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2 Notations and Conventions

Convention 2.1: For any smooth manifold M possibly with boundary, I let X(M) and X*(M)
denote the space of all smooth vector fields and smooth covector fields over M respectively.

Similarly, if € is any vector bundle over M, | let I'(€) and I'(€*) denote the space of all smooth
sections of € and its dual bundle £* respectively.

Convention 2.2: | use the Einstein summation convention here.
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3 Page 93 (PDF page 11) Total Covariant Derivative over Bundle €

which satisfies Viyu = fVyu and Vy(fu) = (Yf)u + fVyu for f € C*°(M) and
u e C*¥(M;E). There is a corresponding map

ViC®M;E) - CM; T" M ®E).
My understanding is that for any smooth section u : M — £, Vu denotes the tensor Vu :
X(M) x T(€*) - C given by
Vu(X,Q) = Q(Vxu)

Suppose that (e, ..., e,) is a frame of € over U as in this paragraph in the paper (I drop the
assumption that it’s orthonormal because I don't believe it’s needed for what’s stated below).
Suppose also that (x*) are local coordinates over U and let l“i’j be the coefficients in

—rk
Va.ej = Tjjey.

ou* jrk .,
ey | = W+u IJj | v wg

Then we have that forany v € T, M and any w € &

k

.ou o
Vu(v, w) = w,e’ <lv‘ it viuTf

Hence over U,

ou* k) g k ik g0
Vu = ppe + W} | dx ® e = (d(u )+u1FL-jdx)®ek,

K
(i ivipk). = kY 4 Tk dyl
Vyu Y P + WYL ey (d(u ) + wTijidx )(Y)ek.

This is the same as equations given in the paper where they set A]’-c = Fi’}dx".

4 Page 93 (PDF page 11) Alternating Tensors Tensored with €

If V is a connection on a complex vector bundle £, we can define a linear operator

V:C®M:; ANT*M) ® &) > C®(M; AN (T*M) ® €)

| believe that what they mean here with the notation C*(M; A*(T*M) ® &) doesn't align with
standard usage since A*(T*M) is not a tensor product. Here is my interpretation of what this
notation means is (here “X(M)” is being multiplied k times):
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CO(M; A\M(T*M) ® &)
= {multilinear and smooth u : ¥(M) X .. X X(M) X £* - C
: u(va(l), e Vg(1) l) = (sgno)u(vy, ..., v, 1) Vo € Sk}.

In other words, C®(M; A¥(T*M) ® &) is the subspace of tensors C*(M;T*M @ .. T*M &
) that are alternating in the first k arguments.

5 Page 93 (PDF page 11) Wedge Product of Alternating tensor with
Alternating Tensors Tensored with €

for k > 1 by requiring that

Viwru) =doru+(—Do AVu, w©e C®M:; AN(T*M)), ueC®M:E)

To understand this equation, we first need to define the wedge product of a ®¥_, T*M valued

tensor and a [®7_, T*M] ® & valued tensor because that's not classically defined since the last
argument of the latter type tensor does not live in the space of the arguments of the former.

Here's the definition: if w €®¥, T*M and 1) € [®/_, T*M] ® & are tensors, then we define

1
W AN(vy, o, Vi 1) = R z (sgn ) (Vo) s Vo) )M (Votr1ys -0 Votierjyr L)

O'ESk+j

In other words, you perform the tensor product and “alt” operator on the first k + j arguments.
It’s is easy to see that if w E®{-‘=1 T*M, ® E®{=1 T*M, and e € &, then

wA(@ERe)=(wAd)Re.

So for instance, this formula in the paper that defines V on C®(M; AK(T*M) & &) can instead be
written as

(5.1) V@®u=do@u+(-D*oATVu Vo € C2(M;AT"M)), Yu € C*(M; €)

One needs to check that such an operator “V” exists and is well defined. Let’s discuss how this is
done. It’s now hard to see that the above equation implies that the operator is unique. Next, fix a
coordinate chart (U, (x*)) of M (i.e. U € M is the domain of the chart) and let () be a frame of

£ over U. Any element in C*(M; A¥(T*M) ® &) can be written as

!
Z w]dx' @ 1;
7

where I = (iy, ..., i) denotes k-tuple of indices, dx! = dxt A ... A dx®, the prime “’ ” over the
sum means that we only sum over k-tuples I of strictly increasing order (i.e. i; < --- < i), and
wy ; are smooth functions over M. Over U we define V to be the operator (linear over C)
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!

v(Z wldx! ®rj> = Y d(ofdx) @1+ (~DF Y wfdx! AV,
I I

1

It’s not hard to see that if we show that this operator satisfies (5.1) above over U, then V is well
defined over all of M and satisfies (5.1) over all of M. So let’s show that (5.1) holds over U.
Take any smooth w € C®(M; A¥(T*M)) and any u € C*®(M; £). Write

!
w = Z widx'  and u=ulr.
7

Over U we have that

V((U ®U,) = V( a)I‘u,jde ®r> =
et )3

!

= Z (ujd(w,dx’) +dul A (w,dx’)) ® 1 + (—1)* Z (w;dx") A (w/Vry)

1

!

d(wwdx") @1 + (1 Z wu dx! AV
7

Z d(wdx") @ (ur) + (-1 Z (wdx)) A (dw @ 1; + w/Vry).
T 7

Since V(u/r;) = du’ @ r; + u/ Vrj, we have that this is indeed equal to dw ® u + (—1)*w A
Vu.
For reference, | include the formula for the derivative of a C*(M; T*M & &) tensor. Suppose

that (U, (x)) are local coordinates of M and that (7;) are a frame of € over U. Then for any u €
C*°(M;T*M @ &) we have over U that

ou’ . o
a;l!l‘ (dxt Adx') @ 17 — uldx’ A (Flfjdx” ® i),

and so we have either the following two convenient forms for Vu:

Vu = V(u{dxi ®n) =

Vu =

ou’ . . .
6;1!11 (dxt ndx') @1 — u{fﬁ‘j(dx‘ Adx*) @ 1y

_ aul! krJ dxt A dxt
Vu = ax#—u”rik (x A x)®rj

(I switched u < i and j < k labels in the second term in the very last equation).

6 Page 94 (PDF page 12) Curvature of a Connection
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then

FEQ ey = D" (dAf + AL A AT @ e
k=

k=1

Locally one writes

€ =dA+AnA.

Let me write this equation in the paper out a bit more explicitly so that it's clear what it means.
Suppose that (U, (x)) are local coordinate of M and that (r;) are a smooth frame of £ over U.
Then for any u € C*®(M; €) over U one can check that £€(u) can be written in any one of the
following forms:

J

ol ; .
ff(u)—wu—ul( a_ ’ﬁfi’m>(dX“/\dxl)®Tj

oxt
or} or),
=ul(a—lj—r I, - al+ )dx“@dx@

= u* (d(r)dx?) + (If,dx?) A (Thdx)) @ 7
= ut(dA) + A}, N AT) ® 7

where recall the matrix of one forms [A/{] = [r)dx']’ iam1

It’s interesting to note that from the second equation above we can see that if it so happens that
E=TM,thenforany V,X,Y € X*(M) and any Q € X*(M),

FEON(X,Y, Q) =R(X,Y,V,Q)

where R is the ordinary (1,3)-curvature endomorphism. That’s the reason we call f¢ the
curvature of a general connection (&, V).

In the paragraph before, the authors write
(6.1) f € C®(M; A>(T*M) ® End(&))

Here is my understanding of this notation. We have that f€ : T'(§) x X(M) x ¥(M) x I'(§*) -
C maps

e, X,Y,L) = fe(u)(X,Y,L)

We can naturally associate this with a map of the form £€ : T'(E) x X(M) x ¥(M) - T'(€) that
maps as follows: if (r;) is a smooth local frame for £ over an open set U and (1%) is its dual
coframe, then

FEwX,Y) = fFE(X,Y, 1.

5
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Considering the bundle of endomorphisms over M : End(&), then £ further generates a smooth
map of the form f€: X(M) x X(M) — End(€) given by the following at any p € U:

ek 0= 150 (1)

This is the closest interpretation that I can get of what them mean by (6.1) above. In fact, it’s not
hard to check that if £ and V are unitary, then all of the “End(&)” here can be changed to
“Endgy (&) (see the end of page 93 [PDF page 11] of the paper).

7 Page 96 (PDF page 14) Splitting of a covariant derivative of a section of £

If u € C®°(SM; E), then Véu € C®(SM; T*(SM) ® &), and using the Sasaki
metric on 7 (SM) we can identify this with an element of C*°(SM; T(SM) ® £), and
thus we can split according to (3.1)

h v
véu = (Xu, Vgu, Vgu), Xu = V)‘C’;u

Here I’d like to discuss the hlghllghted splitting: in particular what I believe they mean by Xu,

h
Véu, and VEwu. Let’s first discuss V'Su Take any u € C*(SM; &). They define Vgu as follows.
First compute Véu € C*(SM; T*(SM) ® &) as defined earlier in the paper. Then, raise the index

of VEu in the first argument with respect to the (Sasaki) metric on SM to get (VEu)* €
C®(SM;T(SM) @ &). Then send this resulting tensor through the unique map

My : CO(SM;T(SM) @ £) = C¥(SM; H @ &)
that satisfies
My (V®e)=(myV) Qe

where 14,V is the projection of IV onto  in the orthogonal decomposition T(SM) = RX &
H @ V. We leave it to the reader to check that such a map I1, indeed exists. The result is what

h
we call “Véu.”

The tensor %gu is defined the same way except that you use maps I1,, and m, that are defined

analogously. For Xu, you almost do the same thing. Instead of using the projection maps Ik
and mgy at the end, you use maps compy : C*(SM; T(SM) Q £) —» C*(SM; (RX) ® &) and
compy : T(SM) — RX that give the component of your object in the direction of the subspace
RX. However, it’s simpler to just use the equivalent definition

Xu = V5u.

8 Page 96 (PDF page 14) X acting on smooth sections of N @ €
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h A
and we can view Vu and V€u as elements in C®(SM; N ® £). The operator X
acts on C*°(SM; £) and we can also define a similar operator, still denoted by X, on
C>®(SM; N ® &) by

X(ZQe) =(X2)QRe+ZQ® Xe), ZQ®ec C®(SM;NR®E) 3.3)
In the paper they claim that there exists a unique operator X acting on C*(SM; N @ &)

satisfying the highlighted equation. It’s not hard to see uniqueness, so let me show existence. Let
(b;) and (7;) be frames for N and € respectively over an open set U S SM. Any smooth section

of N ® & can be written as AYb; @ ;. Over U we define X to be
(8.1) X(4Yb; @ 17) = [X(AYb)] @ 17 + (AYb;) ® (Xry).

It’s not hard to see that if we show that this definition of X satisfies the above highlighted
equation, then this X is well defined over U (i.e. independent of the (b;) and (7;) that we choose)

and hence over M as well. Thus, take any Z € C*(SM; N) and any e € C*(SM; £) which we
write component wise as Z = Z'b; and e = e/1;. Then by (8.1)

XZ®e)=[X(Ze'b;)| @1 + (Ze/b;) ® (Xry)
= [X(e))Z'b; + e/ X(Z'b;)| @ 17 + (Z7h;) ® (e/Xry)
= [x(z'b)] ® (') + (2'b) ® [X(e))r; + /X)),

=X ®e+ZQ [X(e)]

9 Page 97 (PDF page 14) The operator F¢

if (x,v) € SM, w € {v}*, ande € E(x.v)- The curvature of the connection V¢ on

£ is denoted fg € C®(M; A’T*M ® Endg (£)) and it is a 2-form with values in
skew-Hermitian endomorphisms of £. In particular, to f € we can associate an operator

F€ € C®°(SM; N ® Endg (£)) defined by

(FE, wye, e')e = (FE(x, v)e, w ® &)y (3.5)

Here I°d like to explain what this operator F¢ is. Let N* and £* denote the dual bundle to N and
& repsectively. Then, F¢ is the element of C*(SM; N ® £* ® &) given by

FE(x,v)(w,e,1) = f(e,v, % 1)

where (x,v) € SM, w € N(,,,), e € &, | € £, and w* denotes the musical isomorphism of g

applied to w in T,,M that raises its indices. Let’s show that this definition of F€ satisfies the
above highlighted equation. Let (b;) be an orthonormal basis of N, and (r;) be an orthonormal

basis of &,. Let (8%) and (p/) be dual bases for (b;) and (7;) respectively. Now, take any
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(x,v) € SM and any e € &,. The quantity F&(x, v)e simply denotes the tensor that maps
(w, 1) » Fé(x,v)(w, e, ). It’s not hard to see that this is explicitly given by

FE(x,v)e = FE(x,v)(B' e, p))b; @ 17 = fE (e, v, (ﬁi)ﬁ,pj) b @ ;.

. . . N
Since (b;) is orthonormal, it’s not hard to see that (8%)" = b;. Hence we get that (for the rest of

this section I will use the Einstein summation convention improperly by not requiring that one
index be lower and the other higher)

Fé(x,v)e = ff(e,v,b;, 0’ )b; ® .

Now, take any w € N, and e’ € £, that we write component wise as w = w'b; and e = efrj.
Then we get that (here we again use that (b;) and (7;) are orthonormal)

(Fé(x,v)e,w Q e')wvge = (fE(e, v, b, p))b; @ r,wleb; @ r)yge = fE(e, v, by, pl)wie',
= fE(e,v,w,pl)e = (fE(e,v,w,p)r, e = (fE(v, w)e, ' )s.

Hence the highlighted equation indeed holds.

10 Page 99 (PDF page 17) Vertical and &€ Laplacians over SM

\'2 v
We write Q,, = H,,,(SM; E)NC>®(SM; &), and write A¢ = —div¥V € for the vertical
Laplacian. Notice that since (&£, V€) are pulled back from M to SM, we have in a local
orthonormal frame (eq, ..., e,,) the representation

A uFer) = D (Au)ex
k=1 k=1

v v
where A := —divV is the vertical Laplacian on functions defined in [PSU 14¢, Section 3].

In his note I’d like to discuss why the highlighted equation holds. In fact, | drop the assumption
that (eq, ..., e,) is orthonormal because as far as | understand it’s not needed. Lett : TM - M
denote the natural projection and let V€ and 7*V¢ denote the Hermitian connections of interest.
The authors omit writing =™ in their notation, but for purposes of clarity we won’t omit it in this
section. In this vein, notice that since the e, ’s are frames of £ over an open set in M the
highlighted equation should really read (I use the Einstein summation convention here so | drop
the “X”)

A (ukrmrey,) = (AuF)m*ey.
We’ll prove this equation by first demonstrating that

A\ A\
(10.1) Vé(ukr*e,) = (Vuk)  mrey,
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(this equation was mentioned in the paper on page 98) To see why this holds, take any W € TSM
and observe that over any coordinates (x!) contained in the domain of the frame (e,,), the
definition of the pullback connection (c.f. my “Miscellaneous notes™) tells us that

(V) (ukme,) = W) e, + ubn Ve, ) (e) = W) e, + u"n*(Fi],'{Wiej)

where W denote the components of drr(W) with respect to (3/dx!) and T}, are the connection

symbols in the equations V = Fl-]kej. It’s not hard to see that this implies that

E
9/0xi€k

(V&) (ukney) = du* @ ey + u T (n*dx' @ m*e)).
Hence, using the notation that we introduced in Section 7 above

v . o
VE(uknre,) = y[(*VE) (ukn*e,)]F = my(duf)* ® ey + urT), (nv(ﬂ*dxl) Q n*ej).

I v N
By definition we have that 7y, (du*)* = Vuk. Next let’s show that each my,(7*dx!)" = 0. Take
any W € V. Using that TSM = RX @ H @ V is an orthogonal decomposition, we have that

(y (dxt)’, Wy = ((*dx?)’, Wy = mdxi (W),
It’s not hard to see that W being vertical implies that it each dx‘(W) = 0. So indeed
nv(n*dxi)ﬂ = 0. From here we finally get (10.1).
Next, | believe that for any Z € Z and any e;
(10.2) dive(Z ® e)) = div(Z)e;.

The reason | believe this to be true is that the computation for the vertical divergence in
Appendix A of the reference “[PSU14c]” mentioned in the paper should adapt easily to prove the
above formula. If that’s the case, then the highlighted equation simply follows by applying the

—div¢ to both sides of (10.1) above.

11 Page 105 (PDF page 23) Calculation in Proof of Lemma 4.2
Using the inequality [(FE€u, V €u)| < TENFE e llul® + eIV Eul2), we get

In this section I’d like to show why this highlighted inequality follows. Here (:,-) and || - ||
denote the inner product and norm respectively in the space L2(SM; N & &). First we observe
that

0<|1F'5 + VRVE 2 |1F‘5 2+2<1F‘5 JRVE )+||\/_§5 ||2
S |[l—= u=x\VK u = ||—= u o g u,vK u K u
N VK NG
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and so

(Fou vou)| < 2 (< esul” + 7o)
So we need to show that

2 2
1FEl™ < (1P ] o el 2 sasey-

It might be useful to review Section 9 above for the following. We will prove the above
inequality by showing that at any point (x,v) € SM

(11.1) Feul o p < IFE] g ge 112

Fix (x,v) € SM and let (b;) be an orthonormal basis of N, and (r;) be an orthonormal basis of
&,. Let (B and (p’) be dual bases for (b;) and (r;) respectively. In such frames we write

FE=(F5 ', /b ®@p" ®r; and u=u'r,
and so
Féu = (F&)' . Ju"b; @ ;.

Since our frames are all orthonormal, we can write the norm of this rather neatly:

|Feu|lzv®£= Z[(Fe)l T

Using the triangle inequality on the summand here gives us that this is bounded by

dZZ(Z (F )(2 )-I o 13

i=1 j=1 \r=1

proving (11.1) above.

12 Page 105 (PDF Page 22) 2" Calculation in Proof of Lemma 4.2

Finally, we have |V €u |2, and thus if m is so large that

IFEI e 12 _ IFEI
S ]| < Sk
2| FE|3 o

Am il 2 )

K

I don’t quite know how the highlighted equation follows, but let me discuss a possible
explanation. More explicitly, let’s show that

10
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2 L ilve
ullfz ey < 7 | VEu
I ||L2(5M,e) A L2(SM;N®€E)

(recall that by assumption w; for j < m are zero). We have that

C L
2
(12.1) ”u”LZ(SM;E): § <uj,uj)L2(s1\/15 E /1_ u]lu])Lz(SMS)
j:m =m

v 2
Su:

T 2(smn@e)

v

I 1
_ Z I(V W, VU2 smnge) < A
; m

~.

\'
Now, all of the Vguj’s are orthonormal with respect to L?(SM; N & &) since

(V‘Euj,Vguk) = <A£uj:uk) = Aj(uj;uk> = 0.

Hence the last item in (12.1) above is equal to

1 ZOO v
VE
j=m

Now, the claim will follow if we could show that this is equal to
1

Am

L2(SM;NQ®E)

UE
Veu

L2(SM;N®E)

but I’m not quite sure how to rigorously prove this.

13 Page 107 (PDF Page 25) Interchanging X and Sum in Fourier Series

Second proof of Theorem 4.1. Let Xu = f where f has degree /. Looking at Fourier
coefficients we have (Xu); = 0 for k = [ + 1, meaning that

Xeug = —X_ups2, k=1

In this step, the authors are implicitly interchanging X and the summation symbol in the Fourier

series for u:
X Z Uy = Z Xuyy,.

m=0 m=0

In this note I’d like to justify this step. For simplicity, we will instead prove the following fact:

11
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NgE

(13.1) x) u, = Z Xu,, Vu € C®(SM).

m=0 m=0
By looking in an orthonormal frame of £, it’s shouldn’t be hard to see how the former claim will
follow from (13.1). To prove (13.1), take any u € C*(SM). Take any point x,. We will prove
that the above equation holds at x,. Consider normal coordinates (x') centered at x, which
naturally generate the coordinates v/ 9/0x’ ~ (x',v/) of TM. Let (g;;) denote the metric tensor
in these coordinates. Above the point x, we have that X = v* d/dx". So the claim will follows if
we can justify interchanging @/dx! with the summation sign. Unfortunately, doing this in our
coordinates of TM is a little inconvenient, so we construct another set of coordinates.

Let (b;) be the smooth orthonormal frame over the domain of (x!) obtained by applying the
Gram-Schmidt orthogonalization process to the frame (8/dx"). This frame gives us another set
of coordinates of TM given by w/b; = (x',w/). Let () be the coefficients in the relation b, =
ay, 0/0x". Thinking about how the Gram-Schmidt orthogonalization process works, it’s not hard
to see that each dg;;/dx" being equal to zero at x = x, implies that all of the partials da;; /dx"
are zero at x = x, as well (hint: use induction). Furthermore, if we let (8) be the coefficients in
the inverse relation d/dx* = B,/b,, it’s not hard to see that the f8;’s share the same property of
the a;;’s mentioned in the previous sentence. From this observation we see that above x,, X =
wtd/dxt. So we simply need justify interchanging the partial 8/dx! taken with respect to

(x!, w/) with the summation sign.

For every integer m > 0, let {Y,,, . : ¥ = 1, ..., [,,,} be a set of real harmonic polynomials
homogeneous of degree m over R™ with respect to the (flat) Euclidean Laplacian such that they
span the spherical harmonics of order m over S¢~1. For such m and r, consider the smooth
functions {Y,, -} defined over TM near x, given by

Ypr (2, Wih) = Y (W, o, wh).

Now, we have that each

lm
U (2, W) = Z f u(, w )Y r(x, W')dWéxOM Ymr(x,w).
r=1|s, M

From the previous equation we see that Y., - has no dependence on x and so

lm
du,y, ou , , ,
R Gw) = D || S W Y WA | Yo G ).

T=1]5, M

1 This is a different task from before since, except at x = x,, the partial du,, /dx" is not necessarily the same thing
with respect to the coordinates (x!,v/) and (x!, w/).

12
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Now, in the integral we can write Y, ,- as AY,, ./ (m(m + d — 2)) and then transfer the “A” to
the du/dx" via integration by parts. We can do this several times, say k times where k > 1 is an
integer. After doing so, we get the following estimate where w,_,; denotes the surface area of
sa-1;

d
20 |85 G| supl s
T "
£ (m(m+d —2))

sup |Ak % (x, W)| Im

_ WESxM wnZ(Sup|ymm|)2'

- (m(m+d - 2))k =

By well-known results, the last ). ...” sum is bounded by a polynomial in m (for instance, this
follows immediately from Corollary 2.55 and Theorem 2.57 parts (a) and (f) in [1] — simply set
y = x into Z¥(y) in part (a) there). Furthermore, the supremum of A¥ du/dx* can be bounded
near x,. So, by choosing k large enough, in a neighborhood of x, we can bound du,,, /9x* (x, w)
by a polynomial in m independent of x and w that is finitely summable in m as m — oo. This
justifies interchanging d/dx" and the summation symbol in (13.1), and hence we’ve proven
what we wanted.

14 Page 109 (PDF Page 27) Remainder Estimate in Proof of Theorem 4.6

Letm = N +1+ 2k, where k is a non-negative integer and N is an integer with N > Nj.
Note that from the definition of r,, and our choice of N we have

2
Tm+Fm—2+---+rye1 = —Blluy|”.

I’d like to give a quick note on how this inequality follows. We have that
m + Ym—2 + -+ Nyl =
—Bllum-1l* + cmaalltmsa 12 + (cm — Ollum|I?
~Blltm—3lI* + cm-1llttm-1 1> + (cm—2 — O llttpm—lI?
—Blluyll® + cysalluns2 > + (eysr — Olluy 1%

Now, since the ¢;’s are assumed to bigger than C, to bound this quantity from below we can
simply remove the terms (¢, — C)|lug||%. Since the ¢, are assumed to be bigger than B, then we
can similarly remove the terms —B||u||? + ci|lukl|?. The only thing that will be left is
Cm+1llUm+111? — Blluy||?. For the same reason, we can remove c¢,,.1 ||umn+11]? to get the desired
inequality.

13
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15 Page 119 (PDF Page 37) Final Conclusion in Proof of Theorem 1.2

and thus /5, &)(A +® — ®) = 0 in the bundle F, which implies by Theorem 1.1 that
there exists Z € C°°(M; F) vanishing at d M such that

XZ—-ZA+®Z -ZO=A+d— &
and W = Z and Q = Z + Id gives the desired gauge equivalence. O

In this note I’d like to explain how the Q that they obtain gives the desired gauge. Take the
second to last equation before this in the paper:

XQ+®Q—-QA—-Qd =0, Ulssm = id,

and multiply through by an arbitrary smooth IV € F on the right. Rearranging and adding QXV
gives

X(Q)V + QXV + ®QV = QXV + QAV + QdV,
Q7 IX(QV) + Q7 1dQV = XV + AV + ®V,
Q XX+ ®)(QV) = XV + AV + ®V.

Fixing x € M™, we see that both sides of the equation are functions of the matrix V and v €
S,M. We can extend both sides to v € T,,M by setting the terms that contain v to be
homogeneous of order one and terms that don’t contain v to be homogeneous of order zero.

From there we see that the two types of terms must be equal to their respective counterpart on the
other side of the equation, giving us that

Q7 IX(QV) = XV + AV,
Q~1dQV = DV,

Clearly the second condition tells us that Q~*dQ = ®. We claim that the first equation implies
that Q~1VQ = V as an equation of connections on M. To see why, apply both sides of that
equation to a smooth field® f’ € n*& to get

QT V)V = QU V) f] = (m*Vy)(VF) = V(" V),
Which after relabeling Vf — f gives
QM (m*Vy)(Qf) = (ﬂ*vx)f-

Now consider f of the form f = n*f" where f' : M — £ is smooth. At any point (x,v) € SM
the left-hand side of this equation becomes

21 will write in the (typically omitted) 7* in the section because it will be important here to distinguish what’s
happening on SM and down in M.

14
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QM (mVx(m*(Qf") = Q' n* (v, (Qf)) = m*(Q 7'V, (Qf "),

while the right-hand is similarly equal to =*V,,(f"). Hence we indeed get that Q~'VQ = V as an
equation of connections on M.
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