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1 Page 2858 (PDF page 3) Metric on the b-cotangent bundle

OM, if (p,y1,...,yn) are local coordinates near M. The dual metric to g,
viewed as a metric on *T*M |ar, extends smoothly to M but degenerates

This metric on °T*M|,, has the following explicit form near the boundary. Adopt the notation at
the end of the section on the b-cotangent bundle in my “Miscellaneous Notes” where the
boundary coordinates (x, y?, ..., y™) are also chosen so that the metric g is in normal form:
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dx* + hy,dy*dy”
xZ

g:

)

where h,,, are smooth functions (that can depend on the x direction as well). Its associated

matrix is
h11
peA )

The metric on T*M in these coordinates is then given by

hilt ...
[hnl ]
The associated metric on bT*M|M over these coordinates is explicitly given by (see my
mentioned notes for [, 7%, ..., ™)

b 14 A — 1 y 1 A
glal+a,r?, Bl +prt) =g axxdx + a,dy ,ﬂxxdx + By dy
= a,fy + x> a, B;.
The associated matrix for this is of course:
1 0
e hll hln
A [ | |
hnl hnn

Notice that this is indeed smooth all the way to the boundary but it degenerates (i.e. doesn’t
remain positive definite) at the boundary.

2 Page 2865 (PDF page 10) Inward/Outward Pointing Vectors in the b-
Cotangent Bundle

It is easily verified that the function £ — & is an invariant on *T* M|, 7,
i.e. it is independent of the choice of coordinates (p,y). In particular, the

Let’s show that this map is indeed invariant of the choice of coordinates. Take any point p, €
oM on the boundary. Let (U, ¢ = (x,y?1,...,y™)) be local coordinates of M such that {x = 0} €
oM, lety € C* (M) be a bump function supported in U that is identically one over an open set
U < U containing p,, and consider the local trivialization of ?TM over U constructed from
these as I do in my “Miscellaneous Notes.” Let (I, 71, ...,7™) denote the coframe dual to the

2
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natural frame of this trivialization (i.e. the frame p - [xd/dx], andp » [a/ayﬂ]p over p € U).
Let (U, ¢ = (%, 7%, ...,7™), ¥, U, and (I, #1, ..., #™) be another set of such quantities that satisfy
these same properties. What we want to prove will be shown if we can demonstrate that

Elpo Ty = Sy, + Ty = §=%.
To do this, let’s simply derive the transformation law from (I, #%) to (I, 7*). Concentrating on
the interior first and recalling the (bijective) identification F* : T*M|M - bTM|M from my

“Miscellaneous Notes,” observe that for any element &l + n,r* = &l + 7j,r* of PT*M at any
pointof UNUN M,

A A
€l+mr*=F*<€1dx+mdyl) Elax+mal dax + la—xﬂuay dy*
X 0x x OyH ayH

x 0%
B xax_l_ _oy* Ty 1 ox N ay* W S
=\$xa T 5z xogn T gy | = SLA LT

1 0x ay*

n=€xay“ M g5

These actually hold at the boundary dM as well because it’s not hard to see that all of the
quantities in the above two equations extend continuously to dM. In fact, we have that at any
boundary point, such as p, € dM, the above first equation reduces to & = £. This is what we
wanted to show.

3 Page 2866 (PDF page 11) The £TM smooth vector bundle

LV:{VGCW(H;TH):V\aM:Oand( W(z) € L, € OM}.

In the usual way, “V can be regarded as the space of smooth sections of
a smooth vector bundle “T'M on M. If (p,y = y',.. .,y™) are any local

Here | just want to give a quick note about what the smooth vector bundle “TM mentioned here
is. It can in fact be constructed, as we will shortly, similarly to the way that Melrose constructs
the b-tangent bundle in his book The Atiyah—Patodi-Singer index theorem, Research Notes in
Mathematics vol. 4 Section 2.2. Here I will follow my exposition of Melrose’s construction that |
wrote up in my “Miscellaneous Notes.” In fact, the following text is mostly copied and pasted
from that note and tweaked so that it suits our purposes.
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We start by defining the following weird notation for every p € M:

Ty - LV={ZfiVi:mEZ+,fEC°°(1\7I):f(p)=O,ViE fpt.

=1

For every p € M, consider the following quotient vector space:
tr,M = *v/(3, - “v),

whose elements I’ll often write as “[V],,” which denotes the equivalence class of a vector field
V € %V under this quotient. Now, let “TM be the disjoint union

‘T™M = U LT,M.
PEM

We proceed to cover this with a set of smoothly compatible local trivializations to show that this
is indeed a (smooth) vector bundle of rank (n + 1) = dim M. We do this in steps:

First let’s concentrate on the interior: let (U, ¢ = (x*)) be local coordinates of (the interior) M
and let ¥ € C* (M) be a bump function supported in U that is identically one over an open set
U S U. Forevery p € U, consider the map &, : LTPIVI - R™*1 given by

OpV]p = (Vbl' ""Vpn+1)

where V! represent the components of IV with respect to the coordinate frame (9/9x"). We leave
to the reader to show that is well-defined, linear, and that it has an inverse explicitly given by

i 9
ot ., v = [vllpﬁ]p.

We declare (p,[V],) € “TM — (p, ®,[V],) to be a local trivialization of “TM over U.

Now let’s take a look at the boundary. Let (U, ¢ = (x,y?, ...,y™)) be local coordinates of M
such that {x = 0} € dM and 0/dx is orthogonal to dM with respect to p?g for some (and hence
any) boundary defining function p : M — R (in orange for emphasis: see below why). Let i €
C (M) be a bump function supported in U that is identically one over an open set U < U. It’s
not hard to see that in these coordinates, any vector field in £V must be of the form

d d

— 4+ b2 —

ax ) + a7

for some smooth functions a, b%, ..., b™. Hence we are guided to define the following
trivializations of “TM over U. For every p € U, consider the map ®,, : *T,M — R™** given by
(read this carefully)

(V@) . (V@) (V@
3.1 @, [V], = <£L1111) ( = ) lim (xz (Z)>,..., lm (xz (Z)»
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where VX, V1, ..., V™ represent the components of V with respect to the coordinate frame
(0/0x,0/0y*,...,0/0yY). We leave to the reader to show that is well-defined, linear, and that
it has an inverse explicitly given by

d 0
dbgl(a,bl, ...,bn) = [alpxa + bllpxz a_yl] .
p

As before, we declare (p, [V],) € “TM +— (p, ®,[V],) to be a local trivialization of “TM over
Uu.

We leave to the reader to show that all of the trivializations above are smoothly compatible (the
requirement /0x L dM that we imposed in the boundary trivializations above will be needed to
check the smooth compatibility of two such boundary trivializations). Hence indeed “TM is a
smooth vector bundle of rank (n + 1).

We note that there is an important bundle homomorphism F : “TM — TM given by the
following. In any trivialization of “T M over the interior of M that we constructed as above, F is
given by

d

F(p, @4, ..., v™™1)) = vt o

p

In any trivialization of £TM near the boundary of M as constructed above, F is given by

1 n — J [4-2 J
F(p, (a, b, ...,b™)) = ax(p)a p + bix (p)a_yi
We leave it to the reader to show that this F is well-defined (i.e. the value of F doesn’t depend
on the trivialization we used). The reason F is important is that, as it’s not hard to check, it maps
all smooth section of T M bijectively onto £V. This bijection/identification is what the authors
are referring to when they say “In the usual way, “V can be regarded as the space of smooth
sections of a smooth vector bundle “TM on M.”

4 Page 2866 (PDF Page 11) Metric on £TM

In this note | give an explicit expression for the metric on £TM induced by g near the boundary
oM.

Consider a local trivialization of £TM near the boundary M of the form that we constructed in
Section 3 (c.f equation (3.1) above) and adopt the notation that we were using to construct that
trivialization. Suppose furthermore that when constructing that trivialization, the x in the
boundary coordinates (x, y*) used there is a geodesic boundary defining function for some
representative of the conformal infinity of (M, g) (c.f. first two pages of the paper). Specifically
this implies that in the coordinates (x, y') the metric g takes the form
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dx* + hy,dy*dy”
xZ

g:

)

where h,,, are smooth functions (that can depend on the x direction as well). Its associated

matrix is of course
h11
pea b )

We should mention that we can assume that x is a geodesic boundary defining function because
it satisfies the requirement we had that 8 /dx is perpendicular to the boundary dM when we were
constructing such a trivialization of “TM.

Now, let v, w, ..., w,, denote the coordinate frame in our local boundary trivialization of “TM.
Then, an expression for the induced metric on £TM is given by

. 0 d d 0
Lg(av+a‘wl,bv+b W) g( x—+ax —,bx— + b/ x? —)

oyt’ " ox dy’
= ab + a'b/xh;;.
In matrix form,
1 0
5w r;“ h?"‘-
hpi - g

Obviously this metric extends smoothly to the boundary, but it degenerates at the boundary itself.

5 Page 2866 (PDF page 11) 0-Cotangent Bundle

are parametrized by the fibers 0+ 5; M. As a comparison, recall that the 0-
cotangent bundle is the smooth bundle OT* M over M whose fibers near the
boundary have basis {dp dy }. The 0-unit cotangent bundle is °S™M :

Here I’d like to give a brief description of what the 0-cotangent bundle is. As I understand, the 0-
tangent bundle °T M is a bundle over M all of whose smooth sections are canonically identified
with the set of all smooth vector fields over M that vanish at the boundary dM. The 0-cotangent
bundle °T*M is then of course the dual bundle to °T M.

I would highly recommend first reading my notes on the b-tangent/cotangent bundles in my
“Miscellaneous Notes” before reading this section. Referring to these said notes we
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construct °TM exactly the same way as we did T M there (we wrote M there rather than M)
except with a few changes, the first of which is that we instead consider the fibers

OTpM = VO(M)/jp : VO(M);
where V,(M) denotes the space of all smooth vector fields on M that vanish at the boundary and

Ty Vo() = {Zm im €L, f €C™(M): f(p) = 0,V; € VOUW)}

=1

The next change is that the equation for the boundary trivializations needs to be changed to

(V@) . (VD) (V")
@[V, = <£1—r>2< x(2) )'y—rg(x(z) >,...,£1_r)r;( x(2) ))

0 0
-1 1 ny — A _
&, (a, b, ..., b™) [m/)x % + b*Yx Oy/l]p'

and its inverse to

We also have an analogous bundle homomorphism of the form F : °TM — TM, where the only
difference is that in the boundary trivializations the equation for F is instead given by

9 . ]
1 n _ e i -
F(p, (a,bY, ...,b™) = ax(p) ax|p +b'x(p) oyl

It’s not hard to see that this F maps smooth sections of °T M bijectively onto V,(M), which is the
canonical identification that we wanted. Now, °T*M is the dual bundle to °T M, and as in the
mentioned b-tangent/cotangent bundles notes we have an analogous map F* : T*M — °T*M.
The only difference from there is that in the boundary trivializations the equations for F* need to

be changed to
1
F* (— dx> =1,
X

6 Page 2868 (PDF page 13) Canonical Symplectic form on d+:S*M

as elements of 0-5*M. So the identification (2.2) is determined up to
the map (y.n) — (y,n F du(y)) of T*OM. This is a symplectomorphism
of T*OM for each u, so it follows that each of 9+S*M has a canonical
structure as a symplectic manifold, with symplectic form ), dn; A dy’.
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I want to explain here in a bit more detail what these symplectic forms on d+S*M are. First we
have to understand how the maps described in (2.2) in the paper depend on the representative h
of the conformal infinity. Suppose that you take another representative i, whose relation to h we
can always write as i = e?*h for some u € C®(dM, R). Let p and p denote the geodesic
boundary defining functions of h and & respectively (c.f. first two pages of the paper). The
authors claim that if you choose coordinates (y*) and (9*) of dM and form the boundary
coordinates (p, y*) and (5, 9*) of dM, then we will have the following relation holds

p=e¥p+0(p?),
PL=y"+0(p).

We actually just need the first equation, which let’s write out a bit more explicitly in the
coordinates (p, y') as (here y = (¥, ..., y™))

plp,y) = e*PYp + f(p,y),

where u(p, y) is a smooth extension of u into the interior M and f is such that f/p? extends
smoothly to the boundary. I don’t know how this follows from anything described previously in
the paper: I imagine you’d have to take a look at the reference “[16]” mentioned in the paper to
see how. Furthermore, I don’t know if the authors meant that the u and f above indeed also
depend on p as well, but I threw that in just in case because it doesn’t affect our discussion here.

Consider boundary local trivializations of T M constructed from (p, y*) and (A $%) as we did in
the section on the b-tangent bundle in my “Miscellaneous notes” and let (1,71, ..., ™) and
(1,71, ...,#™) denote the coframe dual to the natural frames of these trivializations respectively
(for clarification, see end of that mentioned section). Let G : T*M — PT*M denote the map that
provides the canonical isomorphism of T; M and °T;; M whenever x € M is in the interior (c.f.
end of that mentioned section). We have that the identification (2.2) mentioned in the paper is
given in these trivializations and coordinates as

+l+ 1t - iyt
if + nAif'i > ﬁld}’/\'l

Call these two maps Fy : 0,S*M — T*dM and F; : 0,S*M — T*dM respectively. We want to
see how these two maps are related. To do this, let’s track where F,. maps +1 + 7;#. We observe
that away from the boundary oM,
. . ap 99" L 9P Ak .
A.F) = +p571 = p—1_— A . N~ —— N, ——— J
G(xl +7f') = £p7dp + H;dP* = (ip op ap>d”+< p ayj+m | dy’.

It’s not hard to see from this equation that F,. takes +1 + H;7¢ to

im (457122 45 99\ 4 lim (= [9% 9y dy
pl)r(l;l_'_ —p ay] nlay y - p_}0+ e p+f ay] p ay] Tllay] y
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ou 0P j A Y
= iﬁ-l_mﬁ dy’ = xdu + 1;09" = £du +FJ_,(il + 7); )
Hence we’ve arrived at that
Fi () = Fi () £ du, V{ € 0,5 M.

Good. So, we understand how the identification (2.2) mentioned in the paper depends on the
representative of the conformal infinity. Continuing, let’s see how these two maps Fy and I:Z_r
pullback the canonical symplectic form on T*9M:

n
w = z dn; A dy'.
i=1

In fact, as we’re about to show, these two mentioned pullbacks are the same: Fiw = ﬁi"ia), and
we will demonstrate this by proving that the map P : T*dM — T*dM givenby 9 » 9 + du is a
symplectomorphism. This is simply seen by computing P*w in coordinates:

L , $ 9 ~oroul . . .
P*w=zd(m°P)/\d(yl°P)=z dm+—-Z[ -]dy’ Ady!

= = Oyl 10y

= 1= J=

n
d%u . .
=w+ Z dy’ Ady'.
ij=1

oyJayt

Since the second term in the last expression is zero, we indeed get that P is a
symplectomorphism: P*w = w. As mentioned above, this implies that Ffw = Fiw.

From here we see that the pullback of the canonical symplectic form on T*0M by the
identification (2.2) in the paper is the same regardless of the representative of the conformal
infinity that we choose. We call that pulled back symplectic form the “canonical symplectic form
ond.S*M.”

7 Page 2877 (PDF page 22) Equivalent Condition for Points to be Conjugate

(Y(0), D:Y(0)) = £(¢) = (dn(h),K(v)). Two points p,q € M are said to
be conjugate points if there exist z € S; M and T' > 0 so that pp(2) € S;M
and

(2.28) dpr(2).V(2) N V(er(2)) # {0}

This is equivalent to the statement that there is a normal Jacobi field along
~ which vanishes at both 0 and 7.
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In this section I’d like to discuss why (2.28) in the paper is equivalent to p and q being
conjugate. | will do things in the tangent bundle here instead, and then discuss why things
transfer over to the cotangent bundle in the end.

Let z = (x,v), where v € SM, be the explicit expression for any point z € SM. Let X (note that
it’s a tilde and not a hat) denote the geodesic vector field along SM and § its geodesic flow. It’s
well known (and the reader can probably guess how) that in the tangent bundle we can define

analogous projection and connection maps drr : TTM — TM and K : TTM — TM, define an
analogous splitting TSM = RX @ H @ V where RX L (H é V) with respect to the Sasaki
metric G, and an analogous identification £ : 7 @ V - Z @ Z where 2,y =

{fweT,M:w L v} Thenforany (T,z) € R x SM in the domain of @, the following equation
holds

(7.1) d@r(z).w = dr]__ () (o (™) + fc|1;z¢T(z)) (Delzw(T)) VW € T,SM

where J, , is the Jacobi field along the geodesic t — 7 o @,(z) satisfying J,,, (0) = dm(w) and
D¢J,w(0) = K (w). This equation is an exercise in (Paternain, Salo, & Uhlmann, 2022), the
proof of which we work out here. Take any w € T,SM and let a : (a, b) - M be a smooth curve
onM andV : (a,b) » TM be a smooth vector field along a such that the velocity of the curve
(a,V) : (a,b) > TM at s = 0 is w (technically VV and (a, V) are the same thing). Then we have
that

_ d
dpr(z).w = s

expa(s)(t . W(s))).

d
(expa(s) (T ) W(S)) ;E|
0 t=T

S=
Now, it shouldn’t be hard to see that applying the d/ds|;—, derivative to the both the position
and velocity component on the right-hand side gives us that

d
ds

e @).w = (1) + &7 (] 5

exp(t - W(s)))

t=T

where “...” are written out two equations back. To see what the argument of K here is equal to,
consider coordinates of TM that are generated by normal coordinates centered at 7 (p1(2)),
interchange the d/ds and d/dt derivatives, from which you should get that the it is D,/ ,, (T).
Hence follows the equation | claimed above.

It’s not hard to see that this implies that the points p and g are conjugate if and only if there
existsaz € SM and T > 0 such that

d@r(2).V(2) nV(¢r(2)) # {0}

The reason the analogous statement holds on the cosphere S*M is that the differential of the
musical isomorphism “b” bijectively maps V(z) onto V(zl’).

10
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8 Page 2882 (PDF page 27) Details on (3.11): Adjoints of Resolvents at Zero
Proof. — First by (3.2), we have for each f, f’ € C°(S*M) real valued,
(3.11) (R+(0)f, f') = —(f, R-(0) "),

In this note I’d like to fill in the details on how (3.11) in the paper follows from (3.2). We have
by (3.2) that for any real valued f, f' € C°(S*M),

@.1) Ry (O)f, f') = f () j fo g (2)dtdz
S*M 0

- f iIzm @ f f o i@t | w)luyw)|
0

0_S*M

where we applied Santalo’s formula (Lemma 3.6 in the paper) in the last equality here. Observe
that since the argument “z ~ ---” in last quantity is compactly supported, it’s now hard to see by
definition of “I”” in (3.8) that for every fixed w € d_S*M the last integrand

82 I|zef @ ] fopi(2dt | (w) = j £ o 05z f £ o 0e(s(z))dt ds
0 —o00 0

for any z,, € S*M on the integral curve of X starting at w (identifying S*M = S*M \ 9S*M).
This last quantity is equal to

Just rewrote the quantity

fff’ ° 0s(zy) f © Pris(zy)dt ds

P Thought of the previous integral as the result
f ff’ o, (zy) f o p.(z,)dudr of the change of variables (u,r) = (s, t + s).

Pulled out f o ¢,.(z,,) from the inside integral.

fooprr(zw) ff'O(pu(ZW)dudr

Made the change of variables &i = u — .

f for(zy) fo f'o @gir(z,)diidr

11
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Made the further change of variables u’ = —1i.

f f ° (pr(zw)f f, °oP_y! ((pr(zw))du’ dr
_oo 0

From the resemblance between the last quantity and the right-hand side of (8.2) above and
considering (8.1) we arrive at that (I changed “u"” here back to “t”)

8.3) (Ro(O)f, ') = f f@) f f' o p_(@)dt dz.
S*M 0

By (3.2) in the paper we have that this last quantity is equal to —(f, R_(0)f"), which proves
what we wanted.

9 Page 2882 (PDF page 27) Showing that IT = I"'1

RoOf N =— [ Xewp=— [ Xeu=1 ] (L)% 110
S* M 2 Jorm 2 Jo_s*m

which shows IIf = I*If using (3.11). By Lemma 3.5 and since If €

I just want to give a quick note on how IT = I*I over C°(S*M) follows. From (8.1) and (8.2)
above, it’s easy to see that for any f € C°(S*M)

Ry (), f) = f f £ o 05z f £ o 0 (9s(z))dt ds g ()]
0

0_S*M —o0

where for each w € _S*M, z,, € S*M denotes any point on the integral curve of X starting at w.
By (8.3) above, it’s not hard to see that the same formula holds if we replace “t” by “—t” in the
above equation. It’s easy to see that adding the two versions gives

o0}

2R, (0)f, f) = f f £ o 0y(z) f £ o 0 (@s(z))dt ds g (W)

0_S*M —oo
oo 2
- | [ | f'o<ps(zw)ds] kol = [ 7Pl (W)l
0_S*M L—co 0_S*M

On the other hand, we have by (3.11) in the paper that
2(R+(0)f, f) = (R (O)f, /) = {f, R-(0)f) = (IIf, f)

and so

12
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(Uf, f) = (If, If) = (I"If, f).
By the polarization identity, this shows that indeed IT = I*I over C;°(0_S*M).

10 Page 2887 (PDF Page 32) Bounding the Gradient of the Resolvent

s (2)] éC;.-p(Z)kllfllef et < Cp(2)"||f =

v h
To estimate Vu, it suffices to estimate ||Vul/¢ and ||Vu||g. Using the de-
composition of dy; in the splitting (2.25) in terms of Jacobi fields [39,
Lemma 1.40], we have for each V' € V of Sasaki norm 1

}G(%m(z) V)‘

<¢ [" e (1Fl=| Lo
p
where Y;(z) is the Jacobi field solving

Y/ (2) + R(Ye(2),2())2(t) =0, Yo(2) =0, ¥5(z)=V

if R denotes the Riemann curvature tensor of ¢ and z(t) = m(p:(2)).

n ||vf||,gm) (%()y+ ¥ (2)],)dt

g

Since the sectional curvatures at x are uniformly pinched in (—1 — ep(z),
—1 + ¢p(x)) for some ¢ uniform, and since p(p;(z)) = O(e™*) uniformly in
z, we get R(Yi(2),z(t))E(t) = —Yi(2) + O(e*|Yi(2)]), and by Gronwall’s
inequality we deduce that there is C' > 0 so that for each # and each z € W£

Ye(2)lg + ¥/ (2)]g < Ce".

One has |dp/pls = 1 in the region p < e and using the uniform esti-
mates (3.15) and (2.11), we deduce that there is Cj > 0 such that

IVut (2)lle < Cep(2)* (I fllz= + IV fllze)-
The same argument works with |Vu+(z)|.

In this section I’d like to discuss a few of the steps involved here, because they’re not easy! First
I’d like to show how they bound the following quantity above:

v
|6 (Vu.(2),V)].
Since RX, H, and V are all perpendicular to eachother with respect to G, we have that (i.e. note

the tilde over f)

G (5u+(z), V) = G(Vu,, V) = du,(2).V = dJ p¥ 0 0,(2) - f o p,(2)dt.V.

13
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Due to the eventual exponential decay of p* o ¢, (z) for large enough “t,” we can interchange
the “d” with the integral. The last quantity will then become

oo

d ~ -
[ [ke* L o@.0f > 02) + oo 9@ i) 1) e
0

It’s not hard to see that this is bounded in absolute value by

[ d i
kf pkop(2) (|—p° 0e@)| |Ifll, + IIVfIILw> |dg.(2).V]ydt
0 P g

Now, how can we bound |d¢,(z).V|,? Looking at equation (7.1) above and using the

(nontrivial) facts that the musical isomorphisms and the maps EZTT|M®7?, and fé|]7 are isometries

with respect to the Sasaki metric, we have that
qu)t(z).VIg < |]Z,V(t)| + |Dt]Z,V(t)|'

In the paper’s notation, Y;(z) = J,,(t) and Y{ = D.J,,(t) and so we indeed get that

co

|G (€u+(z), V)| < kf Pk ° @ (2) <|d?p ° @ (2)

0

Il e+ 1970 ) (Ve + 12, e
g

Observe that [dp/pl, = 1 near M due to the equation in the paper at the top of page 2858.

I don’t however understand how they bound |Y;(2)|, + |Y{ (2)|,4. The following is the closest
that I could up with. Fix any z € S*M and observe that by the symmetries of the Riemann
curvature tensor we can apply the polarization identity to get that for any w € S, M,

(R(Y ,, %)%, w) = %[(R(Yt Fw, 0% Y, +w) — (R(Y; —w, )%, Y, — w)]

Since V € 1, we have that]zy is a normal Jacobi field along x(t) and hence Y, L x. So,

supposing furthermore that w L x as well, we get that the above quantity is equal to (here “sec”
denotes “sectional curvature™)

1
y [sec(Y, +w, %) |V, + w|2 —sec(Y, —w,X) |V, — wl3]

1
=71+ EX e+ w, D)V + wif — (-1 4+ E(YV, = w, )Y — wig]

where E : TM X TM — R is some function. Hence we get that
(R(Yti X)x, W) = _(Ytl W) + E(Yt + w, x)lyt + Wlé - E(Yt — W, x)lyt - Wlé

Since E is bounded in absolute value by cp(t) > 0, we conclude that

14
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[(R(Y;, x)x — (=Y),w)| < cp(t)(lYt + W|5 + |Y; — W|§) < 2cCp(z)e_t(|Yt|§ + 1).

In fact, the inequality of the leftmost and rightmost quantities above extends to all w € S;(,)M
since if w = x, then the leftmost quantity here is zero. So we get that

R(Y,(2),(0)i(0) = ~Y,(@) + 0 (p@e (I, @3 +1)).

Unfortunately, this is not the equation in the paper and it doesn’t seem to me that Gronwall’s
inequality applies to the above equation. So I don’t know how to proceed at the moment...
Sorry!

11 yPage 2887 (PDF page32) Geodesic vector field on °S*M

To prove the last statement, we first notice that |02 (2)| < Caecol@llt
for some ¢y by using Gronwall’s inequality and the fact that the vector field
X has Lipschitz constants uniformly bounded on the compact manifold
08*M. Then take k > N + cg|a|, we have

Let’s see why the highlighted statement is true by computing X over °S*M. Let us take our
standard coordinates (p, y, &,n) of T*M and compose them with (F*)~1 to obtain coordinates
of °T*M where F* is the map described in Section 5. Then we get that the coordinates of °T*M
and T*M are related by

(11.1) p=p, V=y, &=p& T=pn

where the bars indicate that they are coordinates of °T*M. Because of the first two relations, we
abuse notation by dropping writing the bars over p and y as we did with the b-cotangent bundle.
These are in fact the local coordinate expressions for F* : T*M — °T*M, from which we see that
the differential of F* in these coordinates is given by

15
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rdp dp dp dp Odp dp 7
dp ay! dy™ 0% Omny 0Ny
ayt oy? oyt oy oy? oy?!
dp oy! oynr 9&, o, oMy, r1 0 - 0 0 O 0
: : : : : : : : O 1 - 0 0 0 0
ay" oay" dy" ay" ay" ay" Poor o :
dp ady! aym 0&, om on,| [0 0 - 1 0 O 0
asgo asz_o asz_o asz_o af_o af_o o 0 0 p 0 0
dp oyl T oyn & om  am,| |[m O 0 00 p 0
07, 01 o7, o0, 07 o PR ; ‘
Zhofno O Fh S S g, o 0 0 0 p
dp Oy dy™ 0§, O0m Ny,
Oy 0 0T 0Ty 0Ny OMa
Ldp oyt dy™ 0§ Om O

So applying this matrix to X as written out in (2.3) in the paper gives us that in °T*M, X is equal
to

g 1
X = p*$00, + p*hy 0, + [pzs‘é —p* (& +mi3) - 2P%0,Inl, | 9,

2 1 3 2
+ [p SoMlie =5 P ayklnlhp] O,
Canceling the two “p2?&2> terms and using (11.1) above turns this into
X = p&d, + phJi0.; — 1712 +Lpa1a |o. + &l _Loa a2 |o,
= PSo0p T PNy N0,y Mh, prnh,, I oMk Zpyknhp Tk

Notice that this restricts to a vector field on °S*M that’s smooth even up to the boundary. This
proves the highlighted claim.

12 Page 2888 (PDF page 33) Projection Operator Mapping Property
It is straightforward to see that «, maps continuously
Tk p MO (M;QVT* M) — C=(S*M).

To see that m,, maps between the claimed spaces is simply a calculation. Observe that for any
f € C®(M; @ T*M) we have in boundary coordinates of M described at the top of page 2858

mf (1.6 d?p +ipdyt) = f (x@m (& df ¥ mdyl)#) =f (x,®m (0% + 2, ai))

16
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=p™f (x.®m (50 + ph*¥n, afﬂ>>'

13 Page 2888 (PDF page 33) The Symmetrized Derivative of a 1-Form

Recall also that for m = 1 and f a smooth 1-form, 2D f = L ;g where £
is the Lie derivative and f* is the dual vector field to f through g. For a
tensor f = p~™f with f € C*°(M;®%T*M), one has for |¢|, = 1

The fact stated in the highlighted text can be seen by a simple calculation. For a smooth 1-form f
we have in coordinates (x!) that

Vf = (0)fi — fT)dx' @ da.
and so
1 ) .
Df = E(aifj +0;f; — 2/, T} )dx' @ dx/.
On the other hand,
Leg = (f*(9ij) + 9r;0:(F + 900, (fH)7)dx' @ dox/.

Let’s furthermore suppose that (x*) are normal coordinates centered at a point p € M. It’s well
known that at the center of such coordinates g;; = &;; (i.e. the Kronecker delta notation),

g = 0,and I]; = 0. Hence we have that at p

1 . .
Df = E(aifj +0;f;)dx' @ dx/.
Meanwhile at p it holds that #(g;;) = 0 and 8;(f*)" = 6™9;f; and so at p
Leng = (8,;;6™0:fs + 6;:670;f;)dx' ® dx’ = (9;f; + 0;f;)dx' ® dx.

Soindeed 2Df = L+ g everywhere on M.

14 Page 2889 (PDF page 34) Covariant Derivatives Near the Boundary

17
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and f; € p~™mTLC®(M; @%LT*0OM). First we recall (see [4, Theorem 1.159])
that for g = g/p?,

(3.21) VY = VgcY — C1;0(X)Y — d;(Y)X +plg(X, Y)0,.
Using this and the Koszul formula, we have
1 dp®> h
.22 Idp = = __INR (]
(3.22) Vadp 26php + B 7

If « is a smooth tangential 1-form in a collar (0,€), x M near M (that
is tppr = 0), we have from the Koszul formula that (V9a)(d,,d,) = 0 near
OM. If in addition « is smooth up to M, we also get from (3.21)

d d — _
(3.23) V9a=?p®a+a®?p+a’, o € C®°(M;*T*M).

We also have for gy a smooth function near M
D(qodp™ 1) (8,,...,0,) = Dpgo + (m —1)p 1 qo.

Here | want to discuss how the above highlighted equations are obtained. For later use, recall that
in the coordinates near the boundary being discussed here (c.f. top of page 2858 in the paper), the
metrics g and g have the form (here I list the metrics in two forms: as tensors over the tangent

and cotangent bundles respectively [latter sometimes denoted by g*# and g* #])

dp)? h dvtdvY 2
(14.1) g=(p) )ty 9=p° (i) )" oy
7 ap Pl ayrayv
9\? o 0
J = 2 HdvyY g =|— " —
(14.2) g = (dp)* + (hy) , dy*dy g (6,0) + () dy# dyY

Now, (3.21) in the paper follows from the standard fact (see for instance Proposition 7.29 in
(Lee, 2018)) that if § = e?/ g are two conformally related metrics for some smooth function f,
then for any smooth vector fields X and Y,

VIy = VY + X()Y + Y(F)X — (X, Y) grad, f

(this is provable by a simple calculation in coordinates). Hence in the paper, since g =
e2(-1n(p)) 5 e have that

. d d 1
vy =viy — 7’) XY — 7‘0 (V)X + (X, ¥)g grady p.

Looking at (14.2) above, we see that gradg p = d,. From here we get (3.21) in the paper.

Next let’s see how they got (3.22). Unfortunately (3.21) in the paper applies to vector fields and
not covector fields. So we’ll apply the musical isomorphism “#” to dp, then apply (3.21), and
then apply the musical isomorphism “b.” For distinction, let #, b and #, b denote the musical

18
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isomorphisms of g and g respectively and observe that they’re related by # = p?# and b =
p~2b. Therefore, we observe that for any smooth vector field X

(Vedp)" = Vi(dp)" = V4(p?3,)
G dp dp L
= Vx(p?9,) - — Kp%0, - F(pzap)x +p7g(X,0%9,)0,.

From (14.2) we see that g(X, d,) = dp(X) and so the second and fourth term in the last
expression cancel. The third term is simply —pX. Hence we get that

(v8dp)" = E(p23,) - px.
Applying b to both sides gives that
(14.3) Vedp = p=2vE(p?0,) — piX" = p=2VE(p2dp) — piX".
By the product rule we have that the second to last term here:
(14.4) VI(p2dp) = 2p dp(X)dp + p*Vidp.

To evaluate the second term on the right-hand side here, we need to compute some of the
Christoffel symbols in these coordinates. For the rest of this section, let’s agree that Greek
indices can only take values from 1 to (n — 1). Furthermore, let’s let p, 1, ...,n — 1 denote
indices representing components in the directions d,,, 0,1, ..., d,n-1 respectively. Then,

computing the explicit equation for the Christoffel symbols of g gives (see also Corollary 6.42 in
(Lee, 2018))

_ _ _ _ 1
P _FP _FP _ p _
L =T =T, =0, Thp= _Eap(hp)aﬁ'
Plugging this into (14.4) and then the result into (14.3) gives that
1 _
— - ~1yb
Vidp = 2p7dp(X)dp — 50, (h,) X dyF — p~'X

Observing that dp(X)dp — X" is the same things as b applied to the orthogonal projection of X
onto the level set of p with respect to g, we have that the above equation can be rewritten as

1 _
— A - b
Vidp = p~tdp(X)dp — Eap(hp)aﬁ,x“dyﬁ —p7 (XM

where X T is that projection of X onto the level set of p. It isn’t hard to see from (14.2) above
that this equation implies that

-1 2 1 -1
ngp =p (dp) - Eaphp - P h—p;
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which is (3.22) in the paper except that the sign on (1/2)d,h,, is switched — a typo in the paper |
believe.

Now suppose that a is a smooth tangential 1-form, let’s show why (V9a)(d,,d,) = 0. Notice
that by (3.21) in the paper, the left-hand side here is equal to

g dp dp 1=
Vgpa(ap) = ng(“#)' Oplg = (Véqp(“#) - ?(a#)ap - 7(6,0)“# +p'g(a, ap)' Op)g-

From (14.1) and (14.2) it’s not hard to see that dp(a*) = 0, (a¥,9,), = 0, and that g(a*,d,).
So we get that the above quantity is really equal to (notice the bar on the g here)

p2(V5 (@),8,)5.

It’s not hard to see that a* can be extended to a smooth vector field in a neighborhood of any
point that is constantly perpendicular to d,. By the product rule, we then get that the above
quantity is equal to

p—Z <a#) Vgpap>§
As before, an explicit computation shows that ffp = Ig, = 0, and so this quantity is indeed zero.

Next let’s show how they got (3.23). We do this the same way how we demonstrated from where
(3.22) in the paper came from. Suppose that « is a tangential 1-form smooth all the way up to
dM. Then for any smooth vector field X we have by (3.21) in the paper that
. d d
viat = viah — 7” X)at — 7’) (@MX +p1g(X, a")a,.

By (14.1) it’s straightforward to see that the third term on the right-hand side here is zero.
Observe also that g(X, a®) = p2g(X, a*) = p?a(X). Plugging this into the right-hand side
above and then taking b if both sides gives that (here I use that ag = p~2dp)

1 - dp
Vya = ?Vfi(pza) —— Xa+ p~H(p2a(X))p~2dp

2 7 d d 7 d d
= Zdpa +Via —L®Wa+aX) L =va+ L X)a + a0 L
P P P P P
It’s not hard to see that this implies that
_ dp d
VI =V9a+a®7p+?p®a

Since VIa € C*(M;®? T*M), this proves (3.23).

Lastly, let g, be a smooth function near M. Then we have that
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D(qodp™ ) (0, ..., 8,) = VI(qodp™ *)(0,, ..., D))

m-—1
= 0,q0dp™ (3, ., 3,) + o Z dp® ..® V5 (dp) ® ...® dp(Dy ..., 0,).
Js

J
Now, using (3.22) in the paper and the facts that dp(d,) = 1, d,h,(d,) = 0, and h,(9,) = 0 we
get that this quantity is indeed equal to

0,40 + go(m — D)p~.

15 Page 2892 (PDF Page 37) Energy ldentity Calculation
we get for each u € C*°(S*M)
IVXul3: — | X Val3
= (d?v%Xu,Xu)Lz + <X2%u,%u>];2 — / <%U,X%U>ME
oW,

= ((dli)vXQ% — Xd}]v%X)u, u)pz — / (%u, (X% — 1V)X)u)u€
oWe

h v v h v h
= ((divVX — divXV)u,u) 2 +/ (Vu, Vu) .
oW

h v v h v v v h
= ((divVX — divVX — divRV)u,u) 2 +f (Vu, Vu) e
oW,

v v v h
= —{((nX? + divRV)u, u) > —|—/ (Vu, Vu) e,
oW,

Here I’d like to explain how the authors got the highlighted step above. For the integral over a1/
they simply used the first identity in (3.20) in the paper. Now let’s see what they did with the

v v
div X2V operator. The following identities come from Lemma 2.1 in the reference “[41]”
mentioned in the paper:

v h
(15.1) [X, div] = —div,

h v
15.2 X,div| = — divR.
(15.2) [, div]

These are simply obtained by taking the adjoint of the first and second identities in (3.20) in the
paper. Hence, we have that

dzv X2|; The operator of interest
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\% v h v
=XdivXV +divXV

v v h v h h
=XdivXV +divVX —divV

vV v v h h v h h
=XdivVX —-XdivV +divVX —divV

vV v v h h h h v
=XdivVX —divXV +divV +divV
h h
—divV

vV v \ h h v
=XdivVX —divXV +divVX

Last saved: December 1, 2024

Used (15.1) above.

Used first identity in (3.20) in the paper on
the second term.

Used first identity in (3.20) in the paper on
the first term.

Used (15.1) above on the second term.

Two of the terms canceled out (namely the
horizontal Laplacians).

Plugging this into the highlighted equations, it should be clear from here how the highlighted

vV v
step follows (in particular, notice that the the operator X div VX cancels out).
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