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Notations and Conventions 

Notation: For any integer 𝑛 ≥ 1, ℍ𝑛 denotes the upper-half space of ℝ𝑛: 

ℍ𝑛 = {𝑥 ∈ ℝ𝑛 ∶ 𝑥𝑛 ≥ 0} 

Notation: The notation ℝ+ denotes the set of positive real numbers: 

ℝ+ = {𝑥 ∈ ℝ ∶ 𝑥 > 0}. 

Notation: The notation ℤ+ denotes the set of positive integers: 

ℤ+ = {1,2,3, … }. 

Convention: A neighborhood in a topology always mean an open neighborhood. 

 

Chapter 9 

Boundary Flowout Theorem (Page 222 Theorem 9.24 or Problem 9.11) 

Here I work out the proof of the following theorem that appears in this book. 

Boundary Flowout Theorem: Suppose that 𝑀 is a smooth manifold with nonempty boundary 

and that 𝑁 is a smooth vector field over 𝑀 such that 𝑁 is inward-pointing at any point of the 

boundary 𝜕𝑀. Then there exists a smooth positive function 𝛿 ∶ 𝜕𝑀 → ℝ+ and a smooth map Φ ∶

𝒫𝛿 → 𝑀, where 

𝒫𝛿 = {(𝑡, 𝑝) ∶ 𝑝 ∈ 𝜕𝑀   and   0 ≤ 𝑡 < 𝛿(𝑝)}, 

such that Φ is a smooth embedding onto an open neighborhood of 𝜕𝑀 that satisfies the following 

property: for any 𝑝 ∈ 𝜕𝑀, the curve 𝑡 ↦ Φ(𝑡, 𝑝) for 0 ≤ 𝑡 < 𝛿(𝑝) is the integral curve of 𝑁 

starting at 𝑝. 
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The following proof follows the first half of the hint given in the book for this problem. The plan 

of attack to prove this theorem is the following: 

1.) We can’t use flow theory directly on the manifold because in the book we haven’t yet 

constructed a theory of flows for manifolds with boundary. So what we will do is use boundary 

charts to push 𝑁 down to local coordinates, extend 𝑁 smoothly to an open set of the Euclidean 

space in those coordinates, and then use our ordinary “without boundary” flow theory on that to 

construct our Φ locally. 

2.) After defining Φ locally, we will glue those local constructions together using a smooth 

partition of unity to get the global Φ desired in the theorem. 

3.) Then we prove that the Φ that we construct satisfies all of the properties stated in the 

theorem. 

Before we prove the theorem though, we need to generalize the fact that integral curves of 

smooth vector fields are unique to manifolds with boundary. 

Lemma: Suppose that 𝑀 is a smooth manifold with nonempty boundary and that 𝑁 is a smooth 

vector field over 𝑀. Suppose also that 𝛾 ∶ 𝐼 → 𝑀 and 𝜎 ∶ 𝐽 → 𝑀 are two integral curves of 𝑁, 

where 𝐼, 𝐽 ⊆ ℝ are intervals containing zero, with the same starting point: 𝛾(0) = 𝜎(0). Then 𝛾 

and 𝜎 agree on their common domain. 

Proof: This is proved exactly the same way as for manifolds without boundary. The whole idea 

is to prove uniqueness locally to any point in coordinates using the theory of ODEs (ordinary 

differential equations). Let’s just prove that 𝛾(𝑡) and 𝜎(𝑡) agree on their common domain for 

𝑡 ≥ 0 as the proof for 𝑡 ≤ 0 is similar. Let 𝑏 = sup{𝐼}, 𝛽 = sup{𝐽}, and 𝐵 = min{𝑏, 𝛽}. Let 𝑇 ≥

0 be the number: 

𝑇 = sup{𝑡0 ≥ 0 ∶ 𝑡 ≤ 𝐵   and   𝛾|[0,𝑡0] = 𝜎|[0,𝑡0]}. 

Intuitively speaking, if 𝑇 = 𝐵 then 𝛾 and 𝜎 agree on their common domain for 𝑡 ≥ 0 and if 𝑇 <

𝐵 then 𝑇 represents the first time after zero when the two curves diverge. We need to prove that 

the first case happens. Let’s prove this by contradiction: suppose 𝑇 < 𝐵. By the continuity of 

both 𝛾 and 𝜎 we have that 𝛾(𝑇) = 𝜎(𝑇). Let (𝑈, 𝜑) be a chart of 𝑀 in a neighborhood of the 

point 𝛾(𝑇) = 𝜎(𝑇) such that image(𝜑) is ℝ𝑛 if 𝜑 is an interior chart and ℍ𝑛 if it’s a boundary 

chart (the last condition is merely for convenience/taste). Let 𝜀 > 0 be sufficiently small so that 

𝑇 + 𝜀 < 𝐵 and both 𝛾 and 𝜎 map the interval ℑ = (𝑇 − 𝜀, 𝑇 + 𝜀) ∩ 𝐼 ∩ 𝐽 into 𝑈 (the first 

condition isn’t really necessary). Then we can consider the local coordinate representations 𝛾, 𝜎̂ ∶

ℑ → ℝ𝑛 of 𝛾 and 𝜎 given by: 

𝛾 = 𝜑 ∘ 𝛾|ℑ     and     𝜎̂ = 𝜑 ∘ 𝜎|ℑ. 

Let 𝑁̂ = 𝜑∗𝑁 denote the vector field 𝑁 pushed down to ℝ𝑛 or ℍ𝑛. If we’re working in ℍ𝑛 let us 

also smoothly extend 𝑁̂ to all of ℝ𝑛. Then we have that the above local coordinate 

representations of 𝛾 and 𝜎 are integral curves of 𝑁̂. Since 𝑁̂ is smooth, we have by ODE theory 
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that 𝛾 and 𝜎̂ must agree on their common domain. But then that means that 𝛾 and 𝜎 agree on 

[0, 𝑇 + 𝜀), contradicting our definition of 𝑇. Hence we must indeed have that 𝑇 = 𝐵. 

∎ 

Proof of Theorem: First we will construct the function Φ in a neighborhood of any point of the 

form (0, 𝑝) ∈ [0, ∞) × 𝜕𝑀 using boundary charts and then use a partition of unity to construct 

the desired Φ. Let (𝑈, 𝜑) be a boundary chart of 𝑀 such that range(𝜑) = ℍ𝑛 (again all of ℍ𝑛 for 

convenience). Consider the pushforward 𝑁̂ = 𝜑∗𝑁 of 𝑁 down to ℍ𝑛 and let 𝑁̂𝐸 denote a smooth 

extension of 𝑁̂ to all of ℝ𝑛 (“𝐸” stands for “extension”). Let 𝜃 ∶ 𝒟 → ℝ𝑛 denote the flow 

generated by 𝑁̂𝐸. Now, let’s intuitively speaking “restrict” 𝜃 to 𝜕ℍ𝑛. Precisely, let’s do this as 

follows: first set ℰ ⊆ 𝒟 to be the set 

ℰ = {(𝑡, 𝑥) ∈ 𝒟 ∶ 𝑥 ∈ 𝜕ℍ𝑛}, 

where it’s not hard to see that this is an embedded submanifold of 𝒟. Let’s observe that ℰ can 

also be viewed as, and in fact is, an open submanifold of ℝ × 𝜕ℍ𝑛. Finally, let 𝜂 ∶ ℰ → ℝ𝑛 

denote the (smooth) restriction of 𝜃 to ℰ. 

Having 𝜂 in hand, let’s concentrate on its behavior near some point of the form (0, 𝑥) ∈ ℰ. Let’s 

choose the point (0,0) for simplicity. Since 𝜂 is the restriction of 𝜃 to 𝜕ℍ𝑛, we have that 

For each   𝑖 ∈ {1, … , 𝑛 − 1}          𝑑𝜂(0,0) (
𝜕

𝜕𝑥𝑖
|

(0,0)
) =

𝜕

𝜕𝑥𝑖
|

(0,0)
, 

𝑑𝜂(0,0) (
𝑑

𝑑𝑡
|

(0,0)
) = 𝑁̂𝐸|

(0,0)
. 

Since the last component of 𝑁̂𝐸|
(0,0)

 is positive (because 𝑁 inward pointing on 𝜕𝑀), this is a 

linearly independent list. So we see that 𝑑𝜂(0,0) is invertible. Thus there exists an open 

neighborhood of (0,0) in ℰ of the form (−𝜀𝜑 , 𝜀𝜑) × 𝑉̂𝜑, where 𝜀𝜑 > 0 and 𝑉̂𝜑 is open in 𝜕ℍ𝑛, on 

which 𝜂 is a local diffeomorphism (the hat ̂  is placed on 𝑉̂𝜑 to remind us that it’s sitting in 

Euclidean space and not on the manifold itself). By shrinking 𝜀𝜑 > 0 and 𝑉̂𝜑 if necessary, let’s 

also assume that 𝑑𝜂(𝑑 𝑑𝑡⁄ ) has positive last component everywhere on (−𝜀𝜑, 𝜀𝜑) × 𝑉̂𝜑. The 

reason for this is to ensure that 𝜂 maps (−𝜀𝜑, 0) × 𝑉̂𝜑 into the 𝑥𝑛 < 0 region and [0, 𝜀𝜑) × 𝑉̂𝜑 

into the 𝑥𝑛 ≥ 0 region (i.e. ℍ𝑛). 

Let’s consider one more restriction. Let 𝜂̃ ∶ [0, 𝜀𝜑) × 𝑉̂𝜑 → ℍ𝑛 be the restriction of 𝜂 to 

[0, 𝜀𝜑) × 𝑉̂𝜑, which we think of as an open submanifold of [0, ∞) × 𝜕ℍ𝑛. I claim that 𝜂̃ is a 

smooth embedding onto an open subset of ℍ𝑛. It’s clearly a smooth immersion since it’s the 

restriction of 𝜂 and 𝜂 itself is a smooth immersion (in fact a “local diffeomorphism”). Now let’s 

show that 𝜂̃ is a topological embedding onto an open subset of ℍ𝑛. We clearly have that 𝜂 is a 

topological embedding onto an open subset of ℝ𝑛. Since 𝜂̃ is a restriction of 𝜂, we have that it is 

also a topological embedding whose image is given by: 
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𝜂 [[0, 𝜀𝜑) × 𝑉̂𝜑] = range(𝜂) ∩ ℍ𝑛, 

where this equality follows from the last sentence of the previous paragraph. This, notice, is an 

open subset of ℍ𝑛 since image(𝜂) is open in ℝ𝑛. So we get that 𝜂̃ is indeed a smooth embedding 

onto an open subset of ℍ𝑛. 

Great! We are now ready to construct a “local form” of Φ using our chart 𝜑. Consider the open 

subset [0, 𝜀𝜑) × 𝜑−1[𝑉̂𝜑] of [0, ∞) × 𝜕𝑀 and define the map Φ𝜑 ∶ [0, 𝜀𝜑) × 𝜑−1[𝑉̂𝜑] → 𝑀 to be 

Φ𝜑 = 𝜑−1 ∘ 𝜂̃ ∘ (id[0,𝜀𝜑) × (𝜑|𝜕𝑀)) 

Explicitly Φ𝜑 maps 

Φ𝜑(𝑡, 𝑝) = 𝜑−1 ∘ 𝜃(𝑡, 𝜑(𝑝)). 

Let’s observe a few things about Φ𝜑𝑘
. First of all, notice that for any 𝑝 ∈ 𝜑−1[𝑉̂𝜑] the curve 𝑡 ↦

Φ𝜑(𝑡, 𝑝) is an integral curve of 𝑁 starting at 𝑝 as the following calculation shows: 

𝑑Φ𝜑 (
𝑑

𝑑𝑡
) = 𝑑𝜑−1 ∘ 𝑑𝜂̃ ∘ 𝑑 (id[0,𝜀𝜑) × (𝜑|𝜕𝑀)) (

𝑑

𝑑𝑡
) = 𝑑𝜑−1 ∘ 𝑑𝜂̃ (

𝑑

𝑑𝑡
) = 𝑑𝜑−1 ∘ 𝑑𝜃 (

𝑑

𝑑𝑡
) 

= 𝑑𝜑−1(𝑁̂𝐸) = 𝑁. 

Notice also that since Φ𝜑 is a composition of maps that are smooth embeddings onto open sets, it 

itself is a smooth embedding onto an open set. We will use these observations below. 

Now we are ready to construct our Φ out of its local forms described above by gluing them 

together using a partition of unity. Let {(𝑈𝑘, 𝜑𝑘)}𝑘=1
∞  be a collection of boundary charts as above 

such that the 𝜑𝑘
−1[𝑉̂𝜑𝑘

] cover 𝜕𝑀 for 𝑘 ∈ ℤ+. Let {𝜓𝑘 ∶ 𝜕𝑀 → [0, ∞)}𝑘=1
∞  be a smooth partition 

of unity subordinate to this open cover of 𝜕𝑀. Let 𝛿 ∶ 𝜕𝑀 → ℝ+ be the following smooth 

positive function: 

𝛿 = ∑ 𝜀𝜑𝑘
𝜓𝑘

∞

𝑘=1

 

(this is well defined of course since the 𝜓𝑘’s are locally finite). Let 𝒫𝛿 be the following open 

subset of [0, ∞) × 𝜕𝑀: 

𝒫𝛿 = {(𝑡, 𝑝) ∶ 𝑝 ∈ 𝜕𝑀   and   0 ≤ 𝑡 < 𝛿(𝑝)} 

Finally, define Φ ∶ 𝒫𝛿 → 𝑀 as follows. For any (𝑡, 𝑝) ∈ 𝒫𝛿, let 𝑘 ∈ ℤ+ be such 𝑝 ∈ 𝜑𝑘
−1[𝑉̂𝜑𝑘

] 

and 𝛿(𝑝) ≤ 𝜀𝜑𝑘
. Then set 

Φ(𝑡, 𝑝) = Φ𝜑𝑘
(𝑡, 𝑝). 
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We need to show that this is well defined. Specifically, we need to show that if 𝑘, 𝑗 ∈ ℤ+ are 

such that both 𝑝 ∈ 𝜑𝑘
−1[𝑉̂𝜑𝑘

], 𝛿(𝑝) ≤ 𝜀𝜑𝑘
 and 𝑝 ∈ 𝜑𝑗

−1 [𝑉̂𝜑𝑗
], 𝛿(𝑝) ≤ 𝜀𝜑𝑗

, then 

Φ𝜑𝑘
(𝑡, 𝑝) = Φ𝜑𝑗

(𝑡, 𝑝). 

But this merely follows from the previous lemma and the fact that both 𝑠 ↦ Φ𝜑𝑘
(𝑠, 𝑝) for 0 ≤

𝑠 < 𝜀𝜑𝑘
 and 𝑠 ↦ Φ𝜑𝑗

(𝑠, 𝑝) for 0 ≤ 𝑠 < 𝜀𝜑𝑗
 are integral curves of 𝑁 starting at 𝑝. So Φ is indeed 

well defined. 

To finish, we need to show that Φ satisfies all of the desired properties stated in the theorem. 

First let’s show that 𝑡 ↦ Φ(𝑡, 𝑝) are integral curves of 𝑁 for every 𝑝 ∈ 𝜕𝑀. This is of course 

immediate from the definition of Φ. Indeed, take any 𝑝 ∈ 𝜕𝑀 and let 𝑘 ∈ ℤ+ be such 𝑝 ∈

𝜑𝑘
−1[𝑉̂𝜑𝑘

] and 𝛿(𝑝) ≤ 𝜀𝜑𝑘
. Then we have that the curve 𝑡 ↦ Φ(𝑡, 𝑝) = Φ𝜑𝑘

(𝑡, 𝑝) for 0 ≤ 𝑡 <

𝛿(𝑝) ≤ 𝜀𝜑𝑘
 is an integral curve of 𝑁. 

Now let’s show that Φ is a smooth embedding onto an open neighborhood of 𝜕𝑀. Let’s do this 

in two parts: first let’s show that it’s injective and then that it’s a smooth embedding onto an 

open neighborhood of 𝜕𝑀. Before we show the injectivity of Φ though, let’s observe one thing 

about Φ: 

Claim: For any 𝑝 ∈ 𝜕𝑀, the integral curve 𝑡 ↦ Φ(𝑡, 𝑝) for 0 ≤ 𝑡 < 𝛿(𝑝) can never hit the 

boundary for 𝑡 > 0. 

Proof of Claim: Take any 𝑝 ∈ 𝜕𝑀. Let 𝑘 ∈ ℤ+ be such 𝑝 ∈ 𝜑𝑘
−1[𝑉̂𝜑𝑘

] and 𝛿(𝑝) ≤ 𝜀𝜑𝑘
. Then we 

have that Φ(𝑡, 𝑝) = Φ𝜑𝑘
(𝑡, 𝑝) for all 0 ≤ 𝑡 < 𝛿(𝑝). But from the construction of Φ𝜑𝑘

 above 

(specifically the condition 𝑑𝜂̃(𝑑 𝑑𝑡⁄ ) has positive last component everywhere) we know that the 

curve 𝑡 ↦ Φ𝜑𝑘
(𝑡, 𝑝) never hits the boundary for 𝑡 > 0. So the same holds for Φ. 

End of proof of claim 

Back to proving the injectivity of Φ then. Suppose that Φ(𝑡0, 𝑝0) = Φ(𝑡1, 𝑝1) for some 

(𝑡0, 𝑝0), (𝑡1, 𝑝1) ∈ 𝒫𝛿. We need to show that (𝑡0, 𝑝0) = (𝑡1, 𝑝1). Let’s suppose without loss of 

generality that 𝑡0 ≤ 𝑡1. Consider the two integral curves 𝛾 ∶ [−𝑡0, 𝛿(𝑝0) − 𝑡0) → 𝑀 and 𝜎 ∶
[−𝑡1, 𝛿(𝑝1) − 𝑡1) → 𝑀 of 𝑁 given by: 

𝛾(𝑠) = Φ(𝑠 + 𝑡0, 𝑝0)     and     𝜎(𝑠) = Φ(𝑠 + 𝑡1, 𝑝1) 

By assumption they have the same starting point: 𝛾(0) = 𝜎(0). So by the previous lemma they 

agree on their common domain. In particular, since 𝑡0 ≤ 𝑡1 we have that 𝛾(−𝑡0) = 𝜎(−𝑡0). In 

other words, we have that: 

Φ(0, 𝑝0) = Φ(𝑡1 − 𝑡0, 𝑝1). 

Since Φ(0, 𝑝0) = 𝑝0, we can further rewrite this as: 

𝑝0 = Φ(𝑡1 − 𝑡0, 𝑝1). 



Haim Grebnev Last saved: September 4, 2022 

6 

 

Now, because 𝑝0 ∈ 𝜕𝑀 this equation in fact implies that 𝑡1 − 𝑡0 = 0 since if 𝑡1 − 𝑡0 were 

positive then we would have that the integral curve 𝑡 ↦ Φ(𝑡, 𝑝) intersects the boundary at the 

positive time 𝑡 = 𝑡1 − 𝑡0, contradicting our above Claim. So indeed 𝑡1 − 𝑡0 = 0 and hence 𝑡0 =

𝑡1. This furthermore tells us that we can rewrite the above equation as: 

𝑝0 = 𝑝1 

since Φ(0, 𝑝1) = 𝑝1. So we have that (𝑡0, 𝑝0) = (𝑡1, 𝑝1) and thus Φ is indeed injective. 

Finally, let’s prove that Φ is a smooth embedding onto an open neighborhood of 𝜕𝑀. Take any 

point (𝑡, 𝑝) ∈ 𝒫𝛿. As usual, let 𝑘 ∈ ℤ+ be such 𝑝 ∈ 𝜑𝑘
−1[𝑉̂𝜑𝑘

] and 𝛿(𝑝) ≤ 𝜀𝜑𝑘
. Then we have that 

Φ = Φ𝜑𝑘
 on the open neighborhood 𝑊𝑘 = [0, 𝜀𝜑𝑘

) × 𝜑−1[𝑉̂𝜑𝑘
] ∩ 𝒫𝛿 of (𝑡, 𝑝) in 𝒫𝛿. Now, we 

showed above that Φ𝜑𝑘
 is a smooth embedding onto an open subset. And here we have that over 

𝑊𝑘, Φ is the restriction of Φ𝜑𝑘
 to the open set 𝑊𝑘. So we have that the restriction of Φ to 𝑊𝑘 is 

also a smooth embedding onto an open subset. Since (𝑡, 𝑝) ∈ 𝒫𝛿 was chosen arbitrarily, with this 

we’ve shown that Φ is a smooth embedding in an open neighborhood of any point in 𝒫𝛿 onto an 

open subset. This combined with the fact that Φ is injective finally gives us that Φ is indeed a 

smooth embedding onto an open set. Since Φ(0, 𝑝) = 𝑝, the image of Φ is clearly an open 

neighborhood of 𝜕𝑀. This proves the theorem. 

∎ 


