𝑆𝑀

. 

Definition 2.17: Suppose that (𝑀, 𝑔) is a compact nontrapping Riemannian manifold and that 

𝒜 ∶ 𝑆𝑀 → GL(𝑛, ℂ) is a smooth map. Let 𝑈+, 𝑈− ∶ 𝑆𝑀 → GL(𝑛, ℂ) be solutions to 

{
𝑋𝑈+ + 𝒜𝑈+

𝑈+|𝜕−𝑆𝑀 = Id
 

{
𝑋𝑈− + 𝒜𝑈−

𝑈−|𝜕+𝑆𝑀 = Id
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where 𝑋 is the geodesic vector field on 𝑆𝑀. We define the scattering data, or the non-abelian 

x-ray transform, of 𝒜 to be the maps 𝐶𝒜 = 𝐶𝒜,+ ∶ 𝜕+𝑆𝑀 → GL(𝑛, ℂ) and 𝐶𝒜,− ∶ 𝜕−𝑆𝑀 →

GL(𝑛, ℂ) given by 

𝐶𝐴,+(𝑥, 𝑣) = 𝑈+|𝜕+𝑆𝑀, 

𝐶𝐴,−(𝑥, 𝑣) = 𝑈−|𝜕−𝑆𝑀. 

 

3 Chapter 3 

3.1 Exercise 3.1.11 (Lemma 3.1.10) 

Lemma: Suppose that (𝑀, 𝑔) is a compact Riemannian manifold with boundary and let 𝜈 ∶

𝜕𝑀 → 𝑇𝑀 be the unit-normal inward pointing vector field along 𝜕𝑀. Let (𝑁, 𝑔̃) be a closed 

extension of 𝑀. Then there exists a smooth function 𝜌 ∶ 𝑁 → ℝ such that 

1.) 𝜌 > 0 on 𝑀, 𝜌 = 0 on 𝜕𝑀, 𝜌 < 0 on 𝑀𝑐, 

2.) 𝑔𝑟𝑎𝑑 𝜌 = 𝜈 on 𝜕𝑀, 

3.) 𝜌(𝑥) = 𝑑𝑔(𝑥, 𝜕𝑀) for 𝑥 ∈ 𝑀 near 𝑀. 

Proof: For any 𝛿 > 0, let 𝑈𝛿 denote the 𝛿-tubular normal neighborhood of 𝜕𝑀 in 𝑁 if it exists. 

Since 𝜕𝑀 is compact, there does exist an 𝜀-tubular normal neighborhood 𝑈𝜀 for some 𝜀 > 0. Let 

𝐸 ∶ 𝑈 ⊆ 𝑁𝜕𝑀 → 𝑈𝜀 be the (diffeomorphic) normal exponential map of 𝜕𝑀 in 𝑁. Consider the 

diffeomorphism 𝐹 ∶ 𝑊 ⊆ ℝ × 𝜕𝑀 → 𝑈𝜀 given by: 

𝐹(𝑡, 𝑥) = 𝐸(𝑡𝜈(𝑥)) 

where 𝑊 is the following open set: 

𝑊 = {(𝑡, 𝑥) ∶ 𝑥 ∈ 𝜕𝑀, |𝑡| < 𝜀}. 

Let 𝜌̃ ∶ 𝑉 → ℝ be the map given by 𝜌̃ = 𝜋1 ∘ 𝐹−1 where 𝜋1 ∶ 𝑊 → ℝ is the projection (𝑥, 𝑡) ↦

𝑡. This 𝜌̃ is of course smooth and will be the function that we want if we can extend it suitably 

onto all of 𝑁. Let 𝜙, 𝜓1, 𝜓2 ∶ 𝑁 → ℝ be smooth bump functions (i.e. 0 ≤ 𝜙, 𝜓1, 𝜓2 ≤ 1) such 

that 

1.) 𝜙 ≡ 1 on 𝑈3𝜀 4⁄
̅̅ ̅̅ ̅̅ ̅ and supp 𝜙 ⊆ 𝑈𝜀, 

2.) 𝜓1 ≡ 1 on 𝑀 ∩ 𝑈2𝜀 4⁄
𝑐  and supp 𝜓1 ⊆ 𝑀 ∩ (𝑈𝜀 4⁄

̅̅ ̅̅ ̅̅ )
𝑐
, 

3.) 𝜓2 ≡ 1 on 𝑀𝑐 ∩ 𝑈2𝜀 4⁄
𝑐  and supp 𝜓2 ⊆ 𝑀𝑐 ∩ (𝑈𝜀 4⁄

̅̅ ̅̅ ̅̅ )
𝑐
. 

Then the smooth function 𝜌 ∶ 𝑁 → ℝ given by 
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𝜌 = 𝜙 ⋅ 𝜌̃ + 𝜓1 − 𝜓2 

satisfies the conditions in the theorem and thus is the function that we want. 

∎ 

 

3.2 Lemma 3.1.12 

Here I write down my own proof of the following lemma. 

Lemma: Suppose that (𝑀, 𝑔) is a compact Riemannian manifold with boundary and let 𝜈 ∶

𝜕𝑀 → 𝑇𝑀 be the unit-normal inward pointing vector field along 𝜕𝑀. Let (𝑁, 𝑔̃) be a closed 

extension of 𝑀 and let 𝜌 ∶ 𝑁 → ℝ be a function such as described in Exercise 3.1.11 (Lemma 

3.1.10). Then for any 𝑥 ∈ 𝜕𝑀 and any 𝑣 ∈ 𝑇𝑥(𝜕𝑀), 

𝑑

𝑑𝑡
𝜌 ∘ 𝛾𝑣|

𝑡=0
= 0 

 and 

−𝛱(𝑣, 𝑣) = 𝛻2𝜌(𝑣, 𝑣) =
𝑑2

𝑑𝑡2
𝜌 ∘ 𝛾𝑣|

𝑡=0

. 

Proof: The first equation is true because 

𝑑

𝑑𝑡
𝜌 ∘ 𝛾𝑣|

𝑡=0
= 〈grad 𝜌 (𝑥), 𝛾𝑣

′(0)〉 = 〈𝜈(𝑥), 𝑣〉 = 0. 

Now let’s prove the second equation. To prove the first equality there, we do: 

−Π(𝑣, 𝑣) = 〈𝐷𝑡
𝛾𝑣 grad 𝜌 , 𝛾𝑣

′(0)〉 =
𝑑

𝑑𝑡
〈grad 𝜌 ∘ 𝛾𝑣, 𝛾𝑣

′〉|
𝑡=0

=
𝑑

𝑑𝑡
(𝜌 ∘ 𝛾𝑣)′(𝑡)|𝑡=0 

=
𝑑2

𝑑𝑡2
(𝜌 ∘ 𝛾𝑣)|

𝑡=0

. 

To prove the second equality, in local coordinates we do: 

𝑑2

𝑑𝑡2
𝜌 ∘ 𝛾𝑣|

𝑡=0

=
𝑑

𝑑𝑡
(𝛾̇𝑖(𝑡)

𝜕𝜌

𝜕𝑥𝑖
∘ 𝛾(𝑡))|

𝑡=0

= 𝛾̈𝑖(0)
𝜕𝜌

𝜕𝑥𝑖
(𝑥) + 𝛾̇𝑖(0)𝛾̇𝑗(0)

𝜕2𝜌

𝜕𝑥𝑖𝜕𝑥𝑗
(𝑥) 

= −Γ𝑖𝑗
𝑘𝑣𝑖𝑣𝑗

𝜕𝜌

𝜕𝑥𝑘
+ 𝑣𝑖𝑣𝑗

𝜕2𝜌

𝜕𝑥𝑖𝜕𝑥𝑗
= (

𝜕2𝜌

𝜕𝑥𝑖𝜕𝑥𝑗
− Γ𝑖𝑗

𝑘 𝜕𝜌

𝜕𝑥𝑘
) 𝑣𝑖𝑣𝑗 = ∇2𝜌(𝑣, 𝑣). 

∎ 
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3.3 Lemma 3.2.3 and Exercise 3.2.4 

Here I write out the proof of the following theorem with a bit more detail than in the book. Part 

of the reason is that I never learned the implicit function theorem on manifolds and hence this 

will give me an opportunity to work through such an application rigorously. In addition, the 

following proof will also contain the solution to Exercise 3.2.4. 

Theorem: Suppose that (𝑀, 𝑔) is a compact non-trapping manifold with strictly convex 

boundary. Then the geodesic exit time function 𝜏 is continuous on 𝑆𝑀 and smooth on 𝑆𝑀 ∖

𝜕0𝑆𝑀. 

Proof: Let’s prove this by showing the following in the following order: 

1.) 𝜏 is smooth and hence continuous on 𝜕−𝑆𝑀 ∖ 𝜕0𝑆𝑀, 

2.) 𝜏 is smooth and hence continuous on 𝑆𝑀 ∖ 𝜕−𝑆𝑀, 

3.) 𝜏 is continuous at points of 𝜕0𝑆𝑀. 

The statement in (1) is obvious since 𝜏 is constantly zero on 𝜕−𝑆𝑀 ∖ 𝜕0𝑆𝑀. So let’s prove (2). 

Let (𝑁, 𝑔̃) be a closed extension of (𝑀, 𝑔) and let 𝜌 ∶ 𝑁 → ℝ be a function as described in 

Exercise 3.1.11 (Lemma 3.1.10). Let ℎ ∶ 𝑆𝑁 × ℝ → ℝ be the smooth function ℎ(𝑥, 𝑣, 𝑡) = 𝜌 ∘

𝛾𝑥,𝑣(𝑡). Take any point (𝑥0, 𝑣0) ∈ 𝑆𝑀 ∖ 𝜕−𝑆𝑀. Observe that by Lemma 3.1.12 (seeing the fuller 

statement in the book might help) we have that 

𝑑ℎ

𝑑𝑡
(𝑥, 𝑣, 𝜏(𝑥, 𝑣)) = 〈grad 𝜌 ∘ 𝛾𝑥,𝑣(𝑡), 𝛾𝑥,𝑣

′ (𝑡)〉|
𝑡=𝜏(𝑥,𝑣)

< 0. 

Here I’ve used the fact that 𝛾𝑥,𝑣(𝜏(𝑥, 𝑣)) is on the boundary, which follows from compactness. 

Now, let (𝑈, 𝜑) be a chart of 𝑆𝑀 ∖ 𝜕−𝑆𝑀 centered at (𝑥0, 𝑣0). Consider the following local 

coordinate representation of ℎ and 𝜏 respectively: 

ℎ̂ = ℎ ∘ (𝜑−1 × idℝ)        and        𝜏̂ = 𝜏 ∘ 𝜑−1. 

Let’s furthermore agree on the convention that putting a hat “ ̂ ” over a point or set denotes its 

local coordinate representation (i.e. if (𝑥, 𝑣) ∈ 𝑈 or 𝑉 ⊆ 𝑈 then (𝑥̂, 𝑣) = 𝜑(𝑥, 𝑣) and 𝑉̂ = 𝜑[𝑉]). 
By the previous equation we then of course have that: 

𝑑ℎ̂

𝑑𝑡
(𝑥̂0, 𝑣0, 𝜏̂(𝑥̂0, 𝑣0)) < 0        and        ℎ̂(𝑥̂0, 𝑣0, 𝜏̂(𝑥̂0, 𝑣0)) = 0. 

Now, I claim that 𝜏 is continuous near (𝑥0, 𝑣0). Let’s prove this by contradiction. Suppose not! 

Then there exists an 𝜀 > 0 and a sequence {(𝑥𝑘, 𝑣𝑘)}𝑘=1
∞  in 𝑆𝑀 such that (𝑥𝑘, 𝑣𝑘) → (𝑥0, 𝑣0) and 

each 
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|𝜏(𝑥𝑘, 𝑣𝑘) − 𝜏(𝑥0, 𝑣0)| ≥ 𝜀. 

Now, by the implicit function theorem there exists a radius 𝑟 > 0 such that 𝐵𝑟(𝑥̂0, 𝑣0) ⊆ 𝑈̂ 

(Euclidean ball), a 𝛿 > 0, and a smooth function 𝑓 ∶ 𝐵𝑟(𝑥̂0, 𝑣0) → ℝ such that for any (𝑥̂, 𝑣) ∈

𝐵𝑟(𝑥̂0, 𝑣0), 𝑓(𝑥̂, 𝑦̂) is the unique number in (𝜏̂(𝑥̂0, 𝑦̂0) − 𝛿, 𝜏̂(𝑥̂0, 𝑦̂0) + 𝛿) such that 

ℎ̂ (𝑥̂, 𝑦̂, 𝑓(𝑥̂, 𝑦̂)) = 0. 

By shrinking 𝑟 > 0 if necessary, we can assume that 𝛿 < 𝜀. Furthermore, by cutting off the first 

few terms if necessary, we can assume that the sequence {(𝑥𝑘, 𝑣𝑘)}𝑘=1
∞  lies completely in 

𝜑−1[𝐵𝑟(𝑥̂0, 𝑦̂0)]. Now, by definition of 𝜏 and the above equation we have that each 𝜏(𝑥𝑘, 𝑣𝑘) ≤

𝑓(𝑥𝑘, 𝑣𝑘) (here 𝑓 = 𝑓 ∘ 𝜑 since notice I “removed” the hat). Thus each: 

𝜏(𝑥𝑘, 𝑣𝑘) ≤ 𝜏(𝑥0, 𝑣0) − 𝜀. 

More importantly, we get that the sequence of values 𝜏(𝑥𝑘, 𝑣𝑘) lie in the compact interval 

[0, 𝜏(𝑥0, 𝑣0) − 𝜀]. Thus be restricting to a subsequence if necessary, we can assume that 

𝜏(𝑥𝑘, 𝑣𝑘) converges to some value 𝑐 ∈ [0, 𝜏(𝑥0, 𝑣0) − 𝜀] as 𝑘 → ∞. We then get that the 

sequence 

(𝑥𝑘, 𝑣𝑘, 𝜏(𝑥𝑘, 𝑣𝑘)) → (𝑥0, 𝑣0, 𝑐)        as   𝑘 → ∞. 

Since each 

ℎ(𝑥𝑘, 𝑣𝑘, 𝜏(𝑥𝑘, 𝑣𝑘)) = 0 

and ℎ is continuous, we then get that ℎ(𝑥0, 𝑣0, 𝑐) = 0. But this contradicts the definition of 

𝜏(𝑥0, 𝑣0) since by construction 𝑐 < 𝜏(𝑥0, 𝑣0). Thus 𝜏 must indeed be continuous at (𝑥0, 𝑣0). 

We’re almost finished proving (2). The continuity of 𝜏 near (𝑥0, 𝑣0) implies that there exists an 

open neighborhood 𝑉 ⊆ 𝜑−1[𝐵𝑟(𝑥̂0, 𝑣0)] of (𝑥0, 𝑣0) such that: 

𝜏[𝑉] ⊆ (𝜏(𝑥0, 𝑣0) − 𝛿, 𝜏(𝑥0, 𝑣0) + 𝛿). 

By the definition of 𝑓 we then have that 𝜏 = 𝑓 over 𝑉. Since 𝑓 is smooth, we finally get that 𝜏 is 

indeed smooth near (𝑥0, 𝑣0). 

Finally let’s prove (3). Take any (𝑥0, 𝑣0) ∈ 𝜕0𝑆𝑀. Since 𝑀 has strictly convex boundary, by 

Lemma 3.1.12 we have that 𝜏(𝑥0, 𝑣0) = 0. By the same lemma we also have that 

𝑑2ℎ

𝑑𝑡2
(𝑥0, 𝑣0, 0) < 0. 

𝑑ℎ

𝑑𝑡
(𝑥0, 𝑣0, 0) = 0. 
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Now, let 𝛼 > 0 be any positive number such that 𝛼 < 𝑑2ℎ 𝑑𝑡2⁄ (𝑥0, 𝑣0, 0). By the continuity of 

𝑑2ℎ 𝑑𝑡2⁄ , we have that for any sufficiently small 𝛿 > 0 there exists an open neighborhood 𝑈 ⊆
𝑆𝑀 of (𝑥0, 𝑣0) in 𝑆𝑀 such that 

𝑑2ℎ

𝑑𝑡2
(𝑥, 𝑣, 𝑡) < −𝛼        ∀(𝑥, 𝑣, 𝑡) ∈ 𝑈 × (−𝛿, 𝛿). 

Let 𝜀 > 0 be any positive number (we’ll determine what it should be later). By shrinking 𝑈 if 

necessary, by the continuity of 𝑑ℎ 𝑑𝑡⁄  we can assume that 

|
𝑑ℎ

𝑑𝑡
(𝑥, 𝑣, 0)| < 𝜀        ∀(𝑥, 𝑣) ∈ 𝑈. 

Great! We then have that for any (𝑥, 𝑣, 𝑡) ∈ 𝑈 × (−𝛿, 𝛿), 

ℎ(𝑣, 𝑡) = ∫
𝑑ℎ

𝑑𝑡
(𝑣, 𝑠)𝑑𝑠

𝑡

0

= ∫ [
𝑑ℎ

𝑑𝑡
(𝑣, 0) + ∫

𝑑2ℎ

𝑑𝑡2
(𝑣, 𝑟)𝑑𝑟

𝑠

0

] 𝑑𝑠

𝑡

0

≤ 𝜀𝑡 − 𝛼
𝑡2

2
= (𝜀 −

𝛼

2
𝑡) 𝑡. 

Thus if we chose our 𝜀 > 0 initially to be such that 𝜀 < 𝛼𝛿 2⁄ , then the above inequality shows 

that for any 𝑡 ∈ (−𝛿, 𝛿) sufficiently close to 𝛿 the quantity ℎ(𝑣, 𝑡) will be negative. Hence for 

any (𝑥, 𝑣) ∈ 𝑈 we have that 𝜏(𝑥, 𝑣) < 𝛿. Since 𝛿 > 0 was arbitrary, this proves that 𝜏 is 

continuous at (𝑥0, 𝑣0). Thus the theorem is finally proved. 

∎ 

 

3.4 (Definition 3.5.3) Vertical Vector Field in Coordinates 

In Definition 3.5.3 in the book the authors define the vertical vector field 𝑉. In this section I 

derive an explicit expression for 𝑉 in arbitrary coordinates. Let (𝑥𝑖) be positively oriented 

coordinates of 𝑀 and let (𝑥𝑖 , 𝑣𝑗) be the natural coordinates of 𝑇𝑀 given by 𝑣𝑖(𝜕 𝜕𝑥𝑖⁄ ) ↦

(𝑥𝑖 , 𝑣𝑖). Let 𝑔𝑖𝑗 denote the components of the metric tensor 𝑔 in the coordinates (𝑥𝑖). Now, in 

coordinate we have that 

𝑉 = 𝑤1
𝜕

𝜕𝑤1
+ 𝑤2

𝜕

𝜕𝑤2
 

for some functions 𝑤1, 𝑤2. At any position (𝑥1, 𝑥2, 𝑣1, 𝑣2) in these coordinates, I claim that 

𝑤1, 𝑤2 satisfy the matrix equations 

[𝑤1 𝑤2] [
𝑔11 𝑔12

𝑔21 𝑔22
] [

𝑣1

𝑣2
] = 0, 

[𝑤1 𝑤2] [
𝑔11 𝑔12

𝑔21 𝑔22
] [

𝑤1

𝑤2
] = 1. 
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The first equation follows simply from the fact that 𝑉 is perpendicular to the radial vector field 

𝑣𝑖(𝜕 𝜕𝑣𝑖⁄ ) with respect to the Sasaki metric (see Section 3.5 below), which is most easily seen 

by looking at the center of normal coordinates (alternatively, 𝑉 must be perpendicular to the 

gradient of level set of the function 𝑣 ↦ |𝑣|𝑔
2 ). The second equation simply follows from the fact 

that |𝑉|2 ≡ 1 with respect to the Sasaki metric (also most easily seen by looking at the center of 

normal coordinates). The above two equations can be rewritten as 

𝑤1(𝑔1𝑗𝑣𝑗) + 𝑤2(𝑔𝑖2𝑣𝑖) = 0, 

𝑔𝑖𝑗𝑤𝑖𝑤𝑗 = 1. 

From the first equation we get that (𝑤1, 𝑤2) = 𝛼(−𝑔𝑖2𝑣𝑖, 𝑔1𝑗𝑣𝑗) for some scalar 𝛼. Plugging 

this into the second equation above gives that (here colors in each line indicate which terms 

combine together) 

𝛼2[𝑔11(𝑔12𝑣1 + 𝑔22𝑣2)2 − 2𝑔12(𝑔12𝑣1 + 𝑔22𝑣2)(𝑔11𝑣1 + 𝑔12𝑣2) 

+𝑔22(𝑔11𝑣1 + 𝑔12𝑣2)2] = 1, 

 

𝛼2[𝑔11𝑔12
2 (𝑣1)2 + 2𝑔11𝑔12𝑔22𝑣1𝑣2 + 𝑔11(𝑔22)2(𝑣2)2 

−2𝑔12
2 𝑔11(𝑣1)2 − 2(𝑔12)3𝑣1𝑣2 − 2𝑔12𝑔22𝑔11𝑣2𝑣1 − 2(𝑔12)2𝑔22(𝑣2)2 

+𝑔22(𝑔11)2(𝑣1)2 + 2𝑔22𝑔11𝑔12𝑣1𝑣2 + 𝑔22(𝑔12)2(𝑣2)2] = 1, 

 

𝛼2[𝑔11(𝑔22)2(𝑣2)2 

−𝑔12
2 𝑔11(𝑣1)2 − 2(𝑔12)3𝑣1𝑣2 − (𝑔12)2𝑔22(𝑣2)2 

+𝑔22(𝑔11)2(𝑣1)2 + 2𝑔22𝑔11𝑔12𝑣1𝑣2] = 1, 

 

𝛼2(𝑔11𝑔22 − (𝑔12)2)[𝑔22(𝑣2)2 + 𝑔11(𝑣1)2 + 2𝑔12𝑣1𝑣2] = 1, 

 

𝛼 = √
1

det 𝑔 ⋅ |𝑣|𝑔
2

=
1

√det 𝑔
. 

(we choose the positive square root at the end because 𝑉 rotates around the unit circle 

counterclockwise in any oriented coordinate system). Hence we arrive at that 
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𝑉 =
1

√det 𝑔
(−𝑔𝑖2𝑣𝑖

𝜕

𝜕𝑣1
+ 𝑔1𝑗𝑣𝑗

𝜕

𝜕𝑣2
). 

 

3.5 Sasaki metric 

On page 84 the authors define the Sasaki metric. Here is their definition but put into my own 

words: 

Let (𝑀, 𝑔) be a Riemannian 𝑛-manifold possibly with boundary and consider the natural 

projection 𝜋 : 𝑇𝑀 → 𝑀. Take any 𝑝 ∈ 𝑀 and any 𝑣 ∈ 𝑇𝑝𝑀. Take any 𝜉, 𝜂 ∈ 𝑇(𝑝,𝑣)𝑇𝑀. Let 

𝛼, 𝛽 : 𝐼 → 𝑀 be smooth curves and 𝑉, 𝑊 : 𝐼 → 𝑇𝑀 be smooth vectors along 𝛼 and 𝛽 respectively 

such that the curves Υ = (𝛼, 𝑉) : 𝐼 → 𝑇𝑀 and Θ = (𝛽, 𝑊) : 𝐼 → 𝑇𝑀 satisfy 

𝛶′(0) = 𝜉          and          𝛩′(0) = 𝜂. 

Then, we define the inner product of 𝜉 and 𝜂 with respect to the Sasaki metric to be equal to 

⟨𝜉, 𝜂⟩ = ⟨𝛼′(0), 𝛽′(0)⟩𝑔 + ⟨
𝐷𝑉

𝑑𝑡
(0),

𝐷𝑊

𝑑𝑡
(0)⟩

𝑔
 

If (𝑥𝑖) are coordinates of 𝑀 and (𝑥𝑖 , 𝑣𝑗) are the natural coordinates of 𝑇𝑀 given by 

𝑣𝑖(𝜕 𝜕𝑥𝑖⁄ ) ↦ (𝑥𝑖 , 𝑣𝑖), then this expression can also be written as (here 𝜕𝑘 = 𝜕 𝜕𝑥𝑘⁄ ) 

⟨𝜉, 𝜂⟩ = ⟨𝜉𝑘𝜕𝑘, 𝜂𝑘̃𝜕𝑘̃⟩
𝑔

+ ⟨(𝜉𝑛+𝑘 + Γ𝑖𝑗
𝑘𝜉𝑖𝑣𝑗)𝜕𝑘, (𝜂𝑛+𝑘̃ + Γ𝑖𝑗

𝑘̃𝜂𝑖𝑣𝑗)𝜕𝑘̃⟩
𝑔

 

⟨𝜉, 𝜂⟩ = 𝑔𝑘𝑘̃𝜉𝑘𝜂𝑘̃ + 𝑔𝑘𝑘̃(𝜉𝑛+𝑘 + Γ𝑖𝑗
𝑘𝜉𝑖𝑣𝑗)(𝜂𝑛+𝑘̃ + Γ𝑖𝑗

𝑘̃𝜂𝑖𝑣𝑗). 

(the fact that we are able to write this without any reference of 𝛼, 𝛽, 𝑉 or 𝑊 shows that this 

definition doesn’t depend on them). Using notation from above, the connection map 𝐾 ∶

𝑇𝑇𝑀 → 𝑇𝑀 is defined as 

𝐾(𝜉) =
𝐷𝑉

𝑑𝑡
(0) = (𝜉𝑛+𝑘 + Γ𝑖𝑗

𝑘𝜉𝑖𝑣𝑗)𝜕𝑘 

Thus this allows us to write the Sasaki metric in a coordinate invariant way as: 

⟨𝜉, 𝜂⟩ = ⟨𝑑𝜋(𝜉), 𝑑𝜋(𝜂)⟩𝑔 + ⟨𝐾(𝜉), 𝐾(𝜂)⟩𝑔. 

If furthermore (𝑥𝑖) are normal coordinates, then at the center of these coordinates 

⟨𝜉, 𝜂⟩ = 𝜉1𝜂1 + ⋯ + 𝜉2𝑛𝜂2𝑛. 

 

4 Chapter 11 
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4.1 Proposition 11.2.1 

I want to make a comment about the proof of following theorem: 

Theorem: Suppose that 𝑀 is a compact manifold with boundary and that 𝑔1 and 𝑔2 are two 

Riemannian metrics on it such that their distance functions are equal on the boundary: 𝑑𝑔1
=

𝑑𝑔2
 on 𝜕𝑀 × 𝜕𝑀. Then there exists a diffeomorphism 𝜓 ∶ 𝑀 → 𝑀 such that 𝜓|𝜕𝑀 = id and 

𝑔1|𝜕𝑀 = 𝜓∗𝑔2|𝜕𝑀 

(precisely this means that for any 𝑝 ∈ 𝜕𝑀 and 𝑣, 𝑤 ∈ 𝑇𝑝𝑀, 𝑔1(𝑣, 𝑤) = 𝜓∗𝑔2(𝑣, 𝑤)). 

All I want to point out is that an alternative approach would be to use boundary flowouts of 

smooth extensions of the inward pointing unit normal vector fields along the boundary with 

respect to each metric 𝑔1 and 𝑔2. 

 

4.2 Exercise 11.2.3 

Here I prove the following result which is used in the proof of a theorem in this book. 

Theorem: Suppose that (𝑀, 𝑔) is a Riemannian manifold with boundary. Let 𝑝 ∈ 𝜕𝑀 and 𝑣 ∈

𝑇𝑝𝜕𝑀. Then for any smooth curve 𝛾 ∶ (−𝜀, 𝜀) → 𝜕𝑀 such that 𝛾(0) = 𝑝 and 𝛾′(0) = 𝑣, 

|𝑣|𝑔 = 𝑙𝑖𝑚
𝑡→0+

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
 

where 𝑑𝑔 denotes the Riemannian distance with respect to 𝑔 of course. 

Before we prove the above theorem, let’s prove the following simpler version of the above 

result. 

Lemma: Suppose that (𝑀, 𝑔) is a Riemannian manifold (without boundary). Let 𝑝 ∈ 𝑀 and 𝑣 ∈
𝑇𝑝𝑀. Then for any smooth curve 𝛾 ∶ (−𝜀, 𝜀) → 𝑀 such that 𝛾(0) = 𝑝 and 𝛾′(0) = 𝑣, 

|𝑣|𝑔 = lim
𝑡→0+

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
. 

Proof: Let (𝑈, (𝑥𝑖)) be normal coordinates centered at 𝑝 such that 𝑈 is a geodesic ball. Then 

near 𝑡 = 0 we have that (here 𝛾𝑖 = 𝑥𝑖 ∘ 𝛾) 

lim
𝑡→0+

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
= lim

𝑡→0+

1

𝑡
√(𝛾1(𝑡))

2
+ ⋯ + (𝛾𝑛(𝑡))

2
= √ lim

𝑡→0+
(

𝛾1(𝑡)

𝑡
)

2

+ ⋯ + lim
𝑡→0+

(
𝛾𝑛(𝑡)

𝑡
)

2
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= √(𝛾̇1(0))
2

+ ⋯ + (𝛾̇𝑛(0))
2

= |𝛾′(0)|𝑔 = |𝑣|𝑔. 

∎ 

Now we are ready to prove the main result: 

Proof of Theorem: Let (𝑁, 𝑔̃) denote a Riemannian manifold (without boundary) that contains 

𝑀 as a regular domain and such that 𝑔̃ extends 𝑔 smoothly (i.e. the inclusion 𝑀 ↪ 𝑁 is an 

isometry). On one hand, notice that for any 𝑡 ∈ (−𝜀, 𝜀) ∶ 𝑡 > 0 we have that: 

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
≤

∫ |𝛾′(𝑠)|𝑔
𝑡

0

𝑡
= |𝛾′(𝑠𝑡)|𝑔 

where 0 ≤ 𝑠𝑡 ≤ 𝑡 is some number dependent on 𝑡. On the other hand, observe that 𝑑𝑔̃ ≤ 𝑑𝑔 over 

𝑀 × 𝑀 since lengths of curves in 𝑀 are the same with respect to 𝑔̃ and 𝑔 but the definition of 𝑑𝑔̃ 

is an infimum over a larger set of curves than that of 𝑑𝑔 (in particular those that go outside of 

𝑀). Combining these two observations we get that 

𝑑𝑔̃(𝑝, 𝛾(𝑡))

𝑡
≤

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
≤ |𝛾′(𝑠𝑡)|𝑔. 

Now let’s take the limit of all of these quantities as 𝑡 → 0+. The limit of the rightmost quantity is 

|𝛾′(0)|𝑔 = |𝑣|𝑔 by the continuity of 𝛾′. The previous lemma implies that the limit of the 

leftmost quantity is |𝑣|𝑔̃ = |𝑣|𝑔. By the squeeze theorem we then get that indeed 

lim
𝑡→0+

𝑑𝑔(𝑝, 𝛾(𝑡))

𝑡
= |𝑣|𝑔. 

Hence the theorem is proved. 

∎ 

 

4.3 Proposition 11.2.5 

Here I write down a proof of the following theorem with a bit (a lot!) more details than the one 

given in the book, with a bit of variation here and there. In my opinion, this theorem is a stunning 

result. Observe that even though we use Riemannian geometry to prove it, it’s purely a statement 

about smooth manifolds. 

Theorem: Suppose that 𝑀 is a connected and compact smooth 𝑛-manifold with boundary and 

that 𝜑 ∶ 𝑈 → 𝑈′ is a diffeomorphism between two neighborhoods 𝑈 and 𝑈′ of the boundary 𝜕𝑀 

such that 𝜑|𝜕𝑀 = id. Then there exists a diffeomorphism 𝜓 ∶ 𝑀 → 𝑀 such that 𝜓 = 𝜑 near 𝜕𝑀 

(i.e. in a neighborhood of 𝜕𝑀). 
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Proof: Let 𝑁 be the double of 𝑀 that contains 𝑀 as a regular domain (note that 𝑁 is compact as 

well). Let 𝑔 be a Riemannian metric on 𝑀 and let 𝑔̃ be a Riemannian metric on 𝑁 that smoothly 

extends 𝑔 (i.e. the inclusion 𝑀 ↪ 𝑁 is an isometry). First let’s extend 𝜑 to a neighborhood of 

𝜕𝑀 that’s open in 𝑁: 

Claim: There exists a local diffeomorphism 𝜑̃ ∶ 𝑊 → 𝑁 where 𝑊 is a neighborhood of 𝜕𝑀 that’s 

open in 𝑁 such that 𝜑̃ = 𝜑 over 𝑊 ∩ 𝑀. 

Proof of Claim: Let 𝑉 be a vector field over 𝑁 that’s normal to 𝜕𝑀 at points of 𝜕𝑀. Consider the 

vector field 𝜑∗𝑉 over 𝑈′. Let 𝑊 be an open neighborhood of 𝜕𝑀 such that 𝑊 ∩ 𝑀 ⊆ 𝑈 ∩ 𝑈′. By 

shrinking 𝑊 if necessary, we can assume that there exist diffeomorphic flowouts Φ𝑉 ∶ 𝒪 → 𝑊 

and Φ𝜑∗𝑉 ∶ 𝒪 → 𝑊 of 𝜕𝑀 along 𝑉 and 𝜑∗𝑉 respectively where 𝒪 is the open set 

𝒪 = {(𝑡, 𝑝) ∶ 𝑝 ∈ 𝜕𝑀, |𝑡| < 𝛿(𝑝)} ⊆ ℝ × 𝜕𝑀 

for some smooth positive real valued function 𝛿 ∶ 𝜕𝑀 → ℝ+ over 𝜕𝑀. Now, let 𝜑̃ ∶ 𝑊 → 𝑁 be 

the local diffeomorphism 𝜑̃ = Φ𝜑∗𝑉 ∘ Φ𝑉
−1. If we show that 𝜑̃ = 𝜑 over 𝑊 ∩ 𝑀, then we’ll have 

proved the claim. Take any 𝑥0 ∈ 𝑊 ∩ 𝑀 and let (𝑡0, 𝑝0) = Φ𝑉
−1(𝑥0). Let 𝛾, 𝜎 ∶

(−𝛿(𝑝0), 𝛿(𝑝0)) → 𝑊 denote the smooth curves: 

𝛾(𝑡) = Φ𝑉(𝑡, 𝑝0)        and        𝜎(𝑡) = Φ𝜑∗𝑉(𝑡, 𝑝0). 

We of course have that 𝜎 is an integral curve of 𝜑∗𝑉, but observe that 𝜑 ∘ 𝛾 is also an integral 

curve of 𝜑∗𝑉 because for any 𝑡 ∈ dom 𝛾, 

(𝜑 ∘ 𝛾)′(𝑡) = 𝑑𝜑𝛾(𝑡)(𝛾′(𝑡)) = 𝑑𝜑𝛾(𝑡)(𝑉𝛾(𝑡)) = (𝜑∗𝑉)𝜑∘𝛾(𝑡). 

Thus since 𝜎 and 𝜑 ∘ 𝛾 have the same starting point we have by the uniqueness of integral curves 

that 

𝜑̃(𝑥0) = Φ𝜑∗𝑉 ∘ Φ𝑉
−1(𝑥0) = Φ𝜑∗𝑉(𝑡0, 𝑝0) = 𝜎(𝑡0) = 𝜑 ∘ 𝛾(𝑡0) = 𝜑 ∘ Φ𝑉(𝑡0, 𝑝0) = 𝜑(𝑥0). 

Hence the claim is proved! 

End of proof of claim. 

From now on, instead of the original 𝜑 that was given to us in the hypothesis of the theorem, 

let’s let 𝜑 denote the smooth extension 𝜑 ∶ 𝑊 → 𝑁 of 𝜑 constructed in the above claim where 𝑊 

is of course a neighborhood of 𝜕𝑀 that’s open in 𝑁. 

For any 𝑟 > 0, let 𝑈𝑟 denote the 𝑟-tubular normal neighborhood of 𝜕𝑀 in 𝑁 if it exists (i.e. if it’s 

the diffeomorphic image of the normal exponential map of 𝜕𝑀 in 𝑁). Ok, let’s prove the 

following observation: 

Claim: There exists an 𝑟0 > 0 such that 𝜑 is defined over 𝑈𝑟0
 and 
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sup
𝑥∈𝑈𝑟0

{𝑑𝑔̃(𝑥, 𝜑(𝑥))} < 𝑟inj(𝑁), 

where 𝑑𝑔̃ denotes the distance function in (𝑁, 𝑔̃) and 𝑟inj(𝑁) is the injectivity radius of (𝑁, 𝑔̃). 

Proof of Claim: Since 𝜕𝑀 is compact, there exists an 𝜀-tubular normal neighborhood 𝑈𝜀 for 

some 𝜀 > 0. Let 𝐸 ∶ 𝑈 ⊆ 𝑁𝜕𝑀 → 𝑈𝜀 be the (diffeomorphic) normal exponential map of 𝜕𝑀 in 

𝑁. Now, let 𝑟0 > 0 be such that 𝑟0 < 𝜀 and 𝑈̅𝑟0
⊆ 𝑊. Take any 𝑥0 ∈ 𝑈𝑟0

. Let 𝑡0 > 0 and 𝑣0 ∈

𝑇𝑝0
𝑀 ∶ |𝑣0|𝑔̃ = 1 and 𝑣0 ⊥ 𝜕𝑀 be the unique time and unit normal vector to 𝜕𝑀 such that 

𝐸(𝑡0𝑣0) = 𝑥0. Let 𝛾 ∶ [0, 𝑟0] → 𝑈𝜀 denote the unit-speed geodesic given by 𝛾(𝑡) = 𝐸(𝑡𝑣0) 

which notice satisfies the properties that 𝛾(0) = 𝑝0, 𝛾(𝑡0) = 𝑥0, and 𝐿𝑔̃(𝛾) < 𝑟0 where “𝐿𝑔̃” 

denotes the “length of curve” operator. We then have that (recall that 𝜑|𝜕𝑀 = id): 

𝑑𝑔̃(𝑥0, 𝜑(𝑥0)) ≤ 𝑑𝑔̃(𝑥0, 𝑝0) + 𝑑𝑔̃(𝑝0, 𝜑(𝑥0)) = 𝑑𝑔̃(𝑥0, 𝑝0) + 𝑑𝑔̃(𝜑(𝑝0), 𝜑(𝑥0)) 

< 𝑟0 + 𝐿𝑔̃(𝜑 ∘ 𝛾) ≤ 𝑟0 + ‖𝑑𝜑‖𝐿∞(𝑈̅𝑟0);𝑔̃𝐿𝑔̃(𝛾) < (1 + ‖𝑑𝜑‖𝐿∞(𝑈̅𝑟0);𝑔̃) 𝑟0 

where 

‖𝑑𝜑‖𝐿∞(𝑈̅𝑟0);𝑔̃ = sup
𝑣∈𝑇𝑥𝑁∶𝑥∈𝑈̅𝑟0  and |𝑣|𝑔̃=1

{|𝑑𝜑𝑥(𝑣)|𝑔̃}. 

From here we see that it’s possible shrink 𝑟0 > 0 sufficiently so as to satisfy the conclusion of 

the claim. 

End of proof of claim. 

Now, for any 𝑥 ∈ 𝑈𝑟0
 let 𝜂𝑥 ∶ [0, 1] → 𝑁 denote the unique minimizing geodesic in 𝑁 such that 

𝜂𝑥(0) = 𝑥, 𝜂𝑥(1) = 𝜑(𝑥). Observe that the curve 𝜂𝑥 constantly stays inside the Riemannian ball 

𝐵𝑟inj(𝑁)(𝑥) = {𝑦 ∈ 𝑁 ∶ 𝑑𝑔̃(𝑦, 𝑥) < 𝑟inj(𝑁)} 

where recall that exp
𝑥
 maps diffeomorphically onto this set. Observe also that we can explicitly 

write this function 𝜂 ∶ [0, 1] × 𝑈𝑟0
→ 𝑁 as: 

𝜂𝑥(𝑡) = exp (𝑡exp
𝑥
−1(𝜑(𝑥))). 

Let’s prove that 𝜂 is smooth: 

Claim: The map 𝜂 is smooth. 

Proof of Claim: Let’s prove that 𝜂 is smooth by working inside out in the above explicit equation 

for 𝜂. Let 𝒪 denote the following open subset of 𝑁 × 𝑁: 

𝒪 = {(𝑥, 𝑦) ∈ 𝑁 × 𝑁 ∶ 𝑑𝑔̃(𝑥, 𝑦) < 𝑟inj(𝑁)}, 
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and consider the function 𝐹 ∶ 𝒪 → 𝑇𝑁 given by: 

𝐹(𝑥, 𝑦) = exp
𝑥
−1(𝑦). 

Let’s prove that 𝐹 is smooth. Take any (𝑥0, 𝑦0) ∈ 𝒪 and let 𝑣0 ∈ 𝑇𝑥0
𝑁 ∶ |𝑣0|𝑔̃ < 𝑟inj(𝑁) be such 

that exp(𝑥0, 𝑣0) = 𝑦0. Let’s set up a local coordinate representation of exp near (𝑥0, 𝑣0). Let 

(𝒰, 𝜙) and (𝒱, 𝜓) be smooth charts of 𝑁 and (𝐸𝑖) be a smooth orthonormal frame of 𝑇𝑁 over 𝒰. 

Let 𝜋 ∶ 𝑇𝑁 → 𝑁 denote the natural projection map (𝑥, 𝑣) ↦ 𝑥 and let Ω ⊆ 𝜋−1[𝒰] be a 

neighborhood of (𝑥0, 𝑣0) such that 

exp[Ω] ⊆ 𝒱. 

We do this of course since if we then take the smooth chart (Ω, 𝜙̃) of 𝑇𝑁 given by 

𝜙̃(𝑥, 𝑣𝑖𝐸𝑖) = (𝜙(𝑥), 𝑣1, … , 𝑣𝑛), 

we then have the following local coordinate representation of exp to work with: 

exp̂ = 𝜓 ∘ exp ∘ 𝜙̃−1. 

Now, let us adopt the convention here that putting a hat over a point in Ω denotes its local 

coordinate representation in 𝜙̃ (i.e. (𝑥̂, 𝑣) = 𝜙̃(𝑥, 𝑣)). Our ambition is to apply the implicit 

function theorem on exp̂ in the variable 𝑣 near (𝑥̂0, 𝑣0). That will give us a smooth local 

coordinate representation of 𝐹 near (𝑥0, 𝑣0) and thus prove that 𝐹 is indeed smooth. To do this 

task, we first need to show that the square matrix with columns 𝜕exp̂ 𝜕𝑣𝑖⁄ (𝑥̂0, 𝑣0) for 𝑖 =

1, … , 𝑛 is invertible. For any 𝑖 = 1, … , 𝑛 let 𝑒𝑖 denote the row matrix [0, … ,0,1,0, … ,0] with all 

zeros except a 1 in the 𝑖th entry. Before we proceed to the computation, let’s observe the 

additional fact that the above charts also give us the following local coordinate representation of 

exp
𝑥0

∶ 𝑇𝑥0
𝑁 → 𝑀 given by: 

exp
𝑥0

̂ (𝑥̂, 𝑣) = 𝜓 ∘ exp
𝑥0

(𝑣𝜇𝐸𝜇|
𝑥0

). 

 With this in hand we do 

𝜕exp̂

𝑑𝑣𝑖
(𝑥0, 𝑣0) =

𝑑

𝑑𝑡
|

𝑡=0
(𝜓 ∘ exp̂ ∘ 𝜙̃−1(𝑡 ↦ [𝑥̂0, 𝑣0 + 𝑡𝑒𝑖])) 

=
𝑑

𝑑𝑡
|

𝑡=0
(𝜓 ∘ exp

𝑥0
(𝑡 ↦ [𝑣0

𝜇
𝐸𝜇 + 𝑡𝐸𝑖])) =

𝑑

𝑑𝑡
|

𝑡=0
(exp

𝑥0
̂ (𝑣0 + 𝑡𝑒𝑖)) =

𝜕exp
𝑥0

̂

𝜕𝑣𝑖
(𝑣̂0). 

Hence, we arrive at the equation 

𝜕exp̂

𝑑𝑣𝑖
(𝑥0, 𝑣0) =

𝜕exp
𝑥0

̂

𝜕𝑣𝑖
(𝑣0)        for   𝑖 = 1, … , 𝑛. 
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(some might argue that this equation is obvious). Since exp
𝑥0

 is diffeomorphic onto 𝐵𝑟inj(𝑁)(𝑥0), 

the column vectors on the right-hand side of this equation are linearly independent. So indeed the 

square matrix with columns 𝜕exp̂ 𝜕𝑣𝑖⁄ (𝑥̂0, 𝑣0) for 𝑖 = 1, … , 𝑛 is invertible. Thus by the implicit 

function theorem there exist Euclidean balls 𝐵̂𝜌1
(𝑥̂0) ⊆ 𝒰 and 𝐵̂𝜌2

(𝑦̂0) ⊆ 𝒱 centered at 𝑥̂0 and 

𝑦̂0 in 𝒰 and 𝒱 of radius 𝜌1 and 𝜌2 respectively and a smooth function 𝐹̂ ∶ 𝐵̂𝜌1
(𝑥̂0) × 𝐵̂𝜌2

(𝑦̂0) →

ℝ𝑛 such that 

exp̂ (𝑥̂, 𝐹̂(𝑥̂, 𝑦̂)) = 𝑦̂       for   ∀𝑥 ∈ 𝐵̂𝜌1
(𝑥̂0)   ∀𝑦 ∈ 𝐵̂𝜌2

(𝑦̂0). 

It’s not hard to see that our function 𝐹̂ here is a local coordinate representation of 𝐹. Thus we’ve 

proven that 𝐹 is smooth near (𝑥0, 𝑦0) and hence is smooth everywhere. The fact that 𝜂 is smooth 

then immediately follows from the equation 

𝜂(𝑡, 𝑥) = exp 𝑡𝐹(𝑥, 𝜑(𝑥)) 

and the fact that compositions of smooth functions is smooth. 

End of proof of claim 

Next we prove the following claim: 

Claim: There exist positive numbers 𝑟, 𝑠 > 0 such that for any 𝑡 ∈ [0, 1], the map 𝑥 ↦ 𝜂𝑥(𝑡) is a 

diffeomorphism from 𝑈𝑟 onto a neighborhood of 𝑈𝑠 (we must of course have that 𝑟 ≤ 𝑟0). 

Proof of Claim: In order to study the maps in question, let’s give them notation: for any 𝑡 ∈
[0, 1], let 𝐹𝑡 ∶ 𝑈𝑟0

→ 𝑁 denote the smooth map given by 𝑥 ↦ 𝜂𝑥(𝑡). Let’s first show that the 

differential of 𝐹𝑡 is not singular at any point of 𝜕𝑀. As before, let 𝒪 denote the following open 

subset of 𝑁 × 𝑁: 

𝒪 = {(𝑥, 𝑦) ∈ 𝑁 × 𝑁 ∶ 𝑑𝑔̃(𝑥, 𝑦) < 𝑟inj(𝑁)} 

and notice that we can write 𝐹𝑡 as the composition 

𝐹𝑡 = 𝐻𝑡 ∘ (id𝑈𝑟0
× 𝜑) 

where 𝐻𝑡 ∶ 𝒪 → 𝑁 is the map: 

𝐻𝑡(𝑥, 𝑦) = exp (𝑡exp
𝑥
−1(𝑦)). 

The fact that 𝐻𝑡 is smooth for all fixed 𝑡 ∈ [0, 1] follows from the proof of the previous claim. 

Observe that 𝐻𝑡 also satisfies the following property by the uniqueness of geodesics: 

𝐻𝑡(𝑥, 𝑦) = 𝐻1−𝑡(𝑦, 𝑥). 
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Now, take any time 𝑡 ∈ [0, 1] and any point 𝑥 ∈ 𝜕𝑀. We want to compute 𝑑(𝐹𝑡)𝑥. I’m going to 

do this very carefully. Take any 𝑣 ∈ 𝑇𝑥𝑁. We then have that (observe that 𝜑(𝑥) = 𝑥 since 

𝜑|𝜕𝑀 = id) 

𝑑(𝐹𝑡)𝑥(𝑣) = 𝑑 (𝐻𝑡 ∘ (id𝑈𝑟0
× 𝜑))

𝑥

(𝑣) = 𝑑(𝐻𝑡)(𝑥,𝜑(𝑥))(𝑣, 𝑑𝜑𝑥(𝑣)) 

= 𝑑(𝐻𝑡)(𝑥,𝑥)(𝑣, 0) + 𝑑(𝐻𝑡)(𝑥,𝑥)(0, 𝑑𝜑𝑥(𝑣)). 

Let’s compute the first vector on the right-hand side here. We have that (here 𝛾𝑣 denotes the 

maximal geodesic in 𝑁 with starting velocity 𝑣) 

𝑑(𝐻𝑡)(𝑥,𝑥)(𝑣, 0) =
𝑑

𝑑𝑠
|

𝑠=0
𝐻𝑡(𝛾𝑣(𝑠), 𝑥) =

𝑑

𝑑𝑠
|

𝑠=0
𝐻1−𝑡(𝑥, 𝛾𝑣(𝑠)) 

=
𝑑

𝑑𝑠
|

𝑠=0
exp ((1 − 𝑡)exp

𝑥
−1(𝛾𝑣(𝑠))) =

𝑑

𝑑𝑠
|

𝑠=0
exp((1 − 𝑡)𝑠𝑣) 

=
𝑑

𝑑𝑠
|

𝑠=0
𝛾(1−𝑡)𝑣(𝑠) = (1 − 𝑡)𝑣. 

Now let’s compute the second vector on the right-hand side of the previous equation: 

𝑑(𝐻𝑡)(𝑥,𝑥)(0, 𝑑𝜑𝑥(𝑣)) =
𝑑

𝑑𝑠
|

𝑠=0
(𝐻𝑡(𝑥, 𝛾𝑑𝜑𝑥(𝑣)(𝑠)) =

𝑑

𝑑𝑠
|

𝑠=0
exp (𝑡exp

𝑥
−1 (𝛾𝑑𝜑𝑥(𝑣)(𝑠))) 

=
𝑑

𝑑𝑠
|

𝑠=0
exp(𝑡𝑠𝑑𝜑𝑥(𝑣)) =

𝑑

𝑑𝑠
|

𝑠=0
𝛾𝑡𝑑𝜑𝑥(𝑣)(𝑠) = 𝑡𝑑𝜑𝑥(𝑣). 

Hence from the second to last equation we finally get that 

𝑑(𝐹𝑡)𝑥(𝑣) = (1 − 𝑡)𝑣 + 𝑡𝑑𝜑𝑥(𝑣). 

Thus we’ve computed that the differential of 𝐹𝑡 at 𝑥 is given by 

𝑑(𝐹𝑡)𝑥 = (1 − 𝑡)id𝑇𝑥𝑁 + 𝑡𝑑𝜑𝑥. 

To show that this is nonsingular, take any orthonormal basis (𝑣𝑖) of 𝑇𝑥𝑁 such that 𝑣1, … , 𝑣𝑛−1 

span 𝑇𝑥𝜕𝑀 and 𝑣𝑛 ⊥ 𝜕𝑀 is inward pointing. Since 𝜑|𝜕𝑀 = id, we have that 𝑑𝜑𝑥(𝑣𝑖) = 𝑣𝑖 for 

𝑖 = 1, … , 𝑛 − 1. Furthermore, since 𝑑𝜑𝑥 is nonsingular and 𝜑 maps points of 𝑀 to 𝑀 we must 

have that 𝑑𝜑𝑥(𝑣𝑛) has a positive component in the direction 𝑣𝑛: 

〈𝑑𝜑𝑥(𝑣𝑛), 𝑣𝑛〉𝑔̃ > 0. 

Thus 𝑑(𝐹𝑡)(𝑣𝑛) has positive component in the direction 𝑣𝑛: 

〈𝑑𝐹𝑡(𝑣𝑛), 𝑣𝑛〉𝑔̃ = (1 − 𝑡) + 𝑡〈𝑑𝜑𝑥(𝑣𝑛), 𝑣𝑛〉𝑔̃ > 0. 
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So the list of vectors 

𝑑(𝐹𝑡)(𝑣𝑖) = {
𝑣𝑖

(1 − 𝑡)𝑣𝑛 + 𝑡𝑑𝜑𝑥(𝑣𝑛)     
if   𝑖 = 1, … , 𝑛 − 1

if   𝑖 = 𝑛                  
. 

is linearly independent, which then of course implies that 𝑑(𝐹𝑡)𝑥 is indeed nonsingular. 

Great! With this in hand, I claim that there exists an 𝑟 > 0 such that 𝑑(𝐹𝑡) is nonsingular over 𝑈𝑟 

for all 𝑡 ∈ [0, 1]. To see why, suppose that this wasn’t the case. Then there would exist a 

sequences {𝑡𝑘}𝑘=1
∞ ⊆ [0, 1] and {𝑥𝑘}𝑘=1

∞ ⊆ 𝑈𝑟0
 such that each 𝑑(𝐹𝑡𝑘

)
𝑥𝑘

 is singular and 

𝑑𝑔̃(𝑥𝑘, 𝜕𝑀) → 0. Since [0, 1] and 𝑁 are compact, by restricting to subsequences if necessary, we 

can assume that 𝑡𝑘 → 𝑡0 and 𝑥𝑘 → 𝑥0 for some limits 𝑡0 ∈ [0, 1] and 𝑥0 ∈ 𝑁. Now, the 

continuity of the distance function 𝑥 ↦ 𝑑𝑔̃(𝑥, 𝜕𝑀) implies that 𝑥0 ∈ 𝜕𝑀. Similarly, the 

continuity of 𝐹 implies that 𝑑(𝐹𝑡0
)

𝑥0
 is singular (most easily seen in local coordinates). But that 

contradicts the fact that we proved right before: that 𝑑(𝐹𝑡)𝑥 is nonsingular at any 𝑥 ∈ 𝜕𝑀 for all 

𝑡 ∈ [0, 1]. Thus there indeed exists an 𝑟 > 0 such that 𝑑(𝐹𝑡) is nonsingular over 𝑈𝑟. 

Next let’s prove that there exists an 𝑟 > 0 such that 𝐹𝑡 is injective over 𝑈𝑟 for all 𝑡 ∈ [0, 1] 
(different 𝑟 now). To do this we will need to utilize the smooth map 𝐺 ∶ [0, 1] × 𝑈𝑟0

→ ℝ × 𝑁 

given by 

𝐺(𝑡, 𝑥) = (𝑡, 𝐹(𝑡, 𝑥)). 

Let’s make a few observations about this map. It’s not hard to see from this equation that for any 

𝑡 ∈ [0, 1] and any 𝑥 ∈ 𝜕𝑀, 𝑑𝐺(𝑡,𝑥) has maximum rank because 𝑑(𝐹𝑡)𝑥 has maximum rank. Thus 

by the rank theorem (specifically the immersion version where the domain can have boundary) 

we get that for any 𝑡0 ∈ [0, 1] and any 𝑥0 ∈ 𝜕𝑀 there exists a neighborhood 𝐼 of 𝑡0 in [0, 1] and 

a neighborhood 𝑉 of 𝑥0 in 𝑈𝑟0
 such that 𝐺 is injective over 𝐼 × 𝑉. Notice that this implies that for 

any 𝑡 ∈ 𝐼, 𝐹𝑡 is injective over 𝑉. Now, suppose that there does not exist an 𝑟 > 0 such that 𝐹𝑡 is 

injective over 𝑈𝑟 for all 𝑡 ∈ [0, 1]. Then there exist sequences {𝑡𝑘}𝑘=1
∞ , {𝑥𝑘}𝑘=1

∞ ⊆ 𝑈𝑟0
, and 

{𝑦𝑘}𝑘=1
∞ ⊆ 𝑈𝑟0

 such that each 𝑥𝑘 ≠ 𝑦𝑘, 𝐹𝑡𝑘
(𝑥𝑘) = 𝐹𝑡𝑘

(𝑦𝑘), and 𝑑𝑔̃(𝑥𝑘, 𝜕𝑀), 𝑑𝑔̃(𝑦𝑘, 𝜕𝑀) → 0. As 

before, since [0, 1] and 𝑁 are compact we can assume that 𝑡𝑘 → 𝑡0, 𝑥𝑘 → 𝑥0, and 𝑦𝑘 → 𝑦0 for 

some 𝑡0 ∈ [0, 1] and 𝑥0, 𝑦0 ∈ 𝑁. As before we also have that 𝑥0, 𝑦0 ∈ 𝜕𝑀. By the continuity of 𝐹 

and uniqueness of limits we also have that 𝐹𝑡0
(𝑥0) = 𝐹𝑡0

(𝑦0). Since 𝜑|𝜕𝑀 = id and thus 

𝐹𝑡0
(𝑥0) = 𝑥0 and 𝐹𝑡0

(𝑦0) = 𝑦0, we in fact have that 𝑥0 = 𝑦0. Now, let 𝐼 and 𝑉 be as above with 

respect to 𝑡0 and 𝑥0. Then 𝐹𝑡 is injective over 𝑉 for all 𝑡 ∈ 𝐼. Since 𝑡𝑘 is eventually in 𝐼 and 𝑥𝑘 

and 𝑦𝑘 are eventually in 𝑉, this implies that that 𝐹𝑡𝑘
(𝑥𝑘) = 𝐹𝑡𝑘

(𝑦𝑘) eventually. But that 

contradicts the assumption on the sequences {𝑡𝑘}𝑘=1
∞ , {𝑥𝑘}𝑘=1

∞ , and {𝑦𝑘}𝑘=1
∞ . Thus indeed there 

must exist an 𝑟 > 0 such that 𝐹𝑡 is injective over 𝑈𝑟 for all 𝑡 ∈ [0, 1]. 

With the above we have proven that there exists an 𝑟 > 0 such that for any 𝑡 ∈ [0, 1], both 𝑑𝐹𝑡 is 

nonsingular and 𝐹𝑡 is injective over 𝑈𝑟. Let 𝑟 > 0 be any such number. This 𝑟 > 0 will be the 
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one we want if we can show that there exists some 𝑠 > 0 such that for all 𝑡 ∈ [0, 1], 𝐹𝑡 maps 𝑈𝑟 

onto a neighborhood of 𝑈𝑠. Let’s prove this by contradiction, suppose not! Since 𝑑𝐹𝑡 is a local 

diffeomorphism for all 𝑡 ∈ [0, 1], we have that the image of 𝑈𝑟 under 𝐹𝑡 is open. Thus for the 

sake of contradiction we can conclude that there exist sequences {𝑡𝑘}𝑘=1
∞  and {𝑦𝑘}𝑘=1

∞ ⊆ 𝑈𝑟0
 such 

that each 𝑦𝑘 ∉ 𝐹𝑡𝑘
[𝑈𝑟] and 𝑑𝑔̃(𝑦𝑘, 𝜕𝑀) → 0. As before, since [0, 1] and 𝑁 are compact we can 

assume that 𝑡𝑘 → 𝑡0 and 𝑦𝑘 → 𝑦0 for some 𝑡0 ∈ [0, 1] and 𝑦0 ∈ 𝑁. As before we also have that 

𝑦0 ∈ 𝜕𝑀. In addition, as before we have that 𝐹(𝑡0, 𝑦0) = 𝑦0 since 𝑦0 ∈ 𝜕𝑀. 

Now, I claim that there exists a neighborhood 𝐽 of 𝑡0 in [0, 1] and a neighborhood 𝑊 of 𝑦0 in 𝑈𝑟 

such that 𝐺[[0, 1] × 𝑈𝑟] contains the set 𝐽 × 𝑊 (observe that 𝐺(𝑡0, 𝑦0) = (𝑡0, 𝑦0)). If 𝑡0 ∈ (0, 1), 

then this immediately follow from the inverse function theorem since 𝑑𝐺(𝑡0,𝑦0) is nonsingular 

and hence 𝐺 is an open map near (𝑡0, 𝑦0). To see that this is also true in the endpoint cases as 

well, suppose that 𝑡0 = 0 or 𝑡0 = 1. Then take a smooth extension 𝐹̃ ∶ 𝐼 × 𝑉̃ → 𝑁 of 𝐹 onto an 

open neighborhood 𝐼 × 𝑉̃ of (𝑡0, 𝑦0) in ℝ × 𝑈𝑟 (i.e. 𝐼 is an open interval in ℝ). Consider the map 

𝐺̃ ∶ 𝐼 × 𝑉̃ → ℝ × 𝑁 given by 𝐺̃(𝑡, 𝑥) = (𝑡, 𝐹̃(𝑡, 𝑥)). Then the inverse function implies that for 

some open neighborhood 𝐽 of 𝑡0 in ℝ and some open neighborhood 𝑊 of 𝑦0 in 𝑈𝑟, 𝐺̃[𝐼 × 𝑉̃] 

contains the set 𝐽 × 𝑊. Notice then that if we let 𝐽 = 𝐽 ∩ [0, 1], then 𝐺[[0, 1] × 𝑈𝑟] contains 

𝐽 × 𝑊. 

Thus, let 𝐽 and 𝑊 be as in the previous paragraph. Observe that this implies that for any 𝑡 ∈ 𝐽, 

𝐹𝑡[𝑈𝑟] contains the set 𝑊. Since 𝑡𝑘 is eventually in 𝐽 and 𝑦𝑘 is eventually in 𝑊, we have that this 

implies that 𝑦𝑘 ∈ 𝐹𝑡𝑘
[𝑈𝑟] eventually. But that contradicts the assumption on the sequences 

{𝑡𝑘}𝑘=1
∞  and {𝑦𝑘}𝑘=1

∞ . Hence indeed there must exist an 𝑠 > 0 such that for all 𝑡 ∈ [0, 1], 𝐹𝑡 maps 

𝑈𝑟 onto a neighborhood of 𝑈𝑠. This proves the claim (finally!) 

End of proof of claim 

Onwards! Let 𝑟, 𝑠 > 0 be as in the above claim. Observe then that for any 𝑡 ∈ [0, 1] and any 𝑦 ∈

𝑈𝑠 there exists a unique 𝑥 ∈ 𝑈𝑟 such that 𝜂(𝑡, 𝑥) = 𝑦. Let 𝜒 ∶ [0, 1] × 𝑈𝑠 → 𝑈𝑟 denote the map 

that gives such an 𝑥 for all such 𝑡 and 𝑦: 

𝜂(𝑡, 𝜒(𝑡, 𝑦)) = 𝑦          ∀𝑡 ∈ [0, 1]   ∀𝑦 ∈ 𝑈𝑠.                         

Since 𝑥 ↦ 𝜂𝑡(𝑥) is a diffeomorphism over 𝑈𝑟 for all fixed 𝑡 ∈ [0, 1], the smoothness of 𝜒 

follows from the implicit function theorem. Now, let 𝑌 ∶ [0, 1] × 𝑈̅𝑠 2⁄ → 𝑇𝑁 denote the smooth 

time-dependent vector field given by 

𝑌𝑦 = 𝑑𝜂𝜒(𝑡,𝑦) (
𝑑

𝑑𝑡
|

(𝑡,𝜒(𝑡,𝑦))
). 

We defined 𝑌 in the second argument over the closed set 𝑈̅𝑠 2⁄  for extension purposes below. 

Now, by an argument similar to the one given at the end of the previous claim (with 𝜒 instead of 
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𝜂) it’s not hard to see that there exists a 𝜌 > 0 such that for any 𝑡 ∈ [0, 1] the map 𝜒𝑡 ∶ 𝑈𝑠 2⁄ → 𝑁 

given by 𝜒𝑡(𝑦) = 𝜒(𝑡, 𝑦) maps 𝑈𝑠 2⁄  onto a neighborhood of 𝑈𝜌. The reason why such a 

neighborhood 𝑈𝜌 of 𝜕𝑀 is great is that observe that for any 𝑥 ∈ 𝑈𝜌, the curve 𝑡 ↦ 𝜂𝑥(𝑡) for 𝑡 ∈

[0, 1] is an integral curve of 𝑌 since 

𝜂𝑥
′ (𝑡) = 𝑑𝜂𝑥 (

𝑑

𝑑𝑡
|

(𝑡,𝑥)
) = 𝑑𝜂𝜒(𝑡,𝜂𝑥(𝑡)) (

𝑑

𝑑𝑡
|

(𝑡,𝜒(𝑡,𝜂𝑥(𝑡)))
) = 𝑌𝜂𝑥(𝑡). 

Note that this doesn’t necessarily hold merely on 𝑥 ∈ 𝑈𝑟 since in that case 𝜂𝑥(𝑡) could map 

outside of where 𝑌 is defined (𝑈̅𝑠 2⁄  that is). Now, since [0, 1] × 𝑈̅𝑠 2⁄  is closed in ℝ × 𝑁, we have 

that there exists a smooth extension 𝑍 ∶ ℝ × 𝑁 → 𝑇𝑁 of 𝑌̃ onto all of ℝ × 𝑁. Let 𝐹 ∶

ℝ × ℝ × 𝑁 → 𝑁 denote the flow of 𝑍 where the convention on the arguments is that for any 

(𝑡, 𝑥) ∈ ℝ × 𝑁, the curve 𝑠 ↦ 𝐹(𝑠, 𝑡, 𝑥) is an integral curve of 𝑍. The reason that 𝐹 is defined 

over all of ℝ × ℝ × 𝑁 is that its complete since 𝑁 is compact. Let 𝜓 ∶ 𝑁 → 𝑁 be the map given 

by 𝜓(𝑥) = 𝐹(1,0, 𝑥). By the properties of time dependent flows, we know that 𝜓 is a 

diffeomorphism. We finish the proof of this theorem by proving that this is the map that we want 

in the statement of the theorem (up to restricting to 𝑀). 

First let’s prove that 𝜓 = 𝜑 on 𝑈𝜌. This isn’t hard since for any 𝑥 ∈ 𝑈𝜌 we have that 𝜂𝑥 ∶

[0, 1] → 𝑁 is an integral curve of 𝑍 satisfying 𝜂𝑥(0) = 𝑥 and thus 

𝜑(𝑥) = 𝜂𝑥(1) = 𝐹(1,0, 𝑥) = 𝜓(𝑥). 

Next let’s prove that 𝑀 = 𝜓[𝑀]. We’ll prove this by showing that 𝑀 ⊆ 𝜓[𝑀] and that 𝑀 ⊇

𝜓[𝑀]. First let’s prove the first inclusion. Since 𝜑|𝜕𝑀 = id, we have that 𝜓|𝜕𝑀 = id as well. 

Since 𝜓 is bijective, this implies that 𝑀int ⊆ 𝜓[𝑁 ∖ 𝜕𝑀]. Since 𝑁 ∖ 𝜕𝑀 = 𝑀int ∪ 𝑀𝑐 and 𝑀int 

and 𝑀𝑐 are disjoint open subsets of 𝑁, we have that 𝜓[𝑁 ∖ 𝜕𝑀] is the disjoint union of the open 

subsets 𝜓[𝑀int] and 𝜓[𝑀𝑐] of 𝑁. Thus the connectivity of 𝑀int implies that either 𝑀int ⊆ 𝜓[𝑀int] 

or 𝑀int ⊆ 𝜓[𝑀𝑐] (recall that the interiors of connected manifolds with boundary are also 

connected). Now, since 𝜓 = 𝜑 over 𝑈𝜌 ∩ 𝑀int and 𝜑 by assumption maps points of 𝑈𝜌 ∩ 𝑀int 

into 𝑀int, we see that the first case must happen: 𝑀int ⊆ 𝜓[𝑀int]. Thus indeed 𝑀 ⊆ 𝜓[𝑀]. 

Now let’s show inclusion in the other direction. As before, since 𝜓|𝜕𝑀 = id we have that 

𝜓[𝑀int] ⊆ 𝑀int ∪ 𝑀𝑐. And since 𝑀int is connected, we have that 𝜓[𝑀int] is also connected. The 

disjoint nature of 𝑀int and 𝑀𝑐 then imply that either 𝜓[𝑀int] ⊆ 𝑀int or 𝜓[𝑀int] ⊆ 𝑀𝑐. At the end 

of the previous paragraph we showed that 𝜓[𝑀int] ∩ 𝑀int ≠ ∅. Thus we must have that 

𝜓[𝑀int] ⊆ 𝑀int and so 𝜓[𝑀] ⊆ 𝑀. 

Having proved inclusion in both directions we finally have that indeed 𝑀 = 𝜓[𝑀]. Thus we that 

the restriction 𝜓|𝑀 is a diffeomorphism from 𝑀 to itself that is equal to 𝜑 over the open 
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neighborhood 𝑈𝜌 ∩ 𝑀 of 𝜕𝑀 in 𝑀. Thus 𝜓|𝑀 is the map that we wanted to prove the existence 

of in the statement of the theorem. 

∎ 

 

5 Chapter 13 

5.1 (Exercise 13.1.3) Two Versions of Non-Abelian X-Ray Transform 

In this exercise they ask us to prove that the two versions of the Non-Abelian X-Ray Transform 

are related by 

𝐶𝒜,− = [𝐶𝒜,+] ∘ 𝛼. 

Adopt the notation from Definition 2.17 above. By the uniqueness of solutions to ODEs and the 

fact that 𝜑 is a flow (i.e. 𝑈+ and 𝑈− are cocycles: see Exercise 5.3.1 in the book), we have that 

for any suitable 𝑡, 𝑠 ∈ ℝ, 

𝑈−(𝑥, 𝑣, 𝑡 + 𝑠) = 𝑈+(𝜑𝑡(𝑥, 𝑣), 𝑠)𝑈−(𝑥, 𝑣, 𝑡). 

Plug in 𝑡 = 𝜏(𝑥, 𝑣) and 𝑠 = −𝜏(𝑥, 𝑣) to get that 

𝑈−(𝑥, 𝑣, 0) = 𝑈+(𝜑𝑡(𝑥, 𝑣), −𝜏(𝑥, 𝑣))𝑈−(𝑥, 𝑣, 𝜏(𝑥, 𝑣)), 

id = 𝑈+(𝑥, 𝑣)𝑈− ∘ 𝛼(𝑥, 𝑣), 

𝑈− ∘ 𝛼(𝑥, 𝑣) = [𝑈+(𝑥, 𝑣)]−1. 

Composing both sides with 𝛼, using the fact that 𝛼2 = id|𝜕𝑀, and plugging in the definitions of 

𝐶𝒜,+ and 𝐶𝒜,− gives us what we wanted: 

𝐶𝒜,− = [𝐶𝒜,+] ∘ 𝛼. 

 

5.2 Hodge Star and Vertical Derivative over Two-Manifolds 

Suppose that (𝑀, 𝑔) is a 2-dimensional Riemannian manifold and that 𝐴 is an 𝑛 × 𝑛 matrix of 

smooth one-forms over 𝑀, which we’ll think of as a function of the form 𝐴 ∶ 𝑇𝑀 → ℂ𝑛×𝑛. 

Consider further the restriction 𝐴 ∶ 𝑆𝑀 → ℂ𝑛×𝑛. Right before Lemma 13.4.1 the authors state 

that 

⋆ 𝐴 = −𝑉𝐴 

where ⋆ is the Hodge star operator and 𝑉 is the vertical derivative. Since the above formula holds 

entry wise, observe that this will follow if we can prove the same fact for any one-form 𝜔 over 

𝑀: 
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⋆ 𝜔 = −𝑉𝜔. 

To do this, we do (the second equality here follows by 𝜔’s linearity in 𝑣 when 𝑥 is fixed) 

𝑉𝜔(𝑥, 𝑣) =
𝑑

𝑑𝑡
|

𝑡=0
𝜔(cos(𝑡) 𝑣 + sin(𝑡) 𝑣⊥) = 𝜔(− sin(0) 𝑣 + cos(0) 𝑣⊥) = 𝜔(𝑣⊥) = 〈𝜔♯, 𝑣⊥〉 

= 〈− [(𝜔♯)
⊥

]
⊥

, 𝑣⊥〉 = − 〈(𝜔♯)
⊥

, 𝑣〉 = − [(𝜔♯)
⊥

]
♭

(𝑣). 

Hence we get that 

𝑉𝜔 = − ⋆ 𝜔, 

which is of course equivalent to what we wanted to show. 

 

5.3 Eq 13.4.1 (in Lemma 13.4.1) Hodge Star of the Curvature Operator 

Intro (you don’t necessarily have to understand everything here): Suppose that (𝑀, 𝑔) is a 2-

dimensional Riemannian manifold and that 𝐴 is an 𝑛 × 𝑛 matrix of smooth one-forms over 𝑀, 

which we’ll think of as a function of the form 𝐴 ∶ 𝑇𝑀 → ℂ𝑛×𝑛. Consider further the restriction 

𝐴 ∶ 𝑆𝑀 → ℂ𝑛×𝑛. Moreover, let us assume that 𝐴 is Hermitian at every point of 𝑀 and consider 

the connection 𝑑𝐴 = 𝑑 + 𝐴 of the trivial bundle ℂ𝑛 over 𝑀. Let 𝐹𝐴 = 𝑑𝐴 ∘ 𝑑𝐴 denote the 

“curvature operator.” In the middle of the proof of this lemma, the authors state the following 

relation: 

⋆ 𝐹𝐴 = 𝑋⊥(𝐴) − 𝑋(⋆ 𝐴) + [⋆ 𝐴, 𝐴], 

which the authors prove follows from the following identity: 

𝑋⊥𝐴(𝑥, 𝑣) − 𝑋(⋆ 𝐴)(𝑥, 𝑣) = 𝑑𝐴(𝑣, 𝑣⊥)                          ∀(𝑥, 𝑣) ∈ 𝑆𝑀. 

The authors give a proof of this equation, but allow me to present an alternative proof. I don’t 

consider my proof advantageous since I do it in coordinates, but I want to show it simply because 

it’s sometimes nice to see two different proofs of one result. 

Main content: Notice that since the above equation holds entry wise, it will be sufficient to prove 

the same equation for any smooth 1-form 𝜔 ∈ Γ(𝑇∗𝑀) over 𝑀: 

𝑋⊥𝜔(𝑥, 𝑣) − 𝑋(⋆ 𝜔)(𝑥, 𝑣) = 𝑑𝜔(𝑣, 𝑣⊥)                          ∀(𝑥, 𝑣) ∈ 𝑆𝑀. 

Choose any point (𝑥0, 𝑣0) ∈ 𝑆𝑀 where we want to show that this equation holds. Let (𝑈, (𝑥𝑖)) 

be coordinates of 𝑀 and take the standard coordinates (𝜋𝑇𝑀
−1 [𝑈], (𝑥𝑖 , 𝑣𝑖)) of 𝑇𝑀 that they 

generate: 
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𝑣𝑖
𝜕

𝜕𝑥𝑖
|

𝑥
⟼ (𝑥1, … , 𝑥𝑛, 𝑣1, … , 𝑣𝑛). 

In this chart of 𝑇𝑀, we have that the local coordinate expression of the function 𝜔 ∶ 𝑇𝑀 → ℂ  

generated by our 1-form 𝜔 = 𝜔𝑖𝑑𝑥𝑖 is given by 

𝜔(𝑥1, … 𝑥𝑛, 𝑣1, … , 𝑣𝑛) = 𝜔𝑖(𝑥1, … , 𝑥𝑛)𝑣𝑖. 

It’s not hard to show that in coordinates, 

𝑋 = 𝑣𝑘
𝜕

𝜕𝑥𝑘
− Γ𝑖𝑗

𝑘𝑣𝑖𝑣𝑗
𝜕

𝜕𝑣𝑘
, 

𝑋⊥ = (𝑣⊥)𝑘
𝜕

𝜕𝑥𝑘
− Γ𝑖𝑗

𝑘(𝑣⊥)𝑖𝑣𝑗
𝜕

𝜕𝑣𝑘
, 

⋆ 𝜔 =
1

det 𝑔
[−𝜔2 𝜔1] [

𝑔11 𝑔12

𝑔21 𝑔22
], 

where equality in the last equation is interpreted as taking the first and second components of the 

resultant horizontal vector on the right (i.e. 1 × 2 matrix) and make them the components of 𝑑𝑥1 

and 𝑑𝑥2 respectively. 

Now, let’s assume that our coordinates are in fact normal coordinates centered at 𝑥0, so that all 

𝑔𝑖𝑗|
𝑥0

= 𝛿𝑖𝑗 , 𝜕𝑘𝑔𝑖𝑗|
𝑥0

= 0, Γ𝑖𝑗
𝑘|

𝑥0
= 0. 

It’s then not hard to show from the previous equations that 

𝑋⊥𝜔(𝑥0, 𝑣0) = (𝑣0
⊥)𝑘

𝜕𝜔𝑟

𝜕𝑥𝑘
𝑣0

𝑟 , 

𝑋(⋆ 𝜔)(𝑥0, 𝑣0) = 𝑣𝑘
𝜕𝜔𝑟

𝜕𝑥𝑘
(𝑣0

⊥)𝑟 , 

Subtracting these two equations (and relabeling 𝑘 ↔ 𝑟 in the second equation) gives 

𝑋⊥𝜔(𝑥0, 𝑣0) − 𝑋(⋆ 𝜔)(𝑥0, 𝑣0) = ∑ 𝑣𝑘 (
𝜕𝜔𝑟

𝜕𝑥𝑘
−

𝜕𝜔𝑘

𝜕𝑥𝑟
)

𝑛

𝑘,𝑟=1

(𝑣⊥)𝑟 = 𝑑𝜔(𝑣, 𝑣⊥). 

This is what we wanted to show. 


