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Notations and Conventions 

Convention: All manifolds are without boundary by default (i.e. unless stated otherwise). 

Convention: All appropriate structures/maps are assumed to be smooth (𝐶∞) unless stated 

otherwise. 

Convention: In a topological space, all neighborhoods are open unless stated otherwise. 

Convention: The symbol ℝ+ denotes the set of positive real numbers: ℝ+ = {𝑥 ∈ ℝ ∶ 𝑥 > 0}. 

Definition: A regular domain is a smooth properly embedded submanifold with boundary of 

codimension zero. 

Notation: If (𝑀, 𝑔) is a Riemannian manifold possibly with boundary, then Ω(𝑀) denotes its 

unit sphere bundle. 

Notation: Suppose that (𝑀, 𝑔) is a Riemannian manifold with boundary and let 𝜈 ∶ 𝜕𝑀 → 𝑇𝑀 

denote the inward pointing unit normal vector field at the boundary. Then the following denote: 

𝜕+Ω(𝑀) = {(𝑥, 𝑤) ∈ Ω(𝑀) ∶ 〈𝜈, 𝑤〉 ≥ 0}, 

𝜕0Ω(𝑀) = {(𝑥, 𝑤) ∈ Ω(𝑀) ∶ 〈𝜈, 𝑤〉 = 0}, 

𝜕−Ω(𝑀) = {(𝑥, 𝑤) ∈ Ω(𝑀) ∶ 〈𝜈, 𝑤〉 ≤ 0}. 

The set 𝜕0Ω(𝑀) is also called the glancing region. 

Definition: If (𝑀, 𝑔) is a compact Riemannian manifold with boundary, then 

[−𝜏−(𝑥, 𝑣), 𝜏+(𝑥, 𝑣)] denotes the domain of 𝛾𝑥,𝑣 where (𝑥, 𝑣) ∈ 𝑆𝑀. We also write 𝜏(𝑥, 𝑣) =

𝜏+(𝑥, 𝑣), which is called the exit time function. 
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Commentary 

A Boundary Value Problem on the Unit Sphere Bundle (Page 1097) 

I feel the need to write down some calculations as I read this article, so here’s one: 

Theorem: Suppose that (𝑀, 𝑔) is a Riemannian manifold with boundary. Let (𝑆, �̃�) be a 

Riemannian manifold (without boundary) that contains 𝑀 as a regular domain such that the 

inclusion 𝑀 ↪ 𝑁 is an isometry. Let 𝜑𝑡 ∶ 𝛺(𝑆) × ℝ → 𝛺(𝑆) denote geodesic flow on 𝛺(𝑆) and 

let ℋ = (𝑑 𝑑𝑡⁄ )𝜑𝑡|𝑡=0 denote the geodesic vector field over 𝛺(𝑆). Then for any 𝑓 ∈ 𝐶∞(𝛺(𝑆)), 

a solution to the transport equation 

ℋ𝑢 = −𝑓,     𝑢|𝜕−𝛺(𝑀) = 0 

is given by 

𝑢𝑓(𝑥, 𝜉) = ∫ 𝑓(𝜑𝑡(𝑥, 𝜉))𝑑𝑡

𝜏(𝑥,𝜉)

0

,     (𝑥, 𝜉) ∈ 𝛺(𝑀). 

Proof: This is merely a computation. Pick any (𝑥, 𝜉) ∈ Ω(𝑀). Then for any appropriate Δ𝑡 ∈ ℝ 

we have that (in the second equality below I use the fundamental properties of flows) 

𝑢𝑓 ∘ 𝜑Δ𝑡(𝑥, 𝜉) = ∫ 𝑓 (𝜑𝑡(𝜑Δ𝑡(𝑥, 𝜉))) 𝑑𝑡

𝜏(𝜑Δ𝑡(𝑥,𝜉))

0

= ∫ 𝑓(𝜑𝑡+Δ𝑡(𝑥, 𝜉))𝑑𝑡

𝜏(𝑥,𝜉)−Δ𝑡

0

 

= ∫ 𝑓(𝜑𝑠(𝑥, 𝜉))𝑑𝑠

𝜏(𝑥,𝜉)

Δ𝑡

. 

Thus 

ℋ𝑢𝑓|
(𝑥,𝜉)

=
𝑑

𝑑𝑡
(𝑢𝑓 ∘ 𝜑𝑡(𝑥, 𝜉))|

𝑡=0
= lim

Δ𝑡→0
(

1

Δ𝑡
[𝑢𝑓 ∘ 𝜑Δ𝑡(𝑥, 𝜉) − 𝑢𝑓(𝑥, 𝜉)]) 

= − lim
Δ𝑡→0

1

Δ𝑡
∫ 𝑓(𝜑𝑡(𝑥, 𝜉))𝑑𝑡

Δ𝑡

0

= 𝑓(𝜑0(𝑥, 𝜉)) = 𝑓(𝑥, 𝜉). 

So 𝑢𝑓 indeed satisfies the property that ℋ𝑢𝑓 = 𝑓. The boundary condition that 𝑢𝑓 = 0 over 

𝜕−Ω(𝑀) holds trivially since 𝜏(𝑥, 𝜉) = 0 over (𝑥, 𝜉) ∈ 𝜕−Ω(𝑀). 


