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1 Notations and Conventions
Convention 1.1: | use the Einstein summation convention.

Convention 1.2: Unless specified otherwise, “smooth” means C*.

2 Chapter 5
2.1 Definition of Distributions on Manifolds (Definition 5.15)

Hintz defines distributions on manifolds as continuous linear functionals over C°(M; E* @ QM)
or C*°(M; E* @ QOM), but I can’t find where the author defines the mentioned notion of
“continuity.” In this note, I’d like to define and discuss this continuity. Furthermore, Lars
Hormander on page 144 of VVolume 1 in his work The Analysis of Linear Partial Differential
Operators (c.f. [1]) describes an alternative definition of distributions. As a second objective in
this note, I’d like to connect the two definitions provided by Hérmander and Hintz. The first part
of the following is essentially me generalizing the exposition of distributions done in Friedlander
and Joshi’s book Introduction to the Theory of Distributions (c.f. [2]) to the context of manifolds.

* In this section all functions are complex valued and vector bundles are over the field of
complex numbers (i.e. I don’t restrict only to real vector bundles since I don’t see a reason to).

In this section, let M be a smooth manifold without boundary and let (7, F, M) be a smooth
vector bundle over M of rank k. We start with describing the topology of C°(M; F). We won’t
actually define a topology on C:°(M; F), but simply declare what we mean by the words
“continuous” and “convergent” in this context.
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Definition 2.1: We say that a linear functional of the form u : C°(M; F) — C is continuous if
for any coordinate chart (U, (x')) (U S M denotes the domain of the chart), for any frame (b))
of F over U, and any compact set K € U there exists a real number C > 0 and a nonnegative
integer N > 0 such that

k
[{u, ) < Cz z sup|9%¢/| V¢ :suppp S K

j=1|a|sN
Where the ¢/ denote the components of ¢ with respect to (b;): ¢ = ¢/ b;.
I

Definition 2.2: We say that a sequence {¢,} in C;°(M; F) convergesto ¢ € C°(M;F)asr — oo
if there exists a compact set K € M that contains all of the supp ¢,- and if for any coordinate
chart (U, (x%)), any frame (b;) of F over U, any multi-index a, and any compact set Q < U, we

have G“q.’)f converges to %@’ uniformly over Q as r — oo.
I

Theorem 2.3 A linear functional u : C.°(M; F) — C is continuous if and only if it is sequentially
continuous in the sense of Definition 2.2 above.

Proof: First suppose that u is continuous. Take any sequence {¢,} converging to ¢ in

C(M; F). Let K € M be a compact subset containing all of the supp ¢,.. Cover K by coordinate
charts {(Us, (x)) : s = 1, ..., m} with frames (b?) of F over U fors = 1,...,m. Let U =

UM, Usandlet{p; : U » R:s =1,..,m} be a partition of unity subordinate to the cover {U,}.
By linearity we have that

(u, ¢r) = Z(u: ps¢r)
s=1

and similarly with ¢, replaced by ¢. From this we see that it will be suffice to show that
(u, psy) = (u, psp) asr — oo forevery s = 1, ...,m. Fixany s = 1, ..., m. By the definition of
u’s continuity, there exist C > 0 and N > 0 such that in the coordinates (x.) and frame (b;)

k
{u, )| < CZ Z Sup|6“l/)j| VY : supp Y S supp ps.

j=1|a|sN

Hence by the product rule and the fact that p, and all of its partials are bounded, we get that

k

k
) Ps\Pr — <C 0% s 1].'— J <cC' o« 7{'_ J
sy N < €Y Y suplo“fou(@f -] sy Y sup [0°[6! - o/

< . s
j=1lalsN j=1|a|sN
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for some constant C’ > 0 independent of r. Since by assumption each ab’qu converges
uniformly to 85 ¢/ over supp ps, this shows that indeed (u, ps¢,) = (u, psp) as r — oo.

Now let’s prove the other direction: suppose that u is sequentially continuous in the sense of
Definition 2.2 above. We will prove that u is continuous by contradiction: suppose not! Then
there exists a coordinate chart (U, (x")), a frame (bj) of F over U, and a compact set K < U such
that for any integer € > 0 and any N > 0 there exists a nonzero ¢ y € C.°(M; F) such that
suppycn € K and

2.4 [ pen)| > €D > sup|o“plyl

j=1|a|sN
Consider the sequence {¢,.} for r = 1,2,3, ... given by

_ l/)r,r
JDYED> o=l
T Lj=1 Z]a|<r SUP lpr,r

All of the supp ¢,- are contained in K and it’s clear from the above expression that for every
multi-index 8 we have that 9# ¢, — 0 uniformly. It’s not hard to see then that ¢, — 0 in

C°(M; F) and hence by u’s continuity we have that (u, ¢,.) — 0. But that’s a contradiction since
by (2.4) above we have that each [(u, ¢,-)| > 1. Hence indeed u must be continuous.

br

Definition 2.5: Suppose that u : C;°(M; F) — C is a continuous linear functional. We define the
distributional support of u, denoted by supp u, to be the complement of the following set

{x € M : 3 open neighborhood U of x such that (u, ¢) = 0 V¢ € C°(M; F) : supp ¢ S U}.
I

Warning: The distributional support of u is not the support of u in the topology of C.°(M; F).
Furthermore, the term “distributional support” is not standard but will simply be used in this
section. When talking about distributions, people call the “distributional support” simply the
“support” of u.

Definition 2.6: Suppose that {u,. : C;°(M; F) - C where r = 1,2,3, ... } is a sequence of
continuous linear functionals and that u : C.°(M; F) — C is a continuous linear functional. We
say that the sequence {u,.} converges to u if for all ¢ € C°(M; F), (u,, ¢) = (u,¢) asr — oo,

I

Definition 2.7: Suppose that u : CZ°(M; F) — C is a continuous linear functional and that ¢ €
C*”(M). We define the left-multiplication ¢u to be the continuous linear functional ¢u :
CZ(M;F) - Cgiven by

(Pu, ¥) = (u, Ppy) VY € C°(M; F).
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We leave it to the reader to check the claim that ¢u is indeed continuous.

I

Next we transition to discussing what it means for a linear functional over C*(M; F) to be
continuous. For C* (M; F) it’s actually not hard to define the topology and so, unlike above, we
can define a genuine notion of continuity and convergence in this context.

Definition 2.8: For any coordinate chart (U, (x%)), for any frame (b)) of F over U, for any
compactset K € U, forany | = 1, ..., k, and any multi-index a, we let Pw,aiy.bpKla

C”(M; F) - [0, ) denote the seminorm given by
Pw, @iy, bk 1a(P) = sup|a*¢!.

xX€EK

We define the topology on C*(M; F) to be the one generated by such seminorms.

I
Theorem 2.9: With the topology above, C*(M; F) is a Fréchet space.
Proof: It will be sufficient to show that

1. We can pick out a countable family of the seminorms in Definition 2.8 above that
determines the same topology,

2. Any Cauchy sequence in C*(M; F) converges (i.e. C*(M; F) is complete).

Let’s start with showing (1). Let {(U,, (x%)) : r = 1,2,3, ...} be a countable cover of M and let
(b;) be a frame of F over each U,.. For each r, let {K, s : s = 1,2,3, ... } be a compact exhaustion

of U, and consider the countable family of seminorms {p, s, s = P, (xi)),bT)K. Uﬁ}. Now, take
r\Ar))\Vj)RrsV,

any coordinate chart (U, (x%)), any frame (bj) of F over U, any compactset K < U, any [ =
1,...,k, any multi-index «, and consider their associated seminorm p = p .y iy s y k 1,0+ I’ DOt
hard to see that if we can show that p can be bounded by a finite sum of the p,.; 5’s, we’ll be
done. Let {Kr t=1,.., m} be a finite subset such that the interiors of the K,._,, cover K.

tSt

Then for any ¢ € C*(M; F) we have that

m

m
p($) = suplag!| < ) sup ol < ) sup laggll
X€
t=1

= xEKnKTt‘St xEKrt,St

Now, over K, .. the partial 0 can be expressed as a big linear combination of partials of the
form afr for |B| < || with coefficients in terms of dx* /dx} and their partials over K, .
Observe that such coefficients are bounded over K,, ;.. Furthermore, over K, , the “I"”
component of a section of F with respect to (b;) (e.g. “@'”) can be expressed as a linear
combination of the components of the same section with respect to (bjrt) with coefficients in

terms of the transition matrix from (bjrf) to (b;) and their partials. Such coefficients are also

4
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bounded over K,. .. It’s not hard to see that this implies that there exists some C > 0
independent of ¢ such that (here ¢” in each term is the component of ¢ with respect to (bjrf))

p@®) <C ii Z Ju oo = ii D Pruseos@®).

Blslal

Now let’s prove (2). Suppose that {¢,,} is a sequence such that each p,. s, 5 (q[)u — ¢v) - 0as
1, v — oo. We have to show that {¢;} converges to some ¢ in € (M; F). By assumption then we
immediately have that each

as WU,V - oo,

sup |02 [op — ¢3]| ~
X€EKy s

In other words, {gb;{} is a sequence uniformly convergent in all partials over a compact
exhaustion of U,. It’s well known that this implies that there exists a function ¢f € C*(U,) such
that sup |(’)fr¢}j — afr¢”| — 0 as u — . We leave it to the reader to show that for any r, r’ such
that U, N U, # 9, ¢£bf = i,bjr' (no implicit summation in r or r"), which in fact quickly
follows from the continuity of the transition charts for F. Hence we can patch up to get a well-
defined smooth section ¢ € C*(M; F) such that each

Pr,sv,p ((pu - d)) = xSElIl<p |afr [d)ﬁ -

as U — oo,

In other words, {¢,,} converges to ¢ in C*(M; F) and hence we’re done.

Having defined the topology of C*(M; F), it’s clear what we mean by a linear functional u :
C”(M; F) — C to be continuous. Since C*(M; F) is a Fréchet space, we automatically get that
such a u is continuous if and only if its sequentially continuous.

Definition 2.10: We impose the weak™* topology on the set of continuous linear functional of the
formu: C*(M;F) - C.

I

We define left multiplication of smooth functions on continuous linear functionals over
C”(M; F) analogously to Definition 2.7 above:

Definition 2.11: Suppose that u : C*(M; F) — C is a continuous linear functional and that ¢ €
C*”(M). We define the left-multiplication ¢u to be the continuous linear functional ¢u :
C*(M;F) — Cgiven by

(Pu, ¥) = (u, Ppy) v € C*(M; F).

We leave it to the reader to check the claim that ¢u is indeed continuous.
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I

It turns out that we can think of the set of continuous linear functionals of compact distributional
support as the set of linear functionals over C*(M; F). The following theorem tells us how we
make such an identification.

Theorem 2.12: The following are true:

1. Ifu:CZ(M;F) - Cisacontinuous linear functional of compact distributional support,
then there exists a unique continuous linear functional v : C*(M; F) — C that extends u.

2. Ifv:C®(M;F) - Cisacontinuous linear functional, then v restricts to a continuous
linear functional u over C;°(M; F) of compact distributional support.

Proof: I will write “support” instead of “distributional support” in this proof for brevity. Item (2)
follows if one shows that u is sequentially continuous, which will follow if one shows that a
sequence converging in C;°(M; F) implies that it converges in C*(M; F). It’s not hard to see
however that the latter is true simply by looking at Definition 2.2 and Definition 2.8 above.

Hence let’s just show (1). Suppose that u : C:°(M; F) — C is a continuous linear functional with
compact support. Let p : C.°(M) be a function that is identically one in a neighborhood of the
support of u. For any smooth section ¢ € C°(M; F) we have that

(w, @) = (u, pgp) + (u, (1 — p) ).

Since supp(1 — p)¢ S M \ supp u, we have by the definition of the support of u that the
second term on the right-hand side is zero. Hence if we define v : C*(M; F) — C to be the linear
functional (v, y¥) = (u, py) forall Y € C*(M; F), then v will extend u.

Let’s show that v is continuous. Let {(U,, (x})) : r = 1, ..., m} be a finite collection of
coordinates of M that cover supp p and let {(b;) : v = 1, ..., m} be a finite collection of frames
for F over the U, respectively. Let U = UL, U, and let {6, : U » Rforr =1, ...,m}bea
partition of unity subordinate to {U,.}. Without loss of generality, we can suppose that we chose
each U, to have compact closure and so each supp 6, is compact. Now, we have that for any ¢ €
C*(M; F)

[, @) = I, pd)| < ) [, p6, B,
r=1

Observe that for any ¢p € C*(M; F), the support of each p6,.¢ is contained in the compact set
supp 6,.. Hence by the continuity of u we see that there exist C, N > 0 such that for any ¢ €
C*(M; F) the above quantity is bounded by

eSS suplot oo,

r=1j=1|a|sN
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where for every r, p8,.¢/ is the component of p8,.¢ with respect to (b;). By applying the
product rule to dy. [perq)f] and using that p6,. and its partials are bounded, we arrive that for
some other € > 0

(v, p) < C izk: z sup |0 Vo € C°(M;F).

1|12 Nxesupp (%
Hence indeed v is continuous.

The only thing left to show is that v is the unique such continuous extension. To see why,
suppose that ¥ was another. Then v — ¥ is also continuous. Hence by definition there exist a
finite collection {(U,, (x.)) : r = 1, ..., m} of coordinates of M, a finite collection {(B)):r=
1, ..., m} of frames for F over the U, respectively, a finite collection {K, € U, : r = 1, ..., m} of
compact sets, and constants C, N > 0 such that

(v —5,¢)| < czz Z sup|as, ¢/ Vo € C°(M; F),

where for every r, ¢/ in sup|dg ¢/| is the component of ¢ with respect to (b]"). From this

equation we see that if ¢ € C*(M; F) is such that supp ¢ is disjoint from all of the K., then v —
¥ applied to it will be zero. Hence, if take a compactly supported p € C:°(M) that is identically
one on all of the K., we see that

(U—ﬁ,(]b) = (U—ﬁ,p(P) = (u_u'p¢> = 0.

Hence indeed v = ¥

We note that if u : C°(M;F) » Cand v : C*(M; F) — C are continuous linear functionals
where v is the unique extension of u as described in Theorem 2.12 above and ¢ € C*(M) is a
smooth function, then it’s not hard to see that ¢v is the unique continuous extension of ¢u.

Furthermore, we remark that because of the Theorem 2.12 above, if we have a continuous linear
functional u : C;°(M; F) — C of compact distributional support then it’s standard to use the same
letter u to denote its unique continuous extension to C*(M; F).

Theorem 2.13: It holds that
1. CZ(M;F)isdensein C*(M;F),

2. Linear functionals over C°(M; F) of compact distributional support are dense in the
space of continuous linear functionals over C°(M; F).

Proof: Let {K, : r = 1,2,3, ... } be a compact exhaustion of M and let {p,, € C°(M) : r =
1,2,3, ...} be such that each p,, = 1 on K,.. To prove (1), take any ¢ € C*(M; F) and consider the
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sequence {p,¢ € C°(M;F) : r = 1,2,3,...}. We claim that p,¢p - ¢ in C*(M; F). To prove
this, it’s sufficient to take any coordinate chart (U, (x")), any frame (b;) of F over U, any
compactset K € U, any [ = 1, ..., k, any multi-index a, and show that

p(u,(xi)),(bj),x,z,a(pr¢) = i‘élgwa[Pr(ﬁl — ¢!l >0 as r - o,

But since the support of p,- will eventually cover all of K as r — oo, this obviously holds.

To prove (2), take any continuous linear functional u : C°(M; F) — C. Consider the sequence
{p,u € C(M;F):r=123,..}. It’s not hard to see that each p,.u is of compact distributional
support. Now, take any ¢p € C°(M; F). Eventually the support of p,- will cover supp ¢ asr —
oo, and hence eventually

(pru: ¢> =(u, pr¢> =(u, ¢>

In particular, we get that {p,u, ¢) = (u, ¢) asr - oo for all ¢ € C°(M; F). This implies that
p-u — u and hence the theorem is proved.

Having discussed continuity of linear functionals over CZ°(M; F) and C* (M; F), the notations
D(M), E(M), D(M; E), and E(M; E) in Hintz’ Definition 5.14 make sense.

Finally, let’s discuss Hérmander’s definition of distributions and relate it to Hintz’ Definition.

Definition 2.14: (Hérmander’s alternative definition of D’ (M)) Suppose that to every smooth
chart (U, @) of M (i.e. ¢ : U = @[U] € RY™M js the chart) we assign a “classical” distribution
U,g) : € (@[U]) - Cas defined in 81.3 in [2]. Suppose furthermore that we assigned them so
that for any two charts (U, ¢) and (U’, ¢') such that U n U" # @ (I omit writing appropriate
domain restrictions in the following equation),

U,p) = (2 go)*u(U',qo')

where the pullback is defined in 87.1 in [2]. Then we call this set {u(U,(p) :
(U, @) smooth chart ofM} a distribution in D' (M).

I

There is a canonical one-to-one correspondence between Hormander’s and Hintz’s definitions of
D'(M), which we state in the next theorem. To get ready, let Dy;.., (M) and Dy, (M) denote
Hormander’s and Hintz’s definitions of distributions respectively. We proceed to define maps

F : Dijsrm (M) = Dy, (M) and G : Dyyi, (M) = Dy (M) that we will show are inverses of
each other and hence provide the desired canonical one-to-one identification between Dy, (M)
and DI,LIintz (M)

For any {u(y,¢)} € Diisrm (M) as in Definition 2.14 above, let F(u) : C°(M; QM) — C be the
following distribution. Take any ¢ € C(M; QM). Cover supp ¢ by charts {(Us, ¢ = (x})) :
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s=1,.,m}of M. LetU = UL, Usand let {ps : U = R : s = 1, ..., m} be a partition of unity
subordinate to the cover {U}. For each s = 1, ..., m, let ¢; denote the component of ¢ with
respect to |dxl A ... A dx3™™) | Then we set

(2.15) (FAOB) = D gy, oty Pschs © 05)
s=1

We need to show that this is well defined. Suppose that {(U}, ;. = (x})) : v =1, ...,m'} and
{p,: U ->R:r=1,..,m'}are similar objects as above. We need to show that

!

m m
(2.16) z (u(US,(xé))’ PsPs © @s) = z <u(Ur,(x,’,i))’ PrPr © 1)
s=1 r=1
where ¢/, is the component of ¢ with respect to |dx. A ... A dx. Y™ |. The right-hand side is
equal to
m m
Z Z (U, xtiyy PsPrPr © @r)
r=1s=1
m' m
= z Z ((pr ° 05 ) Uy (riyy, |det D(@r 0 o5 D™ psprpy © @)
r=1s=1
Since uy, iy = (@r © 95 Uy riy) ANd ¢s = |det D(gpy o 5 )|~ ¢y, this is equal to

m' m m
Z Z <u(US,(xsi))' PsPrPs © Ps) = z (u(US,(xé'))' PsPs © ©5)
r=1s=1 —

s=1
and hence (2.16) is established.

Next let’s show that F(u) is continuous. Take any coordinate chart (U, (x")), any frame (b;) of
F over U, and any compact set K < U. Since u, (i), is a distribution as defined in [2], there

exist C, N > 0 such that
(u(U,(xi));l/)>| <C Z sup|d*y| VY e CF(M) :suppy € K.
|a|sN

Then for any ¢ € C°(M; QM) such that supp ¢ < K, if we let ¢, denote the component of ¢
with respect to |dx® A ... A dx@™™)| then it’s not hard to see that (2.15) implies that

[ ) = [y iy 0] < € D supla“epyl.

|a|sN

Hence indeed F (u) is continuous and thus an element of Dyy;,.,(M).
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Now take any u € Djy;.,(M) and let G(u) be the following element of Dyy;,.,,(M). For any chart
(U, (x) = @) and any ¥ € C°(p[U]) set

(G, xiyy ¥) = (W, P o @ldxt A A dxdimM|y,

Let’s check that this is indeed a distribution as defined in [2]. Choose any compact set K <
@|[U]. Since u is continuous, there exist C, N > 0 satisfying that for any ¢ € C°(M; QM) such
that supp ¢ S ¢ [K]

@) <C ) supla“s,]

|a|sN

where ¢, denotes the component of ¢ with respect to |dx® A ... A dx9™™)| Hence for any ¥ €
C&(e[U]) such that suppy € K,

(G ey W S C ) supla®yl,

|a|sN
and so indeed G(u) is a distribution as defined in [2].

Theorem 2.17: The maps F : Dyisrm (M) = Dijin, (M) and G : Dy, (M) = Dyysem (M) defined
above are inverses of each other.

Proof: We leave it to the reader as an exercise. It’s not hard: the above discussion essentially has
all of the details.

2.2  Proof of Schwartz Kernel Theorem

Hintz states the Schwartz kernel theorem on manifolds in Theorem 5.16, however he doesn’t
provide the proof since he’s probably leaving it as an exercise. Here I’d like to provide the proof
of this theorem that uses the version of the Schwartz kernel theorem in Euclidean space (c.f. [2]
for the latter). Furthermore, I’d like to work through the slightly more general form of the
theorem in which we allow for two different manifolds to be involved.

Theorem 2.18: Suppose that M and N are smooth manifolds without boundaries and that £ —
M and F — N are two smooth vector bundles. Letr;, : N XM - Nand g : N XM - M
denote the maps (p, q) — p and (p, q) — q respectively, and let QM and QN denote the density
bundles of M and N respectively. Then

1. for any sequentially continuous linear map A : C.°(M; E) » D'(N; F), there exists a
continuous linear functional K € CZ°(N X M; ; (F* @ 2N) @ nxE) — C that satisfies

(2.19) (Ap, ¥) = (K, @ mrp) Ve € C°(M;E) Vi € C°(N; F* @ 22N).

2. for any continuous linear functional K € C.°(N X M;; (F* @ 2N) ® nxE) — C, the
linear map A : C°(M; E) » D'(N; F) given by (2.19) above is sequentially continuous.

10
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Proof: I will not use the Einstein summation convention in this proof. Let’s start by proving (2).
Pick any such K. First let’s check that the associated map A maps between the claimed spaces.
Take any ¢ € C°(M; E). We need to check that A¢ is a continuous linear functional over
CZ(N; F* ® QN). Fix any coordinate chart (V, (y)) of N (V denotes the domain of the chart),
any frame (f;) of F* ® QN over V, and any compact set @ < V. Let {(U,, x)):r=1,..,m}
be a finite cover of supp ¢ by coordinate charts of M and fix a frame (e;) over every U,.. Let
U =UM, U, and let {p, € CZ(U) : r = 1, ..., m} be a partition of unity subordinate to {U,.}.
Then for any ¢ € C°(N; F* @ QN) such that suppy € Q,

Ap ) = D (Kt @ Th(ord)).
r=1

By the continuity of K, there exist C,n > 0 such that for each r,

I(K,w)ISCZ Z sup|63‘}afrwf|
j lallBlsn

Vw € CP(N X M;t;(F* ® QN) @ mHE) : supp w € ;1 [Q] N mx  [supp p, ],
where w’ are the components of w in the frame (7} (fj), mr(e])). Hence

m rank F rank E

App<c) > > suplogwi - o ()|
r=1 j=1 I=1

where 1/ are the components of v in the frame (f;) and pr@* are the components of p,-¢ in the

frame (e]’). Using that the afr (p,¢') are bounded, its not hard to see that this shows that A¢ is
indeed continuous. We leave it to the reader to show that A itself is sequentially continuous since
the details involved are very similar to what we just did.

Now let’s prove (1). Fix any such A, and let’s construct the desired K. Resetting our notation, let
{(U,, (1)) : v = 1,2, ...} be a countable cover of M and let {p,, € C(M) : r =1,2,...} bea
partition of unit subordinate to this cover. For each r, let (e;,) be a frame for E over U,..

Similarly, let {(V, (ysj) : s = 1,2,...} be a countable cover of N and let {o;, € CZ°(N) : s =
1,2, ... } be a partition of unit subordinate to this cover. For each s, let (£,%) be a frame for F* Q
QN over V;. We have that for any ¢ € C°(M; E) and any ¢ € C°(N; F* @ QN)

(Ap ) = ) (A(p,$). psth).
r,s=1

Now each term in this sum can be written as

rank E rank F

>0 D Alerder] (o).

u=1

11
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where p ¢* and g, are the components of p,.¢ and oy with respect to (e;;) and (). Fix
any r, s, u, v and consider the linear map 4, 5 ,,, : D'(U,) = D'(V;), where D' (U,.) and D’ (V;)
are the ordinary spaces of distributions as defined in [2], given by

(Ar syt v) = (Aluel ] vfS)  vue C2(U,) vve V)

(we leave it to the reader to show that 4, ; ,,, maps between the claimed spaces). Observe that if
we took a sequence {u.} € C°(U,) that goes to zero as t — oo as defined in [2], then (p,u;)e;
would also go to zero as defined in Definition 2.2 above. Hence by the continuity of A the above
equation tells us that (A4, s, u, v) = 0 as t — oo forany v € C°(V;). In other words, A4, ,, is
also sequentially continuous. Thus by the version of the Schwartz kernel theorem proved in [2],
A, v has a Schwartz kernel Q. ., € D' (V; X U,.) satisfying

(Ar,s,u,vu: v) = (Qr,s,u,v'v & u) Vu € Ccoo(Ur) Vv € Ccoo (Vs)
Let Ky sy : Co(N X Myt (F* @ QN) ® mrE) — C be given by

(Kr,s,u,v: w) = (Qr,s,u,v' proswh)

where w#V is the component of w in * £;7 @ m*e]; with respect to the full frame (7; £, ®
n;e;,). We leave it to the reader to show that K, 5 , ,, is continuous (hint: show sequential
continuity). It’s not hard to see that

(A[(orp")ei], (s ™)) = (K g0 T @ ).

Hence we get that

o rankE rankF

W = > > D (KyspTith @ Ti).
v=1

rs=1 u=1

Observe that the (distributional) support of each K, 5 ,, ,, is contained in supp p,. X supp p;. By
construction, the latter is locally finite as r and s vary from 1 to co. It’s not hard to see that this
implies that the sum of distributions K = Y%, Zran<E yrankF g, o is well defined,
continuous, and furthermore

(Ap, ) = (K, 1Y @ TR p).
This proves (1).

If one is not interested in the case when the vector bundles E, F are present, then one has the
following result whose proof is essentially the same as the theorem above.

Theorem 2.20: Suppose that M and N are smooth manifolds without boundaries. Let m; :
N XM — Nandmg : N X M — M denote the maps (p,q) = p and (p, q) = q respectively, and
let QM and QN denote the density bundles of M and N respectively. Then

12
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1. for any sequentially continuous linear map A : C°(M) — D'(N), there exists a
continuous linear functional K € C(N x M;m;(2N)) — C that satisfies

2.21)  (Ap) = (K, iy ® i) Vo € C2(M) Wi € C(N; ON).

2. For any continuous linear functional K € CC°°(N X M; nz([)N)) — C, the linear map A :
CZ (M) » D'(N) given by (2.21) above is sequentially continuous.

2.3  Smooth Schwartz Kernels

Hintz in his notes discusses the form of Schwartz Kernels when the kernels are smooth. In these
notes I’d like to elaborate on that with the additional relaxation of not requiring the two
manifolds to be identical.

Suppose that M and N are smooth manifolds without boundaries of dimensions m and n
respectively, and that E - M and F — N are smooth vector bundles. Lett;, : N X M - M and
g : N X M — N denote the maps (p,q) = p and (p, q) — q respectively and let QM, QN, and
Q(N x M) denote the density bundles of M, N, and N x M respectively.

If the Schwartz Kernel of a continuous linear operator A : CZ°(M; E) — D'(N; F) is smooth, then
mathematicians will say that it is of the form

(2.22) K e C®(NxM;niF @ ni(E* ® OM)).

In this note, I’d like to discuss how and why such K’s are canonically identified with being
continuous linear functionals of the form C°(N X M; nr; (F* @ QN) ® nrE) — C. To do this,
let’s define a natural map C that “combines” sections of [ (F* @ QM) @ nzE and n;F ®
nr(E* @ QM) and outputs a section of Q(N x M).

We do this locally. Fix any point (p,q) € N X M where p € N and q € M. Let (V, (y/)) and
(U, (x%)) be coordinates of N and M in neighborhoods of p and g respectively (U and V denote
the coordinates’ domains), which of course generate coordinates (y’,x") of N x M. Let (e,,),

™), (f,), (f™) be frames for E, E*, F, F* over U and V accordingly. Then, over V x U we
define

(2.23)
c(ami(FY @ ldy* A..Ady") @ mre,  BYTLf, @ mi(e™ @ |dx* A .. dx™]))
= aybyldy* A..Ady™ Adx A .. Adx™].

Let’s check that this is well defined. Suppose that (U, (¥1)), (V, (5/)), (&,), (€*¥), (). (F*")
are similar quantities as above. We have to show that over (V x U) n (V x U) the above
quantity is equal to

(2.24) aLbyldyt A .. AdF" AdELA A DE™

13
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where ' and E;{ represent the components of the same sections involved in the previous

equation but with respect to the frames that have “tildes” over them. Let A and B be the matrices
in the relations

&, = Aley and  f, =Blf,
whose inverses recall satisfy
&t = (A1) e and fv= B~y f™.
We leave it to the reader to show that (with lack of sufficient indices, | put hats over the indices

in the second quantity below)

ay * ~ v *[pV]...* —1\A 0X|] =7
det@” i [AY]an and by = TL'L[B%]T[R [(A D2 |deta” bg.
Hence using this and the transformation law from |dy* A .. Ady™ Adx® A ... A dx™| to
l[dJt A . AdY™ AdEL A ... AdXE™|, we get that (2.23) is equal to (the following is one big
quantity written in two lines)

R ACED)

ay S > 0X|1 ~5
(T[Z [(B_l)z det%” Th [Af{]d%) (th [BY |7k [(A_l)% |det£” b}{)

dx
det%” Ayt A . AdFT AAEL A A dE™Y.

ad
T [ deta—i;” TR [

Because there are so many matrices and their inverses involved here, essentially everything
cancels out to give (2.24). Hence C is indeed well defined.

Having established this, we are ready to discuss how (2.22) is associated to a linear functional of
the form we were mentioning earlier. Take any K as in (2.22). Forany ¢p € C°(N X
M;[(F* Q QON) @ mrE) we set

(K, b) = f (K, ).

NXM

This obviously linear in ¢. Let’s see why it’s also continuous. Observe for instance that if we
took a compact subset Q < V x U of the above coordinates, the above equation in local
coordinates would look like

f Ky ¢y dy'...dy"dx! ...dx™,
VXU

where the ¢,; are supported in Q. It should be clear from here that the action of K on ¢ is indeed
continuous.

14
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