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Course information

« Email: haim.grebnev@yale.edu
 All materials on Canvas

* Homework assignments due every Friday at 11:59 p.m. (30% of
grade)

* Two midterms (40% of grade) and final exam (30% of grade)



Classroom expectations

* Create a welcoming environment!

* Study together (discord channel?)

* Discuss homework together!
 But everyone must write their own solutions!

* No looking up solutions, no use of Al
 Use all the resources available to you

* Don’t be afraid to ask questions!



Homework

* Will be due on Fridays at 11:59 p.m.

* First homework due Friday Sept. 6! (plan to post it tomorrow)
 Unless stated otherwise, all solutions need to be written as proofs.

* You can only use results proved in class up to that point.
* If In doubt, ask!



What iIs Real Analysis?

* “Analysis” 1s an overarching field of math that stems from the 1dea of
the “infinitesimal” (1.e. calculus)

» A few examples are:
* “Real analysis”
* “Complex analysis”
* “Functional analysis™

* We will study “real analysis:” we study calculus while proving
everything.

* We don’t emphasize computation



Real number line

Real numbers

* Because we’ll be dealing with the “infinitesimal” on the real number
line, we need to study the nature of the real line on the tiniest scale

A great starting point is to recall the intermediate value theorem:

,\Y axis

A continuous function f (i.e. you can draw it

///\/ without lifting the pencil off of the paper)
/ \ > X axis
R

f is positive

here /

Then, f must intersect [ 1S negative
the X axis somewhere here
in between




The need for real numbers

Real number line

From a math point of view, this isn’t an obvious theorem.

It’s not true if you think of the X-axis and Y-axis only consisting
of rational numbers. _
 To prove it, take a sequence of x

Y axis values where f is positive, and

A continuous function f (i.e. you can draw it x-values where f is n_egative that
without lifting the pencil off of the paper) converge to where f Is zero.

* How do we know that

—

> X axis the sequences converge
to something?

- —

f is positive * We have to prove that
here / there are no “holes” in
_ ) the fabric of the “real
Then, f must intersect S 1S negative line.”

the X axis somewhere here
in between



Defining the real numbers

« How does one define real numbers?

o A natural i1dea is to define them as infinite decimals:
7 = 3.1415..., 5.7000..., 2.000...

 \We can write these as sequences of rational numbers (i.e. fractions):

3 31 314 3141 31415 5 57 570 5700
-, =, , , ) e O T, -, , , , ... = 5.7000
110 100 1000 10000 1100 100010000

* In other words, the idea Is that we can approximate all real numbers by
rational numbers better and better



Defining the real numbers

« Numbers In math are constructed as follows:

We assume we know this

/

Whole numbers

) (
\

(..,—1,-2,-3,01,2,3,..)

Qeg —555=7)

Rational numbers
4

3

Some numbers can’t be written as fractions

Z

pd

Real numbers/

R (e.g. 3,%,71, V2)

C(eg.4,2+i,m—7i)

Complex numbers

™ We will define this

™ We won’t worry about this



Defining the real numbers

Complex

Rational

Q

Integers
Z.




Limits of sequences

 To define real numbers as better and better approximations of rational
numbers, we need notion of limits.

 Suppose you have an (infinite) sequence of rational numbers
{91, 9., g3, ... } (i.e. there’s infinity many of them).

e Forexample,{g, =1/1,9, =1/2,935=1/3,9q, =1/4,q9s =1/5, ...}

 Suppose they get closer and closer to some rational number q.

* What does our example sequence above get closer and closer to to?
Answer: zero
d qe4d59s+ 43 42 d1

o600 00 © ® Number li
— umber line

They seem to get closer and closer to g




Technically € >
0 is rational (for
now) because
we don’t yet
“know” what
real numbers
are.

Recall that on a number line |a — b|
1s the “distance” between them.

Limits of sequences —o——

b

L J
|

* How can we mathematically describe this? distance

4 )
Definition (Limit): Suppose that you have a sequence of rational numbers

{91, 92, q3, ... } (there’s infinity many of them). We say that the limit of this
sequence IS g If .— Ifyou go far enough in the sequence
|F()r any € > 0,[there exists an N > 0 such that forany n > N,

' | ' — < & Afterwards, you’ll always be within
Choose an arbitrary distance | CI qn | h— that distanceyof the Iimit}.,

- J

* We write lim g,, = g

n—>00

d qe4d59s+ 43 42 d1
{ o000 0 ° @ Number line

For this € > 0, youwould need N = 5, since forn = 5,
|q o in <E

>0



Defining the real numbers

Definition (Limit): Suppose that you have a sequence of rational numbers
{91, 92, q3, ... } (there’s infinity many of them). We say that the limit of this

sequence is q if
For any € > 0, there exists an N > 0 such that forany n > N,

g —aqnl <e
- Lets try an example. Take {q; = 1/2,q, = 1/3,q5 = 1/4,q, =
1/5, ... }. In other words, q,, = 1/n.

* It looks like 1t goes to zero (1.€. 1t’s limit 1s zero). In other it seems that g = 0.

e If £ = 0.23, what N > 0 do we need? Answer: N = 5, since If n = 5, then
0—q,|=10—1/n|=1/n<0.23

e If ¢ = 0.05, what N > 0 do we need? Answer: N = 21, sinceif n > 21, then
0 —q,| =10 — 1/n| =1/n< 005

0 ..1/51/41/3 1/2 1/1
¢ 0—m o—© ® Number line

8—023




Play around:

- - |q o in <é&
Defining the real numbers 0-1/nl <
Definition (Limit): Suppose that you have a sequence of rational numbers n <é&
{91, 92, g3, ... } (there’s infinity many of them). We say that the limit of this 1
sequence is q if - <n
For any € > 0, there exists an N > 0 such that forany n > N,
4 = U AhalWeneed <N
n

» Let’s try an example. Take {q; = 1/2,q, = 1/3,q3 = 1/4, q4 =
1/5, ... }. In other words, q,, = 1/n. We have thatg = 0

* Let’s prove that lim 1/n = 0 using the definition. Take any € > 0.

n—>00

Take any N > 1/¢. This works because foranyn > N > 1/¢, by
reversing the above work

g — qnl < ¢ This proves that indeed
lim g, = lim 1/n = 0!
n—-oo n—oo

0 ..1/51/41/3 1/2 1/1
o000 00 © O Number line




Defining the real numbers

Definition (Limit): Suppose that you have a sequence of rational numbers
{91, 92, q3, ... } (there’s infinity many of them). We say that the limit of this
sequence is q if
For any € > 0, there exists an N > 0 such that for any n > N,
|q — qnl < €

* Let’s try another example: take the sequence {qn = #}
« Computing a few of the terms:
1 2 _ 20 50
q; === 0.5, g, ===0.6,... g0 ==—=0.9523...,... ggo =—=—=0.9803 ...

2 3
 What does It look like 1t tends to: Answer: 1

* So we guess that the limit is 1, let’s prove it!

1 ggqd5qs 93 92 @
-0 000 @ Number line




Play around:
1—c¢

lqg —qnl < € ﬁ <n
n &
|1 - <€ Aha! We need:

Defining the real numbers 1 el W
[ Definition (Limit): Suppose that you have a sequence of rational numbers | 1- n+1 <€ < <N
{91, 92, q3, ... } (there’s infinity many of them). We say that the limit of this n+l-n<mn+ \13?

sequence is q if 1<ne+e
For any € > 0, there exists an N > 0 such that for any n > N,

lg — qnl < €

e Let’s try another example take the sequence {qn = } Here g = 0.

 Let’s prove that lim — = 1 using the definition. Take any € > 0.

n—-oo N+

Takeany N > (1 — €)/e. This works because foranyn > N > (1 — €) / &,

by reversing the above work
This proves that indeed

9 —anl <& lim g, =limn/(n+

Hy=o 7

i 92 Gz q.999ggg 1
Number line @ o—0 0000 O
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Math 255 Single Variable Analysis (All lectures starting with lecture 2)
Haim Grebnev
Limits continued

Theorem (Triangle Inequality for Rational Numbers): Suppose that a and b are rational
numbers. Then

|la + b| < |a| + |b]
la—b| = |lal — |bl|

Proof: \/(a + b)2 = VaZ + 2ab + b2 < +/|a|? + 2|a||b| + |b|?> = \/(la| + |b])2. S0 |a + b| <
lal + |b].

For the second one:
la| < la—bl+1|b| =|a|l—|b|] <|a—b|
bl < |b—al+l]al =|b|l—lal<|b—al=]|a-b|

Sola—b| = |lal — |bl|.

Theorem (Uniqueness of limits): Suppose {q,,} is a sequence of rational numbers with limit
rational number q. Then this limit is unique (i.e. you can’t have a different rational § that is also
a limit of q,,).

Proof: Suppose § is also a limit of {g,,}. We will show that § = g by showing that for any £ > 0,
|G — q| < &. Take any € > 0. Playing around:

lg — 4l <lq — qnl + lgn — dl

There exists an N; > 0 such that forall n > Ny, |q, —q| < &/2and foralln > N,, |q, — G| <
g/2. Take N = max{N,, N,}. Then forall n > N,

&

2~ ¢

&
g —anl +1an -Gl <5+

andso |qg — | < e.

Theorem (Operations with Limits): Suppose that {q,,} and {g,,} are sequences of rational
numbers with limits q and § respectively (i.e. lim,,_,o q, = q and lim,_,, §, = §). Then

o rlli_r)g(CIn-l'qn) =q+q.

o Same holds if you change “+” above to “—,” “X,” and “+” (last if § # 0).
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Proof: Let’s prove the “+” version. The rest are an exercise. Take any € > 0. We need to show
that there exists N > 0 such that for all n > N,

1(gn + dn) — (@ + G| <&,
Playing around:
1(Gn + ) —(@+ DI =1(qn— D+ (Gn— DI < lgn — ql +1Gn — ql.

Because lim,,_,., ¢, = q and lim,,_,, §,, = ¢, there exist N; > 0 and N, > 0 such that for all n >
Ny, g, —ql < e/2and forall n > N,, |G, — G| < €/2. Take N = max{N,, N, }. Then for all
n>N,

B E €
an—ql+lqn—ql<§+§=e

and so |(qn + Gn) — (@ + P < e.

Defining Real Numbers

Recall the idea of defining real numbers as limits of rational numbers:

3 31 314
—— . DT
10°100 1000

A few problems:

o We only defined limits if the limit is rational, not a real number in general. So we need a
notion of a sequence that “looks like” it has a limit.

o Different sequences of rationales can converge to the same real number, for instance
{2,2,2,2,...}, {2.1,2.01,2.001,2.0001, ... }, {1.9,1.99, 1.999, 1.9999, ... } all converge to 2.
Cauchy came up with a notion of a sequence that “looks like” it has a limit:

Definition (Cauchy Sequence): We say that a sequence of rational numbers {q,,} is a Cauchy
sequence if

For any € > 0, there existsan N > 0 such that forany n > N, |qy — q,| < &
(Alternative version): For any € > 0, there exists an N > 0 such that for any m,n > N,
lgm — qnl <&
Remark: In the homework, you’ll prove that these are equivalent definitions.
Definition (Set): A set is a collection of elements (i.e. objects).

Definition (Real Numbers): A real number “r” is a set of Cauchy sequences of rational numbers
with the following properties
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o If you take any two (Cauchy) sequences {q,} and {g,,} in r, they must be equivalent in the
sense

rlli_r)go(Qn - ‘711) = 0.

o The set r contains all Cauchy sequences of rational numbers equivalent to what it contains
(i.e. if you think of another sequence {§,,} that is equivalent to {q,,} already in r, then {,,} is
actually in r as well).

We denote the set of all real numbers by R.

Notation: If S; and S, are sets, then

o §; NS, denotes their intersection.

o S§; US, denotes their union.

o @ denotes the empty set.

o §; €5, meansS; iscontained in S,.

o If aisanelement, then a € S; means “a isin S;.” If a is not in S;, we write a & S;.

Proposition: Different real numbers cannot have shared Cauchy sequences. In other words, if
r,7 € R are not equal, then r N # = @.

Proof: Suppose that r are # are real and have the same Cauchy sequence of rational numbers
{g.}. We will show that r = 7. Take any Cauchy sequences of rational numbers {p,,} € r and
{p,} € 7. Then

rlli_{lc}o(pn —Pn) = Ai_r){)lo(pn —qn) + Tlli_ILIO(Qn —P)=0+0=0,
So {p,} and {p,,} are “equivalent.” So {p,,} € r and {p,,} € 7. Since {p,.} and {p,,} were
arbitrarily chosen, this shows that r = #.

Corollary: For every Cauchy sequence of rational numbers {q,,}, there exists one and only one
real number r containing it.

We think of rational numbers sitting in real numbers as follows: if g is a rational number, we
think of it as sitting in the real numbers as the set containing the constant Cauchy sequence
{q,q,q, ...}. For instance, we think of 0 as the set containing {0,0,0, ... }.

Definition (Operations on Reals): Suppose that r; and r, are real numbers. Take any Cauchy
sequences of rational numbers {p,} € r and {q,,} € r, in them respectively.

o We define r; + r, as the real number containing the Cauchy sequence {p,, + q,} =
{p1 +qup2+ 4203+ g5 - 3
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o Wedefiner; —ry, 1y -1y, v =1, (if ry # 0) by replacing “+” with “—,” “.” and “+”
respectively in the above statement.

o We define |r;| as the real number containing the Cauchy sequence {|p,|}

o Wedefiner; <, ifry =1, oreventually p,, < g, (i.e. there existsan N > 0 foralln > N,
Pn < qn).

o] We deflne n < Iy |f 1 < Iy and r * ;.

Proposition: The first three “o” points above are well-defined (i.e. the stated sequences are
indeed Cauchy and that the definitions don t depend on the {p,} € r and {q,,} € r, that we
choose).

Proof: We’ll prove that the third point is well-defined, the rest are an exercise. First we show
that {|p,,|} is Cauchy. Take any € > 0. Playing around:

||pN| - |pn|| < |py — pnl

Since {p,,} is Cauchy, there exists an N > 0 such that forn > N, |py — p,,| < €. So by the above
llpn| — Ipnl| < & So indeed {|p,|} is Cauchy.

Now suppose we choose another {p,,} € r;. We have to show that the real number containing
{91} is the same one that contains {|p, |} so that the definition of |r;| does not depend on the
Cauchy sequence we choose. This will follow if we show that {|p,,|} is equivalent to {|p,|}, or in
other words that limn_,oo||pn| — |ﬁn|| = 0. Take any € > 0. By the triangle inequality,

||pn| - |ﬁn|| < Ipn - ﬁnl

Since {p,,} and {p,,} are both in r;, they are equivalent and so lim,,_,o |P, — Pr| = 0. So there
exists an N > 0 such that for all n > N, |p,, — p,| < €. The above inequality then implies that

|Ipn] = 15| < &. So indeed limy o |Ipn| = |Bnl| = 0.

Theorem (Triangle Inequality for Real Numbers): Suppose that a and b are real numbers.
Then

la+b| < lal + |b]
la—b| 2 |lal - |b|

Proof: Take any Cauchy sequences of rational numbers {p,,} € a and {q,,} € b. We have by the
triangle inequality for rational numbers that

|Pn + qnl < lpnl + 1q5l

The left-hand side is the Cauchy sequence for |a + b| and the right hand-side is the Cauchy
sequence for |a| + |b|. So this not only “eventually holds,” but always holds. So we conclude
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that |a + b| < |a| + |b| by the above definition (see “Operations on Reals”). The second
inequality follows similarly.

Completeness of real numbers

Sequences of real numbers have the property that if they “look like” they have a limit, then they
have a limit.

o This is called completeness, in other words there are no “holes” in the “fabric” of the real
numbers.

Remark: We define limits of sequences of real numbers and Cauchy sequence of real numbers
the same way as we did for rational numbers above. The theorem of “uniqueness of limits” and
“operations on limits also holds for real numbers with the same proofs.

Lemma: If you take any two distinct real numbers r; # r,, then

o eitherry <mr,orr >y,

o there always exists a rational number g between them (i.e.; < g <mr,orry > q > ).
Proof: Homework or TA discussion section.

Now we prove what intuition has been telling us all along: a Cauchy sequence that represents a
real number actually converges to it. Note that it does not fall directly out of the definition since
it relies on the nontrivial fact, provided by the above theorem, that for any real number ¢ > 0,
there exists a rational number ¢’ € Q satisfying 0 < &’ < ¢.

Lemma: If {p,} € r, then r = lim,,,, p,,.

Proof: Take any € > 0. By the previous lemma, we know that there exists a rational e’ > 0 so
that 0 < &’ < e. We have to show that

(D AN >0 vn>N, |p,—r| <& <e.
By “Operations on Reals” part 4 this inequality will follow if we show that *
(2) dK >0 Vk > K, |p,—pxl <&
Since {p,,} is Cauchy, we know that
AN'>0 vn', k' > N', |py —pr'l <€

Notice then that setting N = N' and K = N’ will make (1) and (2) hold true, proving the
theorem.

Theorem (Completeness of Reals): Suppose that {r;,} = {ry, 1,13, ... } is a Cauchy sequence of
real numbers. Then this sequence has a limit r (i.e. there exists an r such that lim,_,,, 1, = 7).

1 We’re technically using here that €’ is rational here because then &’ contains the sequence {¢’, &', €', ... }.

5
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Proof: Take a Cauchy sequence {r;,};=; of real numbers. We will construct the limit r € R.
There are many ways to do this proof: here is mine. This is called a “diagonal argument.”
For any n > 0, take any {pn'k}:)ﬂ € r,,. Fixany n > 0 and consider for the moment ¢, = 1/n.

Since each {pn'k}:ﬂ is Cauchy there exists K, such that for any k > K, |pnx, — Pni| < &n =
1/n. Define the sequence of rational numbers {q,,};~, to be g,, = py, k. We will show that

{qn}n=1 is Cauchy and hence there exists an r € R containing it (spoiler: this is the r we’re
looking for).

Take any rational € > 0. We’re aiming for |qy — q,| < €. Since {r, };= is Cauchy, there exists
an N > 0 such that forany n > N

N n 3

By “Operations on Reals” part 4, there exists a Ky ,, such that if k > Ky ,, ?

&

|pne — Prk| < 3

Now, we have that for all k > 0
lay — anl = |Pnky — Pk, | < |Pwky — Pukl + [P — Pruk| + [Prg — Pu, |

Then, if we set K = max{Ky, Ky », K, }, then for k > K the right-hand side is bounded from
above by

Suppose we made N > 0 earlier big enough so that 1/N < &'/3. Then we get that

| |<S+€+€_

And so indeed {g,, }n= is Cauchy. Let r € R be the real number that contains it.

We will show that lim,,_, {1, }n=q = r. Take any € > 0. By a previous lemma, we know that
there exists a rational ¢’ > 0 sothat 0 < &’ < . We need to find an N > 0 such that for all n >
N

lr—m| <& <e

By “Operations on Reals” part 4 this inequality holds for any n if there exists a K such that for
k>K

|Qk - Pn,kl <ée.

2 We’re technically using here that £/3 is rational here because then /3 contains the sequence {¢/3,5/3,¢/3, ...}

6
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We have that

|ax — Puk| < lak — anl + lay — qnl + |@n — Puk| = lax — an| + lan — qnl + |Puk, — Prk]

Because {q,} is Cauchy, there exists N > 0 be such that forany n > N, |qy — q,| < &'/3.
Increase N if necessary so that 1/N < ¢'/3. Take any n > N. Let K = max{N, K,,}. Then for
any k > K, the above is bounded above by

S0 |qx — Pni| < €. As discussed above, this shows that indeed lim,, o, {r}5y = 7

We can go back to thinking about real numbers normally.

Notation: The symbol “3” means “there exists” and “V”” means “for all.” The symbol “:” (or ““[”")
means “such that.”

Definition (Supremum/infimum): Suppose that S is a nonempty set of real numbers. If S is
bounded from above, then its supremum is the smallest real number r that is > all numbers in S
(also called least upper bound (LUB)) and is denoted by

sup S.

If S is bounded from below, then its infimum is the biggest real number r that is < than all
numbers in S (also called greatest lower bound (GLB)) and is denoted by

inf S.

Lemma: Suppose that {x,,} and {y,} are sequences of numbers with limits x and y respectively.
If each x,, < y,,, thenx < y.

Proof: Either homework problem or TA discussion.

Theorem: The above definition is well defined (i.e. the real numbers sup S and inf S actually
exist in the situations described).

Proof: We’ll do “sup,” “inf” is left as an exercise. We construct the sequences of real numbers
{r, €S} and {u, eachisan upper bound for S}

as follows. Take any r; € S and any upper bound u, for S. Let their distance be L = |u; — ry].
Take their center x = (ry + uy)/2.

1. If xisan upper bound, setu, = xandr, = ;.

2. If x is not an upper bound, take any r, € S such that r, > x and set u, = u;.
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Do this again: take the center x = (1, + u,)/2 and proceed as in 1) and 2) but replace “1” with
“2” and “2” with “3” to get r; and us. Repeat iteratively to get the sequences {r,} and {u,}. It’s
not hard to see by induction that:

L
) |un—rn| Sz—n

o {r.}isnondecreasing (i.e. r; <1, <1y <---)and {u,} is nonincreasing (i.e. u; > u, >

o Observethatforany 0 < N <n
It =l =1 — 1y Suy —1y = luy —ry| < L/2V
which you can quickly use to prove that {r;,} is Cauchy.
o Similarly use that forany 0 < N <n
luy — up| = uy —up 2 uy —ry = luy —ry| < L/2V
to prove that {u,,} is Cauchy.
So by completeness of real numbers, {r,} and {u,} have limits:

r=Ilimnrn and u= limu,.

n—-oo n—oo
Let’s show that r = u. We will show this by showing that Ve > 0, |r — u| < &. Playing around
Ir—uI < |T'—T'n| + |rn_un| + |un_u|-

Now, 3N > 0 : Vn > N, all three terms on the right are < /3 and so |r — u| < €. So indeed
r=u.

Let’s show that r = u is sup S. Let’s show that u is bigger than everything in S. Take any x € S.
Since each x < u,, by the previous lemma x < u (you can use the constant sequence {x,, = x}
in that lemma if you wish). Next let’s show that r is the smallest upper bound. Suppose y was
another upper bound. Since eachr,, <y, r < y.Soindeed r = uissupS.

Proposition: If S is nonempty, infS < sup S.
Proof: Forany r € S, infS <r < sup$S.

Theorem (Monotone Convergence Theorem): Suppose that {x,,} is a nondecreasing sequence
of real numbers (i.e. x; < x, < x3 < ---) and is bounded from above (i.e. there is a number u
bigger than all the x;,, ). Then this sequence has a limit, and in fact

sup{x,} = lim,_ X,
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(technical point: on the left-hand side {x,,} is thought of as a set, not a sequence). If {x,,} is

. 2

nonincreasing, then the same holds but change “sup” to “inf.
Proof: Homework or TA discussion session
Uncountability of the Reals

Turns out that there are many types of “infinities:”” some are bigger than others. In math we refer
to this “size of the infinities” as the cardinalities.

Definition: Suppose that A and B are sets. Amap f : A — B is arule that for every element a €
A outputs an element in B which we denote by f(a) (draw a picture!). We say that

o fisinjective (or “into”) if f(a) = f(b) implies that a = b (i.e. f never hits anything twice)

o fissurjective (or “onto”) if you for every b € B, there exists an a € A such that f(a) = b
(i.e. f hits everything).

o f is bijective (or “one-to-one”) if it is both injective and surjective.
Example: Take the maps f3, f2, f3 : Z — Z given by

if nisodd
if niseven

Ao =n+1, fam=2n fo={

Which of these are bijective, injective, and surjective (answer: they are bijective, injective, and
surjective respectively).

Definition: Suppose that A and B are sets.

o If there exists a bijective map f : A — B, then we say that A and B have the same
cardinality.

o If there exists an injective map f : A — B, but there does not exist a surjectivemap g : A -
B, then we say that the cardinality of A is smaller than the cardinality of B.

Definition: If a set has a bijection with Z, = {1,2,3, ...}, it is called countable. If not, then it is
uncountable.

Theorem: The sets Z., and Q have the same cardinality (i.e. Q is countable).
Proof: Either TA discussion or homework.
Theorem: The cardinality of Z, is smaller than that of R (i.e. R is uncountable).

Proof: The map f : Z, — R given by f(n) = n is injective. So let’s show that a surjective map
g * Z, — R does not exist. Suppose that it does. Write it out as the following in decimal form
(the right-hand sides below are just an example for demonstration) but don’t write any number in
the form where it ends in “9” repeated

g(0) = 0.163528464
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g(2) = 34.84757840383
g(3) = 7.758104731
g(4) = 4.348710743
g(5) = 0.0037417209
g(6) = 9.538753892

g(7) = 11.00000000000

Align the right so that the decimal point “.” are on top of each other so that everything is aligned
as above. Go along the diagonal as above to construct a number, in the above example it is:

0.858750 ...
Now if the digit is not a 5, turn into a 5. If the digit is a 5, turn it into a 4.
5.545545 ...
But this won’t be a number that g hits, which contradicts that it’s a surjection. m
Infinite Limits
Definition: Suppose that {x,,} is a sequence of numbers. We say that x,, goes to +o
VLER 3IN>0 VvVn>N, x>1L
In this case we can write oo = lim,,_,, X,,. We say that x,, goes to —oo if
VLER 3IN>0 VvVn>N, x<L.
In this case we can write —oo = lim,,_,, X,,. In both cases we still say that {x,,} do not converge.
Example: {x,, = n?} goes to +oo and {y, = —n?} goes to —co.

Let’s prove that {x,, = n?} goes to +oo, the other is left as an exercise. Take VL € R. Take any
N > Lsuchthat N > 1. Then vn > N,

X, =n?>N?>N > L.
So indeed {x,, = n?} goes to +oo. //
Euclidean space
Definition: The space R" is the set of all n-tuples of real numbers:
v = (V1,Vq, o, Up)
The real numbers vy, v,, ..., v, are called the components of v. We often call elements of R™

(such as v) “points” or “vectors” in R".

10
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For example, we live in R3 where a position in space could be v = (3,4,6). //
Example: The real line R is just RZ.

The reason we call elements of R™ “vectors” is because that’s how we called them in physics. In
math we call them vectors because R™ is easily shown to be a vector space.

We’re going to generalize the “analysis” that we’ve developed on R so far from the real line to
R™. The basic notion that will get us started is defining distance:

Definition: For any vector v € R™. We define its length to be

vl = V()2 + -+ + (v)2.

We will often not write the double bar || - || 7 and just write “| - |.

2

Theorem: For any vectors v,w € R", the triangle inequalities holds:
lv+wl| < vl +wl, [v—w|2|lv|-|wl|
And Cauchy’s inequality holds:
lv-w| < [v]lwl]

Proof: The triangle inequalities are proved exactly the same way as for numbers except interpret
multiplication as a dot product. We won’t prove Cauchy’s inequality since we won’t really use it,
and you most likely proved it in a linear algebra course.

Definition: Suppose that {x;} is a sequence of points in R™ and that x € R™. We say that x is the
limit of {x;} if

Ve>0 IK >0 Vk>K, |[x—x,| <e.

Definition: Suppose that x € R™ and that » > 0 is a real number. The (open) ball of radius r
centered at x is the set

Brn(x;r) ={y e R": |x —y| < r}

In other words, a sequence {x;} in R™ has the limit x if for arbitrary small radius € > 0, {x;}
eventually enters the ball of radius € centered at x.

Although dealing with limits in multiple variables at the same time looks daunting, fortunately
we can often deal with it component wise.

Proposition: Suppose that {x;} is a sequence in R™. Write each x; as

Xk = ((xk)l; L] (xk)n)

Suppose that each component sequence has a limit y; separately;

11
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V1 = limgo ((x1)1),

Yn = limk—wo((xn)k)-
Then if we take the point y = (y4, ..., ¥»,), then point y is the limit of {x;} (i.e. vy = limy_ Xx).
Proof: Take any € > 0. We have that

i = ¥l = v (@i =y + -+ (Gedic — ¥n)2.
Note that all of the “( - )*” above can be changed to “| - |.” Because each y; = limy_ ((x1) ),

forany j = 1,...,n there exists an K; > 0 such that for all k > K;, |(xj)k — yj| <e/Jn. SetK =
max{K;, ..., K,,} and note that for all k > K the right-hand side above is less than

) j(%)2+...+(%)2

So indeed y = limy_, ¢ X

Continuity

We will now discuss the subject of continuity. Intuitively, a function is called continuous if its
graph can be drawn without lifting the pencil off the paper. In a calculus course, you may have
defined mathematically as requiring that for all a

f(a) = lim f(x).
x—a
To do this, we need to define what it means to write an expression of the form lim,,_,, f (x).

Often functions are not defined on the whole possible set, but we still want to talk about the
continuity. An example is f (x) = 1/x. That’s why we’ll often talk about functions of the form
f:USR->R

Definition: Suppose that f : U € R — R is a function. For any a € U, we say that y € R is the
limit of f as x goes to a, which we write as write y = lim,_,, f(x), if

Ve>0 36>0 VxeU:x+aand|x—a|l <96, |f(x)—y|<e.
We define left and right hand side limits respectively as

y=1lim f(x) if Ve>0 36>0 VxeU:x#*a,x<aand|x—a|l <6, |[f(x)—yl<e.
xX—>a

y=lmf(x) if ve>0 36§>0 VxeU:x#ax>aand|x—a|l <6, |f(x)-yl<e
xX—a

12
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Proposition: Suppose that f : U € R — R is a function. If a € U, the limit lim,_,, f (x) exists if
and only if its left and right hand side limits exist and are equal: lim,_,- f (x) = lim,_ 4+ f (x).

Proof: TA discussion section, homework, or exercise.

Most likely up to this point you’ve worked only with functions of the form f : R — R. But it
turns out that the theory of continuity is essentially the same for more general functions of the
form f : R™ — R", which in turn have much richer applications. So we’ll study the latter. The
explicit way to write f : R™ — R™ is as

f(x) = (fl(xl, ey X )y ooy (X1, ...,xm)).
For example, f : R?* - R? takes points in R? to points in R2.

Definition: Suppose that f : U € R™ — R" is a function. For any a € U we say that y € R™ is
the limit of f as x goes to a, which we write as write y = lim,_,, f (x), if

Ve>0 36>0 VxeU:x+#aand|x—a| <6, |f(x)—y|l<e
(notice that it s exactly the same as before!).
Definition: Suppose that f : U € R™ — R" is a function. We say that f is continuous at a € U
if
f(a) = lim f(x).
We say that f is continuous if it is continuous at every point where it is defined.

Remark: If we write out explicitly the condition of f : U € R™ — R" being continuous at a €
U, one gets

Ve>0 36>0 VxeU:|x—a|l<9d, |f(x)—f(a)| <e.

The reason we don’t need to write the condition “x # a” present in the definition of limit is that
if x = a, then |f(x) — f(a)| < ¢ is automatically satisfied since the left-hand side is zero.

I

Remark: Observe that in the language of open balls, another equivalent way of writing down f :
U € R™ — R" being continuous at a € U is

Ve>0 36 >0 Vx €U :x € Brn(a;8), f(x) € Bgn(f(a);e).

This sometimes proves to be a powerful reformulation, in particular when we study topology
later.

I
Proposition: The following functions are continuous:

o The function f(x) = x

13
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o The function g(x) = ¢ where ¢ € R is some constant.

Proof: We’ll prove the first one and leave the second to the reader. Take any a € R. We need to
prove that f(a) = lim,_, f(x), or in other words a = lim,._,, x. Take any € > 0. We consider

If () = f(@)]| = |x — a

Letting & = &, we have that forany x € R : |x — a| < § = ¢, the above is trivially less than ¢.
So indeed a = lim,_,, x and hence f(x) = x is continuous.

Now we study how continuity behaves under basic operations.
Notation:
o If f and g are functions, then f o g denotes the composition (i.e. f o g(x) = f(g(x))).

o Iff:A- Bisamap, f[A] = {f(x) : x € A} € B is the range of f (i.e. everything f
hits).

Theorem: Suppose that f : U € R™ - R"and g : V € R" - R are continuous functions such
that f[U] € V. Thengo f : U € R™ — R¥ is continuous.

Proof: Take any a € U and take f(a) € V. Now, take any € > 0. We’re aiming to show that
36 >0 Vx€U:x#aand|x —al <59, |g(f(x)) —g(f(a))| <¢
Since g is continuous,
3) 36>0 vyeV:y=f(@andly—f@l <8 |90 -g(f@)| <e.
Since f is continuous,
35'>0 Vx€U:x#aand|x —al <&, If(x) = f(a)| < 6.

By setting y = f(x) in (3), we see that setting § = &' gives us what we want.

Proposition: The functions h,, hy, : R> > Rand hp, : R\ {0} - R given by
hy(x,y) =x+7y, hy(x,y)=xy, hp(x)=1/x
are continuous.

Proof: The proofs are very similar to the proof of the “Operations with Limits” theorem. We’ll
do the third one, and leave the rest as an exercise. Because hp, is hard to write, let me instead
write g = hp. Take any a € R\ {0} (i.e. a # 0). Take any € > 0. We look at

19(0) ()|_|1 1|_|x—a|_|x—a|
glx)—gla =k "ol T

xa | |x|lal”

14
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Let § = min{a®s/2,|a|/2}. Observe forany x # 0 : |[x — a| < §,

|al
x| = |x —a - (-a)| 2 [Ix — al = |-al| = [lal = |x — al| = |a] = |x - al >

Soforanyx #0:|x —al| <6,

|x—al a’¢/2

= E&.
|x||al Mlal
2

So indeed g is continuous.

The following lemma and its variants are often useful when plugging multiple functions into one
function.

Lemma: Suppose that f : U € R™ -» R® and g : U € R™ - R¥, then (f,g) : U » Rk is
also continuous. Explicitly this is the function

(f,9)(x) = (fl(xl, wr Xy e fn (X1, ooy X))y 91 (X1, oy X))y oo s G (X1, ...,xm)).
Proof: Take any a € U. We need to show that (f, g)(a) = lim,_,(f, g)(x). Pick any € > 0.

5
35§ >0 VxEU.|x—a|<6,|f(x)—f(a)|<ﬁ

&

35§>0 VxeU:|x—al <$,|gx) —gla)] <
| | lg(x) —g(a)l 7

Set§' = min{6,5} >0.Thenforx eU : |x —a| < 6,
|(f, 9)(x) — (f, g)(a)]

= ()~ A@) 4+ (£, ~ @) + (0:) ~ @) + -+ (9 - 9 (@)’

So indeed (f, g)(a) = lim,_q(f, g) ().

Remark: The above theorem naturally generalizes when you need to group more functions
together (e.g. (f, g, ...,h)). 1l

Theorem: Supposethat f : U € R™ - Rand g : U € R™ — R are continuous functions. Then
f+g,f—g,and fg are all continuous on U. If S is the set where g is zero (i.e. S =
{x €edomg: g(x) = 0}), then f/g is continuouson U \ S.

15
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Proof: We’ll prove that f — g is continuous, the rest are an exercise. Take the function
ha(x,y) = x + y and hy (x,y) = xy from the previous theorem. Consider also the continuous
function h_;(x) = —1. Then f — g can be expressed as the composition

(f = D) = ha (. haa (-1 00, g () ).

By the previous theorem, this is indeed continuous.

Proposition: The projection function P, : R™ — R given by
P (%1, o), Xp) = Xp,
where 1 < k < n, is continuous.

Proof: Take any a € R™. We need to show that P, (a) = lim,_,, P, (x). Take any € > 0. We need
to prove that

36 >0 VxeR*":x #aand |[x —a| <4, |P,(x) —P(a)| = |x; —ax| <e.

We claim that § = & works. Then for any x satisfying the above,

It — arl = V0O — a)? S Yy —a)? + -+ (xy —ap)? =[x —a| <5 =¢.

Corollary: If f,g : U € R™ — R" are continuous functions, then
f+g:UCSR*">R" and f-g:U<S R" >R

are continuous functions (here “” is the dot product). 1f n = 3,then f x g : U € R™ - R3 is
continuous.

Proof: They follow directly from our previous theorems. Let us demonstrate this for f + g.
Letting h, and P, be as in the previous two propositions, using the previous lemma we see that
f + g is given by the following composition of continuous functions:

f4g=+gurfat ) = (ha(PL(O) (@) s ha(Pa(F), Pa(9)) ).

There is another very useful notion of continuity. Which we’ll prove is equivalent to the notion
of continuity that we proved above.

Definition: A function f : U € R™ — R" is called sequentially continuous at a € U if for any
sequence {x; € U} suchthat a = limy_,c Xy,

f(@) = lim f(x).
A function is called sequentially continuous if it is sequentially continuous everywhere.

16
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Theorem: A function f : U € R™ — R™ is continuous at a € U (in the usual sense we defined
above) if and only if it is sequentially continuous at a € U.

Proof: Suppose that f is continuous at a € U . Take any any sequence {x; € U} such that a =
limy_,0 X We will show that f(a) = limy_,, f(x). Take any € > 0. Since f is continuous,

36 >0 Vx€e€U:x+aand|x—al <3, |[f(x)—f(a)] <e.
Since a = limy_, o X
dK >0 Vk>K, |x;,—al| <3.
Notice then that for k > K, |f(x;) — f(a)] < €. Soindeed f(a) = limy_ f(xz).

Now suppose that f is sequentially continuous at a € U. We will show that f is continuous by
contradiction. Suppose not! Then

Je>0 V6>0 IxeU:x+#aand|x—a| <4, |f(x) — f(a)] = e.

Fix such an € > 0. Construct a sequence {x; € U} as follows. For every k > 1, consider § =
1/k and so by the above statement there exists x; € U : x, # a and |x, — a| < 1/k such that
|f(x,) — f(a)| = €. Consider the sequence {x;}.

First let’s prove that a = lim_,., x;. Take any € > 0. Let K > 0 be so big so that 1/K < €. Then
forany k > K,

| |<1<1<“
X, —a - - E.
k k K

So indeed a = limy_, Xx. Next let’s prove that f(a) is not the limit of {f (x;)}, which will
contradict that f is sequentially continuous. Notice that | f(x;) — f(a)| = € always. So there
cannot exist K > 0 so that for all k > K, |f(x,) — f(a)| < €. This contradiction proves the
theorem.

Corollary: Afunction f : U € R™ — R" is continuous everywhere if and only if it is
sequentially continuous everywhere.

Proof: Trivially follows from previous theorem. m

Metric Spaces

It turns out that generalizing the notion of continuity to more general spaces has proved to
provide profound implications on other fields of mathematics, such as functional analysis and its
applications to ODEs and PDEs. The appropriate generalization is the following:

Definition: Suppose that X is a set. Suppose we also have a metric (or distance function) dy :
X X X — R, which means that dy satisfies

17
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o dx(x,y)=0forallx,y € X,and dy(x,y) = 0ifand only if x =y,

o dy(x,y) =dy(y,x)forallx,y € X,

o dx(x,z) <dy(x,y)+dx(y, z)forall x,y, z € X (the triangle inequality!).
Together (X, d) is called a metric space.

It turns out that most of the theory of sequences and continuity over R™ carry over to metric
spaces verbatim upon changing ||x — y||, to d(x, y) because most proofs only use the above
three properties. We note that the same does not hold for differential and integral calculus, since
those typically require a bit more structure on X such as being a vector space or having what’s
called a measure.

Example: X € R™ with d(x,y) = ||x — y|| is a metric space.

o From TA section: it turns out that setting d(x,y) = ||lx — y|l; or d(x,y) = |[|x — Y|l
also gives a metric space. //

Example: Suppose we set X to be a curved surface in R3 given as the graph of an infinitely
differentiable function: z = f(x, y). For any two points x, y on this surface, set d(x, y) to be the
length of the shortest curve connecting them. It turns out that this is a metric space.

o You don’t have the tools to rigorously prove that d is well-defined or satisfies the above
properties. There is a way to generalize this to more general curved surfaces as well. //

Example: Consider the space of bounded functions X = {f : R - R bounded} and set d(f,g) =
sup|f(x) — g(y)|. This is a metric space. //

Note: Until we specify otherwise, (X, dy) and (Y, dy) represent metric space (we’ll often need
two). If in some setting we’re only working with one metric space (X, dy), we sometimes just
write “d” instead of “dy.” //

Notation: For any point x € X and any radius r > 0, we denote the (open) ball centered at x
with radius r as

By(x;r) ={x" € X :dy(x',x) <r}.
Remark: Observe that trivially By (x; 1) € Bx(x; 1) if r; <15,

The “X” in By (x; r) is to remind us that this is a ball in the metric space X in case there are other
metric spaces involved (e.g. Y). If in some setting we’re only working with one metric space
(X, dy), we sometimes just write “B” instead of “By.”

Definition: Suppose that {x;} is a sequence of points in X. We say that x € X is the limit of {x;}
if

Ve>0 VK >0 Vk >K, dy(x,x) <e.

18
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Definition: Suppose that f : X — Y is a function between metric spaces. We say that y =
limy_q f(x) if

Ve>0 36 >0 Vx€X:x+aanddy(x,a) <6, dy(f(x),f(a)) <e
(note that y € Y).
Definition: We say a function f : X — Y is continuous at a € X if
f(a) =limy_q f(x)
We say that f is continuous if it is continuous everywhere.

Remark: Notice that the condition of f : X — Y being continuous at a € X can be equivalently
written in the following two ways:

Ve>0 3§ >0 Vx€X:dy(x,a) <$, dy(f(x),f(a)) <e.
Ve>0 36§ >0 Vxe€X:x€B(a;8), f(x) € B.(f(a);e).

The reason we don’t need to write the condition “x # a” in the first line is that if x = a, then
dy(f(x), f(a)) < e is automatically satisfied since f(x) = f(a) and so the left-hand side is
zero.

I

Definition: A function f : X — Y is called sequentially continuous at a € X if for any sequence
{x;.} in X such that a = limy_, Xy,

f(@) = Jim £ ().
We say that f is sequentially continuous if it is sequentially continuous everywhere.

Theorem:

o Supposethatf : X - Yandg:Y — Z are continuous. Thengo f : X - Z is
continuous.

o f:X - Yiscontinuous at a € X if and only if it is sequentially continuous at a.
o f :X - Yiscontinuous if and only if it is sequentially continuous.
o Iff:X->R"andg:X — RF are continuous, then (f, g) : X - R™*¥ is continuous.

o Iff:X—->Randg:X — Rare continuous, then f + g, f — g, fg, are continuous, and
f/g is continuous on X \ S where S = {x € X : g(x) = 0}.

o Iff:X->R"andg :X — R"are continuous, then f + g, f - g and f x g are
continuous (latter only makes sense in case of n = 3).
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Proof: Proofs are the same as the previous analogous theorems, except replace || - ||” with “dy”
Or C‘dY.7’

Metric Topology

Now we begin studying a type of geometry one could call “topological geometry” (not an actual
name). The difference with other types of geometry, such as high school geometry, is that this
type of geometry cares only about properties of shapes that are unchanged by continuous
deformations. This is a beautiful field of its own and surprisingly has essential applications to
analysis.

Definition: For any set S, the complement of S is everything not contained in S (as a technical
point: we think of S as sitting in another bigger set). We denote the complement of S by S¢ (the
little “c” stands for “complement”).

Definition: Consider a subset U € X of a metric space.
o Apoint x € X is called an interior point of U if

dr > 0, By(x;r) € U.
Note that this automatically implies that x € U.
o Apoint x € X is called a boundary point of U if

Vr >0, By(x;r)NU #=® and Bx(x;r) NUC€ # Q.

o Apoint x € X is called an exterior point of U if

dr > 0, By(x;r) € U°-.

Remark: Simply using logic, one can reason that the above definition classifies all points of x €
X (i.e. all points x € X are either interior, boundary, or exterior points of U - they cannot be two
or three of the types, just one).

Furthermore, it immediately follows form the definition that an interior point of U is an exterior
point of U¢ and vice versa: an interior point of U€ is an exterior point of U.

Definition: For any subset U € X, the set of boundary points is called the boundary of U and is
denote by aU.

Remark: Since the definition of boundary point is symmetric with respect to U and U°¢, a point
x € X is a boundary point of U if and only if it is a boundary point of U¢. So we get the equation:

oU = a(U°).
I

Example: In R™ (i.e. the metric space X = R", dy(x,y) = ||x — yl|), consider the (open) ball
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Brrn(x;r) ={y e R": |lx —yll <7}
o Every point y € Brn(x; ) is an interior point of Bgn(x; 7).

o Every point y € R"™ such that ||x — y|| = r is a boundary point of Bgn(x; ). More
precisely

0Brn(x;7) ={y € R" : |lx —yll = 7}.
o Every point y € R™ such that ||x — y|| > r is an exterior point of Bgn(x;1).

Let’s prove the first one, the rest are exercises. Take any x" € Brn(x; ). We need to show that
exists v’ > 0 such that Bgn(x'; ") € Bgn(x; 7). Takeany r’' > 0 : r' < r — ||x — x'||. Then for
any point y’ € Brn(x'; ")

lx =yl < llx = x|+ [Ix" =y'll <llx =x'[| + 7" <|lx =x"[[ + 7 = |lx = x"|| = 7.
So indeed Bgn(x';1") € Brn(x;1). /]

Repeating the reasoning verbatim involved in the above example but replacing “|| - ||,” with
“dx” gives:

Lemma: Consider an (open) ball By (x; r) in a metric space X.
o Every point x" € By(x;r) is an interior point of By (x; ).
o Everypointx’ € X : dy(x',x) > ris an exterior point of By (x; ).

The reason points x' € X : dy(x', x) = r are not necessarily boundary points can be seen by the
example of the subset Z € R®.

Definition: A sequence {x,} in X is called Cauchy if for any (the following are two equivalent
statements)

Ve>0 AN >0 Vn> N, dy(x, xy) <e.
Ve>0 AN >0 Vvm,n> N, dx(x,, x,) <E&.

Definition: A metric space (X, d) is called complete if every Cauchy sequence {x;} in X has a
limit: x = limy_, x; Where x € X.

Theorem: R™ with the usual metric is complete.
Proof: Homework assignment. m
Definition:
o Asubset U € X is called open if all of its points are interior points.

o Asubset A € X is called closed if it contains all of its boundary points (note that a set
automatically contains its interior points and never contains its exterior points).
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Lemma: A (open) ball By (x, ) in a metric space X is open (that’s why we call it an “open”
ball).

Proof: By the previous lemma, every point in By (x; r) is an interior point. m

It’s sometime awkward to rigorously prove that sets other than the balls are open, such as the set
of all points strictly above the parabola y = x2. We’ll develop tools later that make this easier.

Riddle: What’s the difference between a set and a door. Answer: A door is either open or closed,
while a set can be either or both.

Theorem:
o Asubset U € X is open if and only if U€ is closed.
o Asubset A € X is closed if and only if A€ is open.

Proof: To prove the first point, take any x € a(U°€) (i.e. a boundary point of U€). We have to
show that x € U*. Earlier we observed that U = d(U€). So x € dU. Since U contains only
interior points, x & U or equivalently x € U¢. So indeed U°€ is closed.

Now suppose that U€ is closed. Take any x € U. Since U¢ contains all of its boundary points and
interior points, we have that x is an exterior point of U¢, which means that it is an interior point
of U. Hence indeed U is open.

The second point of the theorem is logically equivalent to the first point since A = (A°)¢.

If you really want to make a set closed, fret not! There is an operation to help you:
Definition: For any set A € X (not necessarily open/closed). We define its closure by

A = A U {all boundary points of A}.
Lemma: For any set A € X, its closure A is closed (hence “closure” was a good name)

Proof: We will prove that A is closed by showing that (4)¢ is open. Take any point in x € (A)¢
(i.e. x ¢ A). We need to show that there exists v > 0 such that By (x; ) S (A)¢. We know that x
is not an interior point of A since x & A. Similarly, x is not a boundary point of A since x ¢ A. So
x is an exterior point of A. So there exists » > 0 such that By (x;r) € A€. Every pointy €

By (x,7) is also an exterior point of A because the fact that By (x; r) is open implies that there
exists v’ > 0 such that

Bx(y,r") € By(x,r) € AS.

So every point y € By(x,7) is not in A. Hence By(x,7) € (A)°.

Example: By a previous example we get that
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Brn(x;r) ={x" € R": ||x' — x|| < r}.
Note, this is not true in a general metric space!

I

Theorem: Suppose that {Uy, ..., Uy, } is a finite set of open sets in X. Then

Ui =U;n..NUy isalso open.
je{1,...m}

Suppose that {Uy}yer is a (possibly infinite) set of open sets in X. Then
U U, is also open.
YEr

Proof: Let’s begin with the first part. Take any point x € U; N ...N U,,,. Because it’s an interior
point of every U;, for any j = 1, ..., m there exists r; > 0 such that BX(x,rj) cU. Letr=
min{r; : j = 1,...,m}. Then observe that for each j = 1, ..., n,

By(x,7) © BX(x,rj) c U
And so
Bxy(x,v) €U, N ..NU,,.
Hence x is an interior point of U; N ...N U,,. So U; N ...N U,, is open.

Let’s prove the second part. Take any x € U, er U,. Then there exists y, € I' such that x € U, .
Since U, is open, there exists r > 0 such that

By(x,m) € U, S U u,.
yer

So x is an interior point of U, ¢r Uy, and hence Uy ¢r U, is open.

Example and nonexample: An example of the above theorem is:

1
{Uj}je{l 0 = {BR” (x, —)} and {U,}remson<1y = (Brn(X, 1) brempzo:p<13-
je{1,..,10}

Then

1
UinNn..NnUjyg = Bgn (x, E)' which is open!
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1
U, = Bpn (x, E)' which is open!
re{b=0:b<1}

Example of when the theorem doesn’t apply is

U, = {0}, which is not open!
re{b=0:b<1}
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In point set topology - a more advanced course - the above theorem is in fact taken to be the
definition of open sets since in which case you don’t need the presence of a metric. Closed sets
are defined to be the compliments of open sets. A rich theory can be constructed out of this,
despite not having a metric!

Theorem: Suppose that {4, ..., 4,,} is a finite set of closed sets in X. Then

Aj = A, U ..UA; isalso closed.

je{1,..n}

Suppose that {Ay}yer is a (possibly infinite) set of closed sets in X. Then

ﬂ Ay is also closed.

YEr

Proof: You can do a similar argument as for the previous theorem. Alternatively, observe that
(AU .. U4) =450 .0 AS

which is open since each A7 open and by the previous theorem. So A; U ... U 4; is closed. The
second part is proven similarly using

Cc
4 ) =4

YEer yer

Example and nonexample: Examples of the above theorem are:

Brn(x,1) U ... Bgn(x,10) = Bgn(x,10) which is closed!
Bgrn(x,r) = {0} which is closed!
re{b=0:b<1}
An example of where the theorem does not apply:

Bgrn(x,7) = B;(x,1), which is not closed!
re{b=0:b<1}

I

Theorem: A function f : X — Y between metric spaces is continuous if and only if for any open
setU €Y,

fUl={xeX: f(x) €U}

IS open.
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Proof: Suppose that f is continuous. Take any open set U € Y. Take any point a € f~1[U]. We
have to show that there exists an > 0 such that By (a; ) € f~1[U]. Take f(a) € U. Since U is
open, there exists € > 0 such that By (f(a); &) € U. Since f is continuous,

35 >0 Vx €X:dy(x,a) <6, dy(f(x),f(a)) <e.
Equivalently:
38 >0 Vx € By(a;6), f(x) € By(f(a);e) € U.

Fix such a 6§ > 0. Observe that the above statement says that any point in By (a; §) get mapped
into U by f. Hence By (a; 8) € f~[U]. Setting r = §, we see that a is an interior point of

!

Now suppose that for any open set U € Y, f~1[U] is open. Take any a € X. We will show that f
is continuous at a. Take any € > 0. Consider f(a) € U. Since U is open, there existsan &’ > 0 :
g' < e such that By (f(a), &) € U. Since By (f(a), ") is open, f~1[By(f(a),&")] is open by
assumption. Since trivially a € f~1[By(f(a), £')], we have that (here the “=" applies to the part
indicated by “;‘”).

36 > 0: By(a,8) € f1[By(f(a), "]

= Vx €X:dy(x,a) <6, f(x) €By(f(a)e")

=dy(f(x), f(@) <& <e
So
Vx € X : dy(x,a) <8, dy(f(x),f(a)) <e

and hence f is indeed continuous.

In point set topology the above theorem is in fact taken to be the definition of continuous
functions.

Definition: A continuous function f : X — Y that has a continuous inverse f~1 : Y — X is called
a homeomorphism (in particular, it is a bijection because the inverse exists).
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Intuitively speaking, if there is a homeomorphism between two metric spaces X and Y, then their
topologies (i.e. phenomenon surrounding open sets, boundary points, etc.) are equivalent. This is
analogous to the fact that if there is an isomorphism between vector spaces V and W, then
they’re linear structures are equivalent (for example: their dimension). The following theorem
describes what we said rigorously:

Theorem: Suppose that f : X — Y is a homeomorphism. Take a subset U < X and consider its
image under f:

V=flU={f(x):x€eU}CY.
Then
1. Anpoint x € U is an interior point of U if and only if f(x) is an interior point of V.
2. Apoint x € U is a boundary point of U if and only if f(x) is a boundary point of V.
3. Apoint x € U is an exterior point of U if and only if f(x) is an exterior point of V.
Proof: Quiz section or homework assignment. m

If you’re in R™, intuitively speaking two shapes are homeomorphic if one of the shapes can be
bent and stretched continuously (i.e. without creating rips) to transform into the other. You can’t
use this for rigorous arguments, but it is the idea behind why we chose homeomorphisms to
describe such phenomenon.

Connected Sets

Definition: Suppose that E < X is a subset of a metric space X. We say that E is disconnected if
there exist nonempty subsets A, B € E such that E = A U B and

ANB=¢ and ANB=07.

In this case we call A and B a disconnection of S. If no such disconnection exists, then we say
that E is connected.

Examples: Examples of disconnected sets include (draw these out!)

E = Bpe (O; 1) U B2 (2;1)
2 2
and less trivially:
E = Bge(—1;1) UBR2(1;1) or E = Graphof1/x? (set value at x = 0 to be anything)
An interval is an example of a connected set, as we will prove further below.
Notation: If a < b are real numbers, we let
o (a,b) denote the interval from a to b not including the endpoints a and b,

o [a, b) denote the interval from a to b including a but not b,
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o (a,b] denote the interval from a to b not including a but including b,

o [a, b] denote the interval from a to b including both a and b.
Similarly:

o (—oo,b) denote the interval of all numbers < b

o (a, o) denote the interval of all numbers > a

o (—oo,b] denote the interval of all numbers < b

o [a, ) denote the interval of all numbers > a

In other words, we write “(” or <) if do not want to include the endpoint, and “[” or “]” if we do
want to include the endpoint.

Note: Recall that in the homework you will show that a point x € X is in the closure of a set A if
you can find a sequence {x; } in X with each x;, € A such that x = limy,_,, x;. This gives a good
geometric way of thinking about closure.

Theorem: The only connected subsets of R are the intervals.

Proof: Take a set S © R. We show that it is connected if and only if it is an interval. First,
suppose that S is not an interval. We will show that S is disconnected. Then there exist points
a,b € Sand ¢ ¢ S such that a < ¢ < b. Define

A=5Nn(—o,c) and B =S5n/(c, o).

Notice that S = AU B and that A € (—,¢) and B S (c, ). Next, the closure of A is contained
in (—oo, c] because for any point x > ¢ you can’t find a sequence {x; } in A such that x =
limy,_,o, X Since each x;, < ¢, and so any point x > c is not in the closure of A. For similar
reasons, the closure of B is contained in [c, o). Hence both

ANB S (—o,c]Nn(c,0)=¢ and ANB S (—,c) N[c,0) =@
Thus A and B are a disconnection of S, and so S is indeed disconnected.

Now suppose that S is an interval. We will show that it is connected by contradiction. Suppose
that it isn’t connected. Then there exists a disconnection A and B of S. Leta € Aand b € B, and
relabeling A and B if necessary, assume a < b. Observe that the whole interval [a, b] must be
contained in S because both a, b € S and S is an interval and hence contains everything in
between a and b. Consider the number

c=sup{x € A:a<x<b}

Since a < ¢ < b, we have that ¢ € S and hence c either belong to A or B. Now we ask: does ¢ €
A or ¢ € B? We try both cases:

1. Suppose c belongs to A. We cannothavec = b orelse ANB # @andthusANB + @
(and A N B # ). So we must have that ¢ < b. So we can choose a sequence {x,} such
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that each x;, € (¢, b) (and hence x; € S) where x;, decreases to ¢ from above with ¢ =
limy_, x;. Each x; € B because otherwise x;, € A along with x;, > ¢ would contradict
the above supremum property of c. Thus c is in the closure of B. But then we get that A N
B + @, contradiction!

2. Suppose c is in B. Because of ¢’s supremum property, we can choose a sequence x; € A
increasing from below such that ¢ = limj_,., x;. Thus c is in the closure of A. But then
we get that A n B # @, contradiction!

So ¢ can’t belong to A nor B, while we observed that it has to belong to at least one of them. So
S must indeed be connected.

The next theorem says that continuous functions take connected sets to connected sets.

Theorem: Suppose that f : X — Y is a continuous function and that U € X is a connected set.
Then the image of U under f:

flUl={f(x) : x € U}
is also connected.

Proof: We prove this by contradiction: suppose f[U] is not connected. Then there exists a
disconnection A and B of f[U]:

fl[Ul=AuB, AnB=0¢, AnB=0.
Consider the preimages
fFHA]l={x€eX:f(x) €A} and fl[B]={x€eX:f(x)€B}

Notice that U € f~1[A] U f~1[B] because everything in U maps into f[U] and hence must map
into either A or B since f[U] = A U B. We can then write

U=WnfADu Un f B
Since U is connected, U n f~1[A] and U n f~1[B] cannot be a disconnection of it. So either
WnfTADNWNfBD =0 or (UNfHADNUNfIB] # 0.
By relabeling A and B if necessary, suppose that the first one holds. Then there exists
pointx €U N f '[B] anda

sequence {x;}, eachx;, € UN f1[A], and x = llim Xp-

Then f(x) € B and {f (x;)} is a sequence of points in A. Since f is continuous, f(x) =
limy,_00 f(x). Hence f(x) € A. Butthen A n B # @, contradiction!
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Theorem (Intermediate Value Theorem): Suppose that f : X — R is a continuous function
where E € X is a connected set. Suppose that a, b € E are such that f(a) < f(b). Then for
every value y satisfying f(a) < y < f(b), there exists an x € E such that f(x) = y.

Proof: Take any y satisfying f(a) < y < f(b). Since E is connected, by the previous theorem
the image f[E] is also connected. Since f[E] is a subset of R, it must be an interval. Since
f(a), f(b) € fIE], f[E] must contain every value in between f(a) and f(b), in particular it
contains y. Hence there exists an x € E such that f(x) = y.

Next we discuss another notion of connectedness.

Definition: A continuous curve (or path) is a continuous function of the form y : [a, b] — X.
Such a curve is also sometimes, but not very often, referred to as an arc.

Definition: Aset E € X is called arcwise connected (or path connected) if for any points
x,y € E, there exists a continuous curve y : [a, b] —» X such that ran(y) € E and

y(a) =x and y(b) =y.

Intuitively a set being “arcwise connected” means that every two points can be connected by a
continuous curve that stays inside that set. As we’ll prove below, all arcwise connected sets are
connected. However the other direction is not true and hence arcwise connected is a slightly
weaker notion of connectedness (look up the “topological sine curve”). Nevertheless it does
provide a powerful way to prove that something is connected because in many cases it’s easy to
demonstrate that there is a continuous curve connecting any two points inside the set.

Theorem: If aset E € X is arcwise connected then it is connected.

Proof: Suppose E is arcwise connected. We prove that it is connected by contradiction. Suppose
not! Then there exists a disconnection A and B of E:

E=AUB, AnB=¢, ANnB=0¢.

Take @ € A and B € B. Because E is arcwise connected, there exists a continuous curve y :
[a,b] —» M such that y(a) = a and y(b) = B. Consider the sets y~1[4] and y ~1[B]. Because
every time t € [a, b] gets mapped into E = A U B and hence into either A or B, we have that
[a, b] = y~1[A] U y~1[B]. Since [a, b] is connected, y ~1[A] and y ~*[B] cannot be a
disconnection of [a, b] and so either

Yy HAIny ' [BI#® or y '[Alny~i[B] # @.

By relabeling A and B if necessary, we can assume that the first one holds. Then there exists a
x € y~[B] such that x € y~1[A] as well. The latter implies that there exists a sequence {x; €
¥ "1[A]} so that x = lim_,, xj. Observe then that y (x) € B and each y(x;) € 4, and that y’s

continuity implies that
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y(x) = lim ¥ (xx).

So y(x) € A aswell. So A n B # @. But that contradicts that A and B are a disconnection. So E
is indeed connected.

Although connectedness does not imply path connectedness, there is a theorem in R™ that sort of
gives something along these lines. We won’t make use of the following theorem, so we won’t
cover the proof. We include a reference for the interested reader.

Theorem: If asubset U € R™ is both open and connected, then it is path connected.
Proof: Theorem 1.30 in Advanced Calculus 2" Ed by Gerald Folland:

https://sites.math.washington.edu/~folland/Homepage/AdvCalc24.pdf

Compactness

Compactness, intuitively speaking, is an attribute of sets that plays at least two important roles in
analysis: controlling the behavior of continuous maps and giving the ability to identify a point
around which a subset seems to accumulate/cluster at. We start with the latter idea to define a
type of compactness:

Definition: A subset K < X is called sequentially compact if for any sequence {x; € K} in K,
there exists a subsequence {x,,} of {x;} such that has {X,,;} has a limit x € K: x = lim,,_,, %,,.

Remark: {%,} being a subsequence of {x; } means that {x,,} is an infinite subset of {x;} (i.e.
{x,} < {x;}) that preserves the order of the elements.

The main definition of compactness is the following:

Definition: A subset K € X is called compact if the following holds. Suppose that {U,,}yGF is an
open cover of K, which means that each U, is an open set and they cover K:

KQUUy.

Yer

e m _
Then there is a finite subcover {U; }i-, € {U],}yEF of K:

kef{1,...m}
In general topologies (which we don’t study), compactness and sequential compactness are not
necessarily the same thing. However, metric spaces are special in that the two notions are in fact

equivalent. As we will prove, in R™ it turns out that being compact is equivalent to being both
closed and bounded. To prove the first theorem, we need two important lemmas
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Definition: Suppose that {x;} is a sequence in X. We say that x € X is an accumulation point
(or cluster point) if for any r > 0 there exists infinitely many x;’s in By (x, 7).

Lemma: Suppose that {x; € K} is a sequence in K € X. Then it has a subsequence with a limit
x € K if and only if it has an accumulation point ¥ € K.

Proof: Homework.
Lemma: Suppose that K € X is compact and that A € K is closed. Then A is also compact.
Proof: Suppose that {Uy}yel" is an open cover of A. We have to show that there exists a finite

subcover {Uj}y=, € {Uy}yeI‘ of A. Add on the open set A€ to this collection of open sets to get

{U,,}yEF U {A°} and notice that this is now an open cover of K since

K<SAUASc UUV U A°.
Yer

Since K is compact, we can choose a finite subcover {U; }y=, U {A¢} < {U),}yEF U{A‘}of K

where we “threw in” {4} into this finite subcover just in case. Since A € K, this finite subcover
of K also covers A:

ACKC U Uy |JUA°=U; U ..U U, U A"
kef{1,...m}

Since A does not intersect A€, you can throw {A¢} out of this finite subcover of A to get that
simply {U, }y= is a finite subcover of A. Hence A is indeed compact.

Theorem: Asubset K € X is compact if and only if it is sequentially compact (this is only true
because X is a metric space).

Proof: First suppose that K is compact. Take any sequence {x; € K} in K. We will show that it
has a subsequence {%, } that has a limit x € K. Suppose not! Then by the second to last lemma,
{x,.} has no accumulation point x € K, which means that

(3x € K VvVr>0 By(x,1.) only has finitely many x;'s) is not true
& Vx €K 3, >0 By(x, 1) only has finitely many x;'s

Consider the open cover

{BX (x, rx)}xEK of K.
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(i.e. K € Uy,ex Bx(x, 1), which is true because every x € K is contained in By (x,1;)). Because

K is compact, we can choose a finite subcover {B (xj, rxj)} } C {B(x, 1) },ex Of K. But

je{1,...m
then since each By (xj, ij) has finitely many x,’s and the By (xj, rx].)’s cover K, this implies
that there are a finite number of x;,’s: contradiction!

Now suppose that K is sequentially compact. Take any open cover {U),}yEF of K. We prove the

following claim which is called the Lebesgue number lemma in the theory of compact subsets of
metric spaces.

Claim:

36 >0 VxeK 3JyeT, BX(x;d)QUV

(the & > 0'is called a Lebesgue number of the open cover {Uy} ).

Proof of claim: Suppose not! Then
V6>0 Ix€K Vy €T, Byx(x;6) €U,

Thus for any integer k > 0 there exists an x;, such that By (x,, 1/k) is not contain in any U,.
Since K is sequentially compact, there is a subsequence {X,,} of {x; } with limitx € K: x =
lim,,_,0, %, Let 1/k,, denote the radius of the ball By (%,, 1/k,,) associated to %,. Since {U],}yGF

covers K, x is contained in some U, . Since U, is open, there exists an r > 0 such that
By(x,r) € U,,. Now choose N big enough so that

vn> N X,iswithinr/2 of x
va>N 1/k, <1/2.

By an argument we’ve done many times (which we leave to the reader), it follows from the
triangle inequality that for any n > N,

By(Zn, 1/ky) € By(x,7) € Uy,

But this contradicts that by construction we said that none of the By(%,, 1/k,,) are contain in
any of the U, ’s.

End of proof of claim

We want to show that there is a finite subcover {U,}™, {U],}yEF of K. We prove this by

contradiction: suppose not! Let & > 0 be as in the above claim (i.e. a Lebesgue number of
{UV}yer)' Take any x; € K. By the above claim, there exists y; € I such that

Bx(.xl; 5) - UVl'
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Since we assumed that there is no finite subcover of K, U,, cannot cover K and so there exists
x, € K outside of U, (and hence outside of By (x;; 6)). By the above claim we again have that
there exists y, € I' so that By (x,; 6) € U,,, and so

Bx(xl; 6) V) Bx(xZ; 6) c Uyl V) Uyz

By reasoning as before, there exists an x; € K outside of U,, U U,, (and hence outside of
By (x1; 8) U Bx(x5; 8)). Proceed inductively to get a sequence {x; € K} in K which satisfies

Bx(x1;6) U ..U Bx(x;;6) € Uy, U ..U U;
and x;,, is outside of Uy, U ...U U, (and hence outside of By (x;;6) U ..U Bx(x;,8)). Notice
that by construction each x; is at least a distance of § from all of the other x;,’s.

Now, since we assumed that K is sequentially compact. The sequence {x;} has a subsequence
{x,} that has a limit x € K : x = lim,,_,, X,,. But by construction, each %, is at least a distance of
& from each other, and hence can’t by Cauchy, and hence can’t have a limit. Contradiction!

We now prove the theorem that justifies the intuition that compact sets are used to control
continuous functions. It says that continuous functions take compact sets to compact sets.

Theorem: If f : X = Y is a continuous function and K < X is compact, then the image of K
under f:

fIK]={f(x) : x € K}
is also compact.

Proof: We will prove that f[K] is sequentially compact. Take any sequence {y, € f[K]} in
fIK]. We must show that it has a subsequence {¥,, € f[K]} with a limit y € f[K]. For each y;
there exists x;,, € K such that y, = f(x;). Consider the sequence {x; € K} in K. Since K is
sequentially compact, there is a subsequence {¥,, € K} in K with limitx € K : x = lim,,_,, X,.
Since f is continuous f(x) = lim,_,. f(X,). Soset {y, = f(X,)}and y = f(x), which is a
subsequence of {y,} and limit in K that we were looking for.

Next we classify compact subsets of R™. We need a few preliminary lemmas:
Lemma: Aset A € X is closed if and only if A = A.

Proof: Was proved in discussion section, or follows from Problem 3 on HW 8. m
Lemma: If {x;} has a limit x, then any subsequence will have the same limit.
Proof: Homework. m

The following is the famous Heine-Borel Theorem that classifies compact subsets of R".
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Theorem: A nonempty subset K € R"™ is compact if and only if it is bounded and closed.
Rigorously, “bounded” means that K is contained in some big ball centered at zero: 3R > 0, K €

Proof: Suppose K is compact. First we show that it is bounded. Suppose not! Then
VR>0 3Ix €K |x| =R.

Construct the sequence {x;, € K} in K as follows. Pick any x; € K. By the above, there is x, € K
such that |x,| = |x;| + 1.2 Then there exists x; € K such that |x3| > |x,| + 1. Proceed
inductively to get {x, } which satisfies |x; 1| > |xx| + 1. Note that if k < j

|xj —xkl > |x]| — x| = |xpeqa| = Ixie| = 1.

So each xy is at least a distance of 1 away from the other x;,’s. Since K is sequentially complete,
there exists a subsequence {x,,} with limit x € K: x = lim,,_,, X,,. But that is impossible since
the above shows that each X,, is at least a distance of 1 away from the other %,,’s, and hence isn’t
Cauchy, and hence can’t have a limit. Hence K must be bounded.

Next we show that K is closed. We will prove that K = K. The inclusion K € K is immediate, so
we’ll prove K 2 K. Take any x € K. We need to show that x € K. Since x is in the closure K,
there exists a sequence {x; € K} in K so that x = lim;_,., Xx. Since K is sequentially compact,
there exists a subsequence {X,,} which has a limit ¥ € K: ¥ = lim,,_,, X,,. But by the previous
lemma, x = ¥ and so x € K.

Now suppose that K is closed and bounded. We will prove that it is sequentially compact (and
hence compact). Take any sequence {z,} in K, we will show that there is a subsequence {Z,,} that
has a limit z € K. We will do this in R? for simplicity, from which it should be clear how to do
this in R™. We use the following notation for a box:

[a,b] X [c,d] ={(x,y) ER?:a<x<b,c<y<d}
Because K is bounded, we can take a large enough box B,
B, = [-R,R] X [-R,R]={(x,y) ER>: —R<x <R,—-R <y <R}

so that it will contain K (i.e. make R large enough). Break this box up into four equal pieces,
which are also boxes:

[-R,0] x [-R, 0], [0, R] x [-R, 0], [—R, 0] x [0, R], [0, R] x [0, R]

Since there are infinitely many z;’s in K and hence in B,, at least one of these smaller boxes will
necessarily also have infinitely many z;’s. Let B, be such a box. Then proceed similarly, break
B, into four equal boxes/pieces as above, and let B; be one of these boxes that also has infinitely
many z,’s. Proceed inductively. This way you get a sequence of boxes B; 2 B, 2 B3 2 ---
where the size of each box is getting smaller and smaller, precisely By, is R/2%~2 by R/2k~2.

3] here is an arbitrary choice. Any number bigger than zero would work.
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Since each By, has infinitely many z;’s, we can inductively choose a subsequence {Z,,} of {z; } so
that Z; € B;, then Z, € B,, then Z; € B3, etc. The subsequence is Cauchy because for any € > 0
let N be so that R/2V~1 < &/2 and so forany n > N

2
both zy, z,, € By and so |zy — z,| = \/((ZN)x - (Zn)x)z + ((ZN)y - (Zn)y)z < (;) + (g)

=&

Since R? is complete, {%,,} has a limit x. Since each %,, € K, we have that x € K. Since K is
closed and hence K = K, we have that x € K. Hence this is the {X,,} and x that we were seeking.

Now we can prove the Extreme Value Theorem which provides the theoretical justification for
finding maximums and minimums of continuous functions over compact sets, such as what you
did for closed and bounded intervals in calculus.

Theorem: Suppose that f : X — R is continuous and that K € X is compact. Then there exists
points x,,,« € K and x,,;, € K such that

f(max) = sup{f (x) : x € K} and f(xmin) = inf{f(x) : x € K}.

Proof: We’ll start with proving that x,,,, exists. By a previous theorem, we know that the image
f[K] is a compact subset of R. By the previous theorem, this means that f[K] is closed and
bounded. Bounded implies that the supremum

sup{f[K]} = sup{f (x) : x € K}
exists.

Now, we claim that sup{f[K]} € d(f[K]). Take any r > 0, we will show that
Br(sup{f[K1};r) = (sup{f[K]} — r, sup{f[K]} + r) contains points inside and outside of
fIK]. Points between sup{f[K]} and sup{f[K]} + r cannot be in f[K] because sup{f[K]} is an
upper bound. Next, there must be points in f[K] between sup{f[K]} — r and sup{f[K]} or else
sup{f[K]} — r would be a small upper bound, while sup{f[K]} is supposed to be the smallest
upper bound. So indeed sup{f[K]} € d(f[K]).

Since we said that f[K] is closed, d(f[K]) € f[K] = f[K] and so sup{f[K]} € f[K]. So there
exists x € K so that f(x) = sup{f[K]}. Hence x is the x,,,, that we wanted.

You can do a similar argument to prove that x,,;, exists. Or you can observe that x,,;, Of f IS X«
of —f. Choose your favorite approach!

It turns out that one can generalize the classification of compact sets in R™ (i.e. being closed and
bounded) to more general metric spaces, but one has to be careful. The following theorem
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provides the precise details. We won’t cover it in detail and you’re not allowed to use it on the
homework or tests.

Theorem: Suppose that (X, dy) is a complete metric space and that K < X. Then K is compact if
and only if it is closed and totally bounded (“totally bounded” means that for any radius r > 0,
you can cover K by a finite number of balls of the form By (x, 1)).

Remark: The proof of the above theorem is essentially the same as the classification of compact
sets R™, where the balls play the role of the boxes. Note the crucial assumption that X is a
complete metric space. One way to see that this is necessary assumption is that the square

(—m, m) X (—m, m) is both closed and bounded in @2, but is not compact (this is not hard to
show: it’s on the level of an exercise).

Differentiation

For a quantity that depends on time, the average rate of change is defined as

change in the quantity

time elapsed

This is powerful, because if for instance the quantity in question is distance, knowing the average
rate of change and the time elapsed allows you to compute the distance traveled. This, however,
doesn’t give you insight on what happens on smaller scales. The major contribution of
differential calculus is to use the notion of limit to put the concept of “change” on the
instantaneous level, which gives rise to the well-known concept of “instantaneous rate of
change.” This concept, turns out, also plays a central role in other subjects such as differential
geometry.

Definition: Suppose that U < R is an open subset and that f : U — R is a function. For any
point a € U, the derivative of f at a is defined as either of the following equivalent statements
X)— a
Fr(@) = tim L Z( )

xXx—a X

fla+h)—f(a)
. ,

f'(a) = lim

if the limit exists. If the limit exists, we say that “f is differentiable at a.” If f is differentiable at
every point in U, we say that “f is differentiable (everywhere)” and we denote its derivative as a
new function f' : U - R.

Remark: The reason we require U to be open is that if we take a € U, we have a full interval
around a where we can freely move right and left to take values of f. This helps with the
interpretation from calculus that the derivative gives the slope of the tangent line to the graph of

f.

Remark: The second derivative is the derivative of the first derivative, the third derivative is the
derivative of the second derivative, and so on... For instance, we say that f is three-times
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differentiable if its third derivative exists everywhere. We denote the n derivative of f by f™.
If all of the derivatives of f exists, we say it’s “infinitely differentiable.” //

Remark: One can also define left-hand derivative f’ and right-hand derivative f, as

f@O-fl@ _ . flath) -1
— = 1Im .
X —a

x—a* h

fi(a) = lim
- x—a*

It follows from a previous result that f is differentiable at a if and only if both £ (a) exist and
are equal, in which case f'(a) = f{(a) = f!(a). The usefulness of this left and right derivatives
is that you can extend the notion of derivative to closed intervals [a, 8] by defining the derivative
of f at  as the right-hand derivative and the derivative of f at § as the left-hand derivative. //

Proposition: Suppose that U < R is open and consider the functions f, g : R - R where
f(x) = x and g is the constant function g(x) = c (i.e. ¢ € R is some real number). Then both f
and g are differentiable and f'(x) = 1 and g'(x) = 0.

Proof:
x)— f(a xX—a
f’(a)=limM=lim =lim1l=
x—-a X —Qa x-aXxX —Qa x—-a
— a —
g'(a) =1 90) = 9 )—lim =lim0 =
x—a X —a x->aXxX —Qa xX—a
[ ]
Example: The function f(x) = |x| is not differentiable at zero because the limit from the two
sides are not equal:
o fQ=fO  lxl-0
o= "0 ~M5o -k
v o S =f0) o x[-0 B
Fla=lp=——c ~Mao A=t
/l

We mention a lemma on limits.

Lemma: Suppose that f, g : U € R™ — R functions such that both lim,._,, f(x) and
lim,_,, g(x) exist. Then

lim[fGO) £ g0l = lim[fO] + limlg@)],  lim[f()gCo] = lim[f (o] lim[g (o),
lim[f (x)/g(x)] = lim [f (0)]/lim[g(x)],

where in the last statement we in addition require that lim,_,, g(x) # 0.

38



Haim Grebnev Last Modified: February 18, 2025

Proof: Its proof is exactly the same as the analog version for limits of sequences that we
discussed earlier (this lemma and proof also holds if you change “U € R™” to a metric space

(X! dX))

Theorem: Suppose that U € R is open and that f : U — R is differentiable at a € U. Then f is
continuous at a € U. Obviously if it is differentiable everywhere (i.e. atall a € U), then it is
continuous everywhere.

Proof: We will show that f(a) = lim,_,, f(x) by showing that lim,._,,[f(x) — f(a)] = 0:

chig(ll[f(x)—f(a)]=}Ci$%(x—a)=li M ( —a)=f"(a)-0=0.

x—-a

Remark: The above theorem and proof work if U = [a, b] is a closed interval and you use one-
sided derivatives. //

Remark: It follows immediately from the above theorem that if U € Risopenand f : U = R is
n times differentiable, then f, f',..., f™V : U — R are continuous because the continuity of
£ ™ implies the continuity of f™~1 | continuity of f ™1 implies the continuity of f ™2 etc. //

Next we prove the usual calculus rules surrounding derivatives (i.e. product rule, chain rule, etc.)

Theorem (Sum/Product Rule): Suppose that U € R isopen and that f,g : U = R are
differentiable at a € U. Then f + g and f - g are differentiable at a and

F+'@=f(@+g' (@ ad (- 9)(=f(a)gla)+f(a)g'(a)
Obviously if they are differentiable everywhere (i.e. at all a € U), then this holds everywhere.
Proof: We will do f - g, the proof for f + g is left as an exercise. We have that

fgx) —flagla) = f)gl) - fla)gx) + fla)gx) — fla)g(a)

lim = lim
x—-a X —a X>a Y —a
_ o O - f@lg () + f@lg@) — (@)
xX—a X —a

If(x) f() l

+ lim lf( )g() g(a)l

Since f and g are continuous at a by the previous theorem, f(a) = lim,_, f(x) and g(a) =
lim,_,, g(x). So breaking up the above two limits and taking limits gives

— lim M m g(x) + lim £ () lim % = F'(@)g(a) + f(@)g'(a).

xXx—-a
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To prove the chain rule, we need a few lemmas which you’ll prove on the homework.

Lemma: Suppose that f : U - Rand g : V = R are such that range f € dom g (so it always
makes sense to write g(f(x))). If both lim,_, £ (x) and limy . ) 9(¥) exist, then
}Ci_r)r(ll g(f(x)) = limy—>limx_,af(x) g(x)

Lemma: Suppose we have g : V — R and a sequence {y;} in V. Suppose that b = limj,_,o, Vi
exists, b is in V, and that each y, # b. Suppose also that lim,,_,j;,, ., g() also exists. Then

Jim g(yi) = limy iy 9 (-

Theorem (Chain Rule): Suppose that U,V € Rareopenandthat f : U > Rand g : V - Rare
such that range f € dom g. Suppose f is differentiable at a € U and that g is differentiable at
f (). Then the composition g o f = g(f(+)) : U - Ris differentiable at a and

(g° )@ =g'(f@)f @.

Proof: Suppose first that there exists a small interval (a — 6, a + §) around a contained in U
such that f(x) # f(a) forx € (a — §,a + &) and x # a. Then

- g(f@)-g(f@)  g(f(x) = g(f(a)) f(x)—f(a)
lim = lim .

x-a X—a xsa  f(x) — f(a) xX—a
g)—gla)  fx)-f(a)
lim
y —a

—a x—-a X

(4)

= lim Plug in f(x) into y in =g'(f(@)f"(@)
xX—a

(we used the second to last lemma for the blue items). Next suppose such a small interval

(a — 8,a + 6) around a does not exist. In other words

V6>0 Ix€(a—68,a+8):x+a, f(x)=f(a).

By a technique we’ve done many times before (e.g. setting & = 1/k), we can construct a
sequence {x; } in U so that a = lim,_, Xi, €ach f(x;) = f(a), and each x;, # a. By the
previous lemma

. [ — f(a)
m ————————————————

li =1lim0 = 0.
k—oo0 X —a x—-a

von o S —fla)
f(a)—hmT—

x—a X

So we just have to show that (g o f)'(a) = 0. We will show this by showing that the quantity
inside the first limit in (4) is arbitrarily small. Take any € > 0. There exists §;, 85,85 > 0 such
that

<&

f) = f(a)
xX—a

(5) Vx€U:x+aand|x—al <dy,

<1

I -g(f@)

(6) Vy6V=y¢f(a)and|y—f(a)I<52,‘ VT —a

g (f(@)
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(7) Vx€eU:x+#aand|x—al <83 |f(x)—f(a)] <,

Note that the last item in (6) and the triangle inequality imply that
‘g(y) - g(f@)| _19») —g(f(@)

S —a e 9@ +lgF@) < 1+]g'(F@)].

Thenforany x € U : x # f(a) and |x — a| < min{d,, 85}

|9(f(x)) ~9(f@) 0‘ - {g(f(x» LD 0+

S ‘

— f(x)—f(a) x—a

e 0 if f(x)=f(a)
- {[1 + |g’(f(a))|]£ if f(x) # f(a)
“[1+]g'F@)l]e if fG) =f(@

Oops... from here we see that had we divided our original & by [1 + |g’(f(a)) |], we would get
that this is less than €. Hence, as mentioned above, this proves the theorem.

=[1+]g'(F@)]]e

Lemma: The derivative of the function 1/x (defined over R \ {0}) is — 1/x2.
Proof: Homework. m

Theorem: Suppose that U < R is open and that f, g : U — R are differentiable at a € U and
g(a) # 0. Then f/g is differentiable at a and

(f ) _f'@g(@) - f(a)g'(a)
—) (o) = 5 :
g (9()

Proof: Let hp : R\ {0} - R be the function hp(x) = 1/x. Then by the product rule, chain rule,
and the previous lemma (here I omit writing “(a)”)

<§)’:f'(hD°g):f"(hD°g)+f'(hD°g)'=%’+f-<_%.g')

_flg-f4g
==

Next we prove a theorem that justifies finding maximums and minimums by taking the
derivative of a function and setting it to zero.

Definition: Suppose that U is open and that f : U — R is differentiable. We say that a is a local
maximum of f if there exists a small interval (a — &, a + &) contained in U so that

f(x)<f(a) Vxe(a—948,a+9)
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The point a being a local minimum is defined similarly but change “<” to “>.”

Similarly, a is called a global maximum if

fx)<f(a) VxeU
The point a being a global minimum is defined similarly but change “<” to “>.”

Obviously a global maximum/minimum is a local maximum/minimum, but the other direction is
not true.

Lemma: If f,g : U - R are such that f < g and both lim,_, ;+ f(x) and lim,_, ;+ g(x) exist,

X—>a— X—>a—

then lim,_, ,+ f(x) < lim,_ ,+ g(x) (you can remove the “+” as well).

Proof: Similar to the proof of the analogous theorem you proved on the homework for
sequences. m

Lemma: Suppose that U is open and that f : U — R is a function. Suppose that f is
differentiable at a € U and that a is a local maximum or local minimum. Then f'(a) = 0. Since
global maximums/minimums are also local maximums/minimums, this also works for global
maximums/minimums.

Proof: We’ll do the local maximum case: the other case is done similarly. We have that

f(x) = f(a) _ (something smaller than f (a)) — f(a) )
—— = lim - — < lim 0=0,
x—a x—at something positive x-at

fi+(@) = lim
x—at

fi(a)=li

xX—-a

f(x) — f(a) _ (something smaller than f (a)) —f(a) _
m ———— = lim - ; > lim 0 =0.
- XxX—a x-a~ something negative x—a~

Since f'(a) = f1(a), we have that f'(a) = 0.

Now we build towards the Mean Value Theorem.

Rolle’s Theorem: Suppose that f : [a, b] - R is continuous, differentiable on (a, b) and f(a) =
f(b). Then there exists a ¢ € (a, b) such that f'(c) = 0.

Proof: By the extreme value theorem, f has a global maximum and global minimum. If f(a) =
f(b) is both the global maximum and minimum, then f is constant and so f'(c¢) = 0 forall ¢ €
(a, b). Otherwise, there exists a global maximum or minimum c € (a, b). By the previous
lemma, f'(c) = 0.

Mean Value Theorem I: Suppose that f : [a, b] = R is continuous and differentiable on (a, b).
Then there exists a ¢ € (a, b) such that
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i =[O /@
a
Proof: Let [ : [a, b] » R be the line
10 = £ + LD gy
Observe that
(@) =f(a) and l(b) =f(a )+M(b_ Q) = f(b) and I'(x )_M

—a
Consider the function h : [a, b] - R given by h(x) = f(x) — [(x). Then
h(a) =f(a) —l(a) = f(a) —f(@) =0 and h(b)=f(b)—1U(b)=f(b)—f(b)=0
and thus h(a) = h(b). So by Rolle’s Theorem there exists ¢ € (a, b) such that

0=h'(c)=f"()-U(c)=f"(c )—Li(a)
and so
v fb)—f(a)
f(C)—ﬁ-

Lemma: Suppose that g : (a, b) — R is differentiable and g’ > 0. Then g is strictly increasing

(i.e. x; < x, implies g(x;) < g(x;)). Same thing holds if you change the assumption to “g’ <
0” and the conclusion to “g is strictly decreasing.”

Proof: We’ll do the case g’ > 0, the other case g’ < 0 is proved very similarly. Suppose not!
Then there exists x; < x, such that g(x;) = g(x,). By the Mean Value Theorem I, there exists
¢ € (a, b) such that

7'(c) = 9(x2) = 9(a) _ 0

Xy —Xq

contradiction!

Mean Value Theorem I1: Suppose that f, g : [a, b] = R is continuous and differentiable on
(a,b) and that g’ is not zero on (a, b). Then there exists a ¢ € (a, b) such that

f'e) _ fb) —f(a)
g'c) gb)—-ga
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Proof: Homework to read: Theorem 2.9 in Advanced Calculus Second Edition by Gerald B.
Folland (click on the link to see the book on the author’s website) It should be an easy read: so
you are responsible for it. m

L’Hopital’s Rule I: Suppose U € R is open and that f, g : U — R are differentiable. Suppose
that for some a € U

lim f(x) =limg(x) =0
x—a xX—a

Suppose also that g’ is not zero on some small interval (a — 6, a + &) S U except possibly at
x = a and that the limit

lim f'(x)
x~a g'(x)

exists. Then g is also not zero on (a — §,a + &) exceptat x = a and

lim f&) = lim fe)
xsag(x)  x-ag'(x)

Proof: Since f and g are differentiable, they are continuous and so
fl@=limf(x)=0 and g(a)=1limg(x)=0.
xX—a x—-a

We now focus only on x € (a — §,a + 6). For such x, we cannot have g(x) = 0 or else by
Rolles’ theorem there would be a ¢ between a and x such that g’(c¢) = 0 and we said that g’ is
not zero on (a — 6, a + &) except possibly at x = a. So indeed g is also not zero on (a — §,a +
&) except at x = a. We will show that

I fG) . f'()
im |

oat g(x) | xoat g (x)

from which the theorem will follow by the equality of the limits from both sides. Let’s start with
x - a*. Take any x € (a — 8, a + &) such that x > a. Then there exists some ¢, € (a, x) such
that

fG) _f)—fl@) _f'le)
gx) gx)—gla) g'(c)

Notice that since c, is stuck in between a and x, ¢, = a* as x —» a* and so this will force

lim fe) _ lim fled _ lim [
x-a*t g(x)  x-at g'(c,)  x-atg'(x)

The case x — a™ is done similarly.
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Homework: Read the statements of Theorem 2.10 and Theorem 2.11 in Advanced Calculus
Second Edition by Gerald B. Folland (click on the link to see the book on the author’s website).
If you wish, you may read the proofs, but you are not responsible for the proofs.
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Integration

Notation: Suppose that {y; }r= is a set of numbers. We define the sum notation X:

m
D V= vmAya v
k=1

Of course, this can be done for other objects as well that come with the addition operation, such
as when y, are vectors, functions, etc.

Examples: If we take {y,}3_, where each y, = k2, then

12 + 22432 4+4%2 452 =55

5
D ve=yt e+t s
k=1

People often don’t make any mention of y, and simply write

k? =12 422 432 4 4% 4+ 52 =55,

N

k=1

We now embark on constructing the integral. Intuitively it is an infinite sum of objects that are
defined on the instantaneous scale. One use of this is to invert differentiation, such as computing
total distance traveled from knowledge of instantaneous rate of change. Recall from calculus that
integrals also give areas under curves and hence have application in geometry (or in higher
dimensions they give volumes). In fact, areas under curves is the idea behind how we will define
integrals.

We will define the Riemann integral, which integrates bounded function f : [a, b] — R defined
over a compact interval [a, b]. Integration is computed by approximations obtained by breaking
up the axis of the independent variable (i.e. [a, b]) into small intervals and then making the
length of the intervals smaller and smaller. The following definition is the starting point for this.

Definition: A partition of an interval [a, b] € R is a collection of points
P = {xo,xl, ...,x]}

that have the property that a = x, < x; < --- < x; = b. Another partition P’ is called a
refinement of P if P < P’ (i.e. P' = {x{, x{, ..., x]',} is a set of points that contains the points of
P = {xo, x4, ..., x;} and has even more points in it!)

Now we define upper and lower Riemann sums which approximate the true integral from above
and below respectively.

Definition: Suppose f : [a, b] = R is bounded and that P is a partition of [a, b]. The upper
Riemann sum of f with partition P = {x,, ..., x;} is defined as
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J-1
®) Sof = Z[sup @} (41— x)
= S[UP ]{f(x)} (x1 — x0) + S[UP ]{f(x)} (X —x) + -+ [SUP ]{f(x)} (x] - x]—1)-
X€E[xg,x1 X€E[x1,% XE|Xj_1.X]

The lower Riemann sum of f with partition P is defined similarly but using the infimum:

J-1
9 sof = ) 0 (700} (1 = )
=0 X1

Observe that since each

inf ]{f(x)}s sup  {f(x)},

XELXj X4 x€[xjxji

we immediately get that the lower Riemann sum is smaller than the upper Riemann sum: spf <
Spf.

Intuitively speaking, the following lemma says that taking smaller intervals in the partition
improves the approximation of the upper and lower Riemann sums to the true integral.

Lemma: Suppose that f : [a, b] - R is bounded. Suppose that P is a partition of [a, b] and that
P’ is arefinement of it (i.e. P € P'). Then

Spf = Sp'f and spf < sprf.

Proof: We will do Spf = Sp/f, the proof for spf < sp/f is very similar. Let P = {x, ..., x;} and
P' = {x1, ..x;/}. Take any interval [x;, x;,,] in the partition P. Take all of the xj, ..., x;, in P’
such that

— ! ! ! 1
XJ —_ Xk < Xk+1 < < Xm_l < xm - x]'+1.

Intuitively, we broke up [xj, xj+1] into subintervals of the form [x;, x,,,]. We now analyze every
term in the sum (8):

sup  {f(} (%41 —%) = sup {f(} e —xp)

XE[Xj,Xj4q XE[XjXj4q

= sup  {fOO} (o = xm-1) + (o1 = Xip—2) + - + (Kerq — 23]

XE[Xj,Xj44]

= sup {f(0)}Com —xpm-1) + -+ sup {f(0)} (pyq — x5)-

xE[x]',x]'+1] XE[Xj,Xj+1
Since each [x;, x,.,,] subinterval considered here is contained in [xj, xj+1], we have that

sup {f(x)}= sup {f(x)}

XE[Xj,xj41] X€[x7,%)41]
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Hence from the previous calculation we get that

sup  {f(x)} (xj+1 - xj)

xe[xj,xj+1

2 sup  {f(0} (o — xpog) + o sup {FQ0O) (s — xp)-

! ! ! !
X€[x_1.2%0m XE[Xp X gt q

Observe that adding up the left-side for all j € {0, ...,/ — 1} gives Sp f while the right-hand side
will add up to Sp/f. Hence indeed Spf = Sp/ f.

The next lemma says that lower Riemann sums are smaller than upper Riemann sums regardless
of the partition you choose for either.

Lemma: Suppose that f : [a, b] = R is bounded and that P and Q are partitions of [a, b]. Then
Spf < SQf

Proof: Consider the partition P U Q of [a, b]. Then by the previous lemma,

spf < spuf < Spuef = Sof-

Definition: Suppose that f : [a, b] = R is bounded. The upper and lower Riemann integrals
are defined as

I°f = sup{spf}  and  I.f = inf{Sof}.
P

Note that since spf < S, f by the previous lemma and “sup” and “inf” preserve “<” (this takes a

little thought to see why), we get that 12 f < TZf always. If TZf = I2f, then we say that f is
Riemann integrable (on [a, b]) and we define the Riemann integral of f as

b
[ reoax=7or = s

Since we don’t consider other types of integrals in this course for a while (e.g. the Lebesgue
integral), for now we sometimes don’t write “Riemann” in “Riemann integral.”

The idea behind the above definition is that intuitively speaking the area under the graph of f
(i.e. the integral ff f) must be less than or equal to all upper Riemann sums and bigger than or

-b
equal to all lower Riemann sums. Thus the integral f;f must be stuck between I2f and I, f. If
-b
the two are not equal: I2f < I,,f, then we don’t know what f:f should be and so we can’t

define it. If the two are equal: I2f = TZf, then we define fff to be that number.
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Notation: If b < a, then we define

a b
bff(x)dx = —!f(x)dx.

This is simply a convention, that has proved to be useful.
Next we explore standard properties of integrals.
Theorem:

a) Suppose thata < b < c and that f : [a, c] = R is Riemann integrable on [a, b] and [b, c]
separately. Then f is integrable on all of [a, c] and

ff(x)dx = ff(x)dx+ff(x)dx.
a 2 b

b) Suppose that f, g : [a, b] = R are Riemann integrable. Then f + g : [a,b] = RIis
Riemann integrable and

b

b b
f[f(x) + g(x)]dx = jf(x)dx+fg(x)dx.

a

Proof: We begin with a). In our proof of a), let P’s denote partitions of [a, b], Q’s denote
partitions of [b, c], and R’s denote partitions of [a, c]. Observe that forany Pand Q, P U Q is a
partition of [a, c] and

(10) spf +sof = spuef < S‘;p Srf-
We claim that this implies that

(11) sup spf + sup sy f < sup sgf.
P 0 R

Essentially we threw sup, and sup,, Onto spf and s f respectively in (10). Let’s show how to
justify this. From (10) we have that

spf < Sl;p Srf — sof -

So the right-hand side is an upper bound of the left-hand side for all P. Since sup,, spf is the
least such upper bound we get that sup,, spf < sup sgf — sof and so
R

supspf + Sof < sup sgf.
P R
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Throwing on sup,, onto s, is done similarly, and hence we indeed get (11). Note that (11) is
another way of writing

Bf +I5f < I5f.

—_ -b —_
This same argument but using upper Riemann sums and infimums gives IZf <I,f+ Ilc,f. Thus,
since ISf < T, f we get that

_ _b —
(12) If + I5f S ISf <Tof <Tof +1of.

Since we said that f is Riemann integrable on [a, b] and [b, c], we have that

b c
ﬁf=if=]f@ﬂx and 5f=if=jf@ﬁx
a b

which by (12) forces

b c
(13) 5f =Tof = [ rGdx + [ fGa
a b

Hence indeed f is Riemann integrable on [a, c] and facf(x)dx is equal to (13).

Next let’s prove b). Take any partition P of [a, b]. Let P = {x,, ..., x;}. Consider one of the
intervals [x;, x;,1 ]. Observe that for any % € [x;, xj41]

inf  {f(x)} + [inf ]{Q(X)}Sf(f)+g(f)-

XE[x]',Xj+1 X€E Xj,x]'+1
Thus the left-hand side is a lower bound for all values of the form on the right-hand side, and so

inf ]{f(X)}+ [inf {g()} < [inf {f(® +g(®)}.

XE[xjXj4q XE[xj,Xj44] ZE[xjxj41]
We can replace X with x on the right-hand side since it doesn’t matter what letter we use. Thus
J-1

[1m {reoy+ mf{awﬂmﬂ x) < Elimlvuwgunwﬂ—a)

= X€ x] x]+1 x€ xJ J+1 [xj,xj+1

which is the same thing as
spf +spg < sp(f + 9).

We can’t simply throw sup,, onto both sides because it’s not clear how sup, breaks over the “+”

sign on the left-hand side. So consider another partition Q of [a, b] and observe that the above
proves that (here R is any partition of [a, b])
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Spf + 509 < Spugf * Spugd < Spug (f +9) < Sl;p sr(f +9).
Now we can throw on sup,, and sup,, Onto the left-hand side as before to get
sx;p spf + Slle Seg < sgp sg(f + 9),
which is equivalent to
Rf+1g <I2(f +9)

Repeating the above arguments but with upper Riemann sums and using “inf”, one similarly gets
-b b -b -b
I,(f +g) < I.f +1,g.Since I2(f + g) < I,(f + g) we have that

-b -b —b
Rf+1bg<IE(f+9)<1,(f+g) < I.f +1pg.

As before, since f and g are Riemann integrable on [a, b] we have that
b b
b -b b -b
Lf =l = | fdx and Ijg=I9= | g(x)dx
a a
which by the previous inequality forces
b c
-b
(14) B¢ +9) =To(f +9) = [ fGadx+ [ f.
a b

Thus indeed f + g is Riemann integrable on [a, b] and f;[f(x) + g(x)]dx is equal to (14).

Remark: There are a few more standard properties of integrals that you should already know
from calculus, and I will most likely ask you to prove in the homework. The are written out in
Theorem 4.9 in Advanced Calculus 2" Ed by Gerald Folland:

https://sites.math.washington.edu/~folland/Homepage/AdvCalc24.pdf

You are responsible for reading the statement of the theorem.

Remark: Using the convention that fff(x)dx =— fbaf(x)dx, it’s easy to see that part a) of the

above theorem holds for any triple of numbers a, b, ¢ (i.e. not necessarily a < b < c¢). This is
why this convention was chosen.

We’ve defined Riemann integrable functions, but we haven’t given any examples of such
functions. To do this, we will show that all continuous functions are Riemann integrable. To
prove this, we need a stronger notion of continuity:
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Definition: Suppose (X, dy) and (Y, dy) are metric spaces. We say that f : X — Y is uniformly
continuous if

Ve>0 36>0 Vx€X Vy€X:dy(x,y) <6, dy(f(x).f(y)) <e.

Theorem: Suppose (X, dy) and (Y, dy) are metric spaces and that X is furthermore compact.
Then any continuous function f : X — Y is also uniformly continuous.

Proof: Take any continuous f : X — Y. We need to show that it is uniformly continuous.
Suppose not! Then

Je>0 V6>0 Ixe€X Ty eV :dy(x,y) <S4, dy(f(x),f(y))ZS.

Fix such a e > 0, and for each §, = 1/k let x;, y, € X be such that dy (x, ) < 6, = 1/k and
dy(f(x),f(y)) > ¢. Since X is compact, there exists a subsequence {x,,} of {x, } that converges
to some point x € X. Take the corresponding subsequence {¥,} of {y;} that uses the same sub-
indexing as {X,}. We claim that x is also the limit of {¥,,}. To see why, let k,, be the
corresponding integer such that dy (%, — ¥,) < 1/k, and observe that

1
dy(x,¥n) < dx(x,%,) + dy(X,, ¥n) < dx(x,X%,) + . -0 as n - oo,
n

So indeed x = lim,,_,, ¥, as well. Now, we have by the (sequential) continuity of dy and f
lim dy (f (%), f Gn)) = dy (f @), f(2)) = 0

But at the same time each dy (f (%,), f () ) = € by construction. Hence contradiction!

We finally prove the existence of integrable functions:
Theorem: Suppose that f : [a, b] —» R is continuous. Then f is Riemann integrable.

Proof: The function f if bounded by the extreme value theorem. Next, we will show that
-b
Iof =infSpf =supsof = Iif
Q
by showing that for any € > 0
' - <
1£1f5pf sgp sof| S e

Note that we can remove the absolute values here since infp Spf > sup,, So f automatically. By
the previous theorem, f is uniformly continuous and so

36 >0 Vx €[a,b] Vy€lab]:|x—y| <6, |f(x)—f(y)|<ﬁ.
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Let P = {x,, ..., x;} be a partition of [a, b] so that the length of each [x;, x;,, ] subinterval is less
than §. Fix a subinterval [x;, xj.1]. For any x,y € [x;, x;4] we have that |x — y| < & by
construction and so

&
fO—fO) <If) = fOI <y

Let’s rewrite this as
£
b—a

As we did in the second to last theorem, we can throw SUP e x4 and SUP e[ x4.4] onto the

Jj+1

fe)+(=f) <

two quantities on the left-hand side to get

sup {f(}+  sup (~f0)} <3 —

XE[Xj,Xj44] yE[xjxj1q

Using the homework result that sup{— -} = —inf{ - }, we get that

&

sup  {f(x)} - [inf i =

XE[Xj,%j44] ye[xjxjii] b—a

Multiplying this equation through by (ijr1 — xj) and then summing in j gives

J-1 -1 .
. &
J'Z(:Jxe[as:’gﬂ N e =) = jzz(:)ye[;jl'g:j+1]{f(y)} (41 =) < ;b —a (41 = %),

&
— < —— — = E.
= Sf-sfS—(b-a=¢

Now, we have that

(15) ingQf < Spf and sgpsQf > spf (hence — sgpsQf < —spf).

So the previous inequality gives
infSof —supsyf < e.
Q Q

As argued before, this proves the theorem.

An important corollary is the following.

Corollary: Suppose that f : [a, b] = R is bounded and continuous except at finitely many
points. Then f is Riemann integrable.
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Proof: Let B > 0 be such that |f| < B everywhere, which exists since f is bounded. Like in the
previous proof, we will show that for any € > 0

' — <
1£’1f5pf sgpsQf <e.

Let {y1, ..., ¥} be the points where f is discontinuous. Take any § < ¢ (this § has nothing to do
with the & in the previous proof). If we make § > 0 small enough, we can write

m
lbI\ | = 8.7+ 8) = Do, %41 U g, 111 U .U Lt 23]
k=1
for some disjoint intervals [xj, x]f] (i.e. they don’t intersect). The function f is continuous on each
[, x]], hence integrable, and hence we can choose partitions P; and Q; of [x;, x/] so that

! I
Xj

Xj
Spjf<jf+e and stf>ff—s.
Xj

Xj
Since P; U Q; are a refinement of both P; and Q;, by a previous lemma Sp o, f < Sp;f and
SPjuQ; f= So; f and so furthermore

l l
X

j Xj
SP]UQ]f< ff""g and SP]UQ]f> -]-f_g
Xj Xj

Consider the partition R = P, U ...U P,, U Q, U ...U Q,, of [a, b] whose upper Riemann sum of
f will satisfy

Sef = Seyuoof + -+ Seuenf + sup {f120 +-+ sup {126

x€[y;1—8,y1+6] X€[ym—38,ym+6]
X0 Xm
< ff+e + - ff+e + B2e + -+ + B2¢
X0 Xm

! !

_ j0f+...+ ]mf+[(m+1)+m2B]£.

One can similarly show that
Xo Xm

st>Jf+---+ff—[(m+1)+mZB]£.
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Hence
Sgf —sgf <2[(m+ 1) + m2B]e
As near the end of the previous proof, using (15) we get that
(16) ingQf —supsyf < 2[(m+ 1) + m2B]e.
Q
Oh no: we didn’t get the right-hand side to be &! To fix this, go back in this proof and divide the

€’s in the right places by 2[(m + 1) + m2B] to get the right-hand side of (16) to be ¢. As argued
above, this proves the theorem.

Now we get to the theorem with the dramatic name! To prove it we need the following lemma:

Lemma: Take the constant function h : [a, b] — R given by h(x) = c. Then ff h(x)dx =
c(b — a) (this should be obvious from calculus, we are simply proving this rigorously).

Proof: Since h is constantly c, for any partition P = {x,, ..., x;} of [a, b] the infimum and
supremum of h over any interval [xj,xj+1] is also c. Hence both S, f and spf are equal to

J-1 J-1
z c(xj41 —x) = cz:(xjﬂ —x)=c(b—a).
j=0 j=0

-b
Thus both I2h = I,h = ¢(b — a), proving the lemma.
Fundamental Theorem of Calculus:

1. Suppose f : [a, b] = Ris an integrable function. Then the function F : [a,b] - R
defined by

H@=fﬂw@

is continuous. Furthermore
17) F'(x) = f(x) forx € [a,b] where f is continuous
(if x = aorx = b, use F,(x) and F’(x) respectively instead).

2. Suppose F : [a,b] - R is continuous and f = F' exists except possibly at finitely many
points yy, ..., Vi, Suppose also that f : [a, b] — R is integrable (define f at the y;’s to be
anything — it doesn’t matter). Then
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b
[ roay =r®) - F@.

Remark: Think of the derivative statements in part 1) and part 2) respectively as:
b

= [rowy)=r@ wa  Fo)-F@= [ Foay

a
under the conditions stated in the theorem.

Proof: We start with 1). Let’s first show that F is continuous. Fix any x € [a, b]. We will show
that

(18) Fx) = limy_ F(7)

(use y - x¥ if x is an endpoint). Since f is integrable, it is bounded and so there exists a
constant B > 0 such that —B < f < B everywhere. For y > x we have that

y y y

—B - (y —x) =j—desjf(z)dzsjde=B-(y—x)
X X X
F(y)-F(x)
By the squeeze theorem lim,,_,,.+[F(y) — F(x)] = 0. One similarly shows lim,,_,,-[F(y) —
F(x)] = 0 and hence (18) holds.

Next let’s show (17). Fix x € [a, b] where f is continuous. Let us assume that x € (a, b) since
x = a and x = b are handled similarly using the right- and left-hand derivatives. First consider
only h > 0. We have that

x+h

. 1 1 .
ye[kr,icﬁh]{f(y)} B Eye[g;f%]{f(y)} h= h J ye[kllle%]{f(y)} dz

x+h

< %f f(z)dz

x_,_/
H(FO+h)~F(x))

<

sup {f(}h= sup {f(¥)}

YE[x,x+h] ye[x,x+h]

sup {f(y)}dz =

yE[x,x+h]

Sl
}Ib—\

Re—7

It’s not hard to show (I plan to assign it as homework — it’s not a hard exercise) that f being
continuous at x implies
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fOx) = lim inf {(FO)}= lim ye[sxl,lxp+h]{f )}

Hence by the previous inequality and the squeeze theorem

1 :
fx) = hll)rglJrE(F(x +h) — F(x)) = F'(x).
The limit with h —» 07 is proved similarly, and hence we’ve proved (17).

Next let’s prove 2). Let P be a partition of [a, b]. Let P’ = P U {y,, ..., ¥ }. Let’s write out P’ =
{x0, .., x;}. Then F is differentiable over each subinterval (x;, x;,) and continuous over

[xj, xj+1] (since we assumed that F is continuous everywhere). So by the mean-value theorem
there exists ¢; € [x;, x;14] such that

F(xj+1) — F(xj) _ f(Cj)

Xj+1 7~ X

= [F(x41) = F(x)] = f()(s1 =) < sup  {F(0)} (%41 — ;).

X€ Xj,x]'+1
Summing in j gives

[F(xy) — F(x)] + [F(xp) — F(x)] + -+ [F(x)) = F(21)]

J-1
= Z sup  {f(0)}(xj41 — ;)
j=0 xE[x]',xj+1

=  F(b) - F(a) = Sp/f < Spf.

Since P was chosen arbitrarily, this shows that

b
F(b) — F(a) < ingpf = Jf(z)dz.

Using infimums, one similarly shows that
b
ff(z)dz =supspf < F(b) — F(a).
P
a

Hence indeed F(b) — F(a) = f:f(z)dz.

Taylor’s Theorem
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Differentiation shows that a function is well approximated by a tangent line. But a parabola will
approximate the function even better because it can take into account the function’s curvature. A
cubic polynomial gives an even better approximation, and so on. Quantitively this is given by
Taylor’s theorem, which we now discuss. It is of fundamental importance because it allows to
numerically compute standard functions such as the exponential and trigonometric functions.
First we need a standard piece of notation.

Notation: Suppose U € R is open. For k > 0, C¥(U) denotes the set of function f : U — R that
have k derivatives and all k derivatives are continuous (note that since differentiable implies
continuous, it’s sufficient to simply check that the k' derivative is continuous). By convention
the zeroth derivative of f is simply f itself (i.e. f© = £). C*(U) denotes the set of functions
with infinitely many derivatives.

Taylor’s Theorem: Suppose that I € R is an open interval and that £ € C**1(I). Fix any point
a € 1. Then

k f9P(a) .
(19) F0) =) e (= @) + B
=0

where the “error function”

1

(20) E.(x) = %f(l — O fF*+D (g + t(x — a))dt| (x — a)**?
0

sup  |F*H0 ()

between a and x
y |x — a|k+1.

= |Ex()| < k + D!

Proof: We start with (in the second equality we use the “u-substitution” z = a + t(x — a))

x 1
f(x)—f(a)=ff’(z)dz=ff’(a+t(x—a))(x—a)dt.
a 0

= f(x)=f(a)+ jf’(a+t(x—a))dt (x —a)
0

This proves the k = 1 case. Next, notice that —(1 — t) is an antiderivative of 1. So integration
by parts gives

1

f 1- f’(a +t(x — a))dt

0
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1
’ t=1 "
=-1-0f'(a+tlx- a))|t=0 - f —1-0f"(a+tlx—a))(x—a)dt
0

= (@) + (x-a)

1
f(l —Of"(a+t(x—a))dt
0

Plugging this into the equation before gives

fe) = fla) + f@x—a)+

1
f(l —Of"(a+tlx - a))dt] (x —a)?
0
This proves the k = 2 case. A similar integration by parts calculation gives
1 1
1
f(l —0)f"(a+tlx—a))dt = f"(a) + Ef(l — )" (a+t(x —a))dt
0 0

which if we plug into the previous equation gives

1
fO) =f@+f @k ~a)+5f"(@)x - a)*

3| [a-or e ee- a))dt} (= a)*
0

This proves the k = 3 case. Continuing like this inductively will prove (19) where the error
function is explicitly given by (20) (we leave it to the reader to try out the proof by induction,
which is carried out as illustrated above).

Next let’s prove the bound on Ej (x). We have that

1

j(l — Ok (g + t(x — a))dt

0

sju1-owwﬂxa+ax-@nm
0

< sup If("“)(y)lf(l—t)"dt = sup If("“)(y)l

yvela,x]

k+1

Plugging this into the equation for E; (x) proves the theorem.

e Homework: Please read page 85 of Advanced Calculus 2" Ed (not the exercises on top) by
Gerald Folland:
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https://sites.math.washington.edu/~folland/Homepage/AdvCalc24.pdf

It should be an easy read since we did everything there above. Please also read the statements of
Theorem 2.58 and Theorem 2.63. You are not responsible for the proofs of the latter two
theorems.

Series

Definition: Suppose we have an infinite (countable) sequence of numbers {y,, v1, v, ... }. We
define the (infinite) series as the formal expression

Z)’j =Yty +--
j=0

If the limit on the right-hand side of (21) below exists, then we say that the series converges (or
“is convergent”), and we define the value of the series 72, y; to be equal to that limit:

1) k
- 2= fim D
j=0 j=0

If this limit does not exist, we say that the series diverges (or “is divergent™), and we don’t
define a value for the series .72, v, A special case of when Y72y, diverges is when the above

limit is too in which case we write Y72,y = t.The y;’s are called the terms of the series
and Z?:o y; are called the partial sums.

Remark: A few remarks about the above definition

1. The series doesn’t necessarily have to start at j = 0 but could start at any other value (e.g.
Jj = —3). We simply chose j = 0 for illustration.

2. The y;’s don’t necessarily have to be numbers, but could also be vectors, matrices, etc.

In the following theorem, we illustrate the power of Taylor’s theorem for computing the
exponential, sine, and cosine. For the proof we will assume derivative rules for these mentioned
functions.

Theorem:

oo

N 1 . C (-1)/ 2i . N (1) 2j+1
e =Zj—!x1, cos(x)szo(zj)!xf, sm(x)zkzomx’ .

Jj=0

Proof: We will prove the formula for e* since the proof for the other two are essentially the
same. Fix b > 0, we will prove that e* = ¥%_,(1/jD)x’ on [—b, b] from which the theorem will

60


https://sites.math.washington.edu/~folland/Homepage/AdvCalc24.pdf

Haim Grebnev Last Modified: February 18, 2025

follow since b > 0 is chosen arbitrarily. Since the derivative of e* is e* and e = 1, if we set
a = 0 and f(x) = e* in Taylor’s theorem we get that all fU’(a) = 1 and

k
1 .
e* ZZj_'x] + Ep(x)

j=0

where Ej (x) is as in Taylor’s Theorem. To prove the theorem, it will suffice to show that
lim le® — 2¥_,(1/j1)x7| = 0 for x € [—b, b]. Notice that this limit is equal to

|+ ()
—~
sup leY] sup |eY| ob
. . between a and x . Yy€[-b,b] .
lim |E, (x < lim Y Xk+1 < lim —Xk+1 < lim —bk+1
k—>oo| k( )l k00 (k+1)| k—o0 (k+1)' k—)oo(k-l—l)'

=0

where in the last step we’ve used that limy_,, b**1/(k + 1)! = 0 which, although is not
immediate, is a quick exercise to show.

Example: An example of a famous function f € C*(R) that is not equal to its Taylor series is
f= {e-l/x if x>0
0 if x<0

It’s on the level of a homework problem to show that all derivatives of this function at zero are
zero (you’ll have to use L’Hépital’s rule), and hence its Taylor series is Y5 ,(0/k!)x* = 0. But
obviously this Taylor series cannot be equal to f since f is not zero for x > 0.

Improper integrals

We’ve only defined integrals for bounded functions on bounded intervals [a, b]. But very often
we need to define integrals for functions with asymptotes or on infinitely long intervals. Such
integrals are called improper integrals and are defined, naturally, using limits.

Improper Integrals of Type I: Suppose that f : [a, ) — R is such that f is integrable on [a, b]
for all b > a. Then we define the improper integral

ff(x)dngi_)rgoff(x)dx

0

More precisely, if the limit on the right-hand side exists then we say that fooof(x)dx converges
(or “is convergent”) and we set it equal to that limit. If the limit does not exist, then we say that
) 000 f(x)dx diverges (or “is divergent”) and we don’t assign it a numerical value. A special case
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of when fooof(x)dx diverges is when the above limit is +oco in which case we write
Jy f()dx = too.

Improper Integrals of Type I1: Suppose that f : (a, b] — R is such that f is integrable on [c, b]
for all ¢ > a. Then we define the improper integral

b b
ff@Mx=£%ff@mx

More precisely, if the limit on the right-hand side exists then we say that f:f(x)dx converges
(or “is convergent”) and we set it equal to that limit. If the limit does not exist, then we say that
f; f(x)dx diverges (or “is divergent”) and we don’t assign it a numerical value. A special case

of when fff(x)dx diverges is when the above limit is + oo in which case we write f:f(x)dx =
too.

Remark: One can analogously define improper integrals on intervals of the form (—o, a] and
[a, b). A few more straightforward generalizations:

1. Letus illustrate what to do if you need to take improper integrals at two places. Suppose
f : (a, ) is integrable on every interval [b, c] where a < b < ¢ < oo. Fix an a, such
that a < a, < o and we define

ff(x)dx = lim, }Of(x)dx + lim ff(x)dx

where we require both limits to exist separately. It’s a quick exercise to show that this
does not depend on the choice of a,. Integrals on intervals of the form (—oo, a), (a, b),
and (—oo, o) are defined similarly.

2. Next we illustrate what happens if you need to take an improper integral at a point in the
middle of an interval. In other words, suppose a < b < c and that f : [a,c] \ {b} - R is
integrable on any closed interval contained in [a, c] \ {b}. Then we define

ff(X)dx = ff(X)dx+ff(x)dx.
a a b

In other words, we require both improper integrals ff f(x)dx and fbc f(x)dx to exist
separately. You cannot simply integrate through the bad point “b” in one go!

Inverse Function Theorem
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We go back and prove a few tail ends that we have left.
Note: In the following theorem only, a, b, c, and/or d can be +oo.

Inverse Function Theorem: Suppose that f : (a, b) — R is differentiable, which implies that f
is in fact of the form f : (a, b) — (c,d) and is surjective. Suppose furthermore that f’ > 0 or

f' < 0 everywhere. Then f has an inverse f ! : (¢,d) — (a, b) and this inverse is differentiable
with derivative:

1
—1y/ —

(22) YO = mrmigyy
Proof: Let’s assume that f' > 0 since the proof is very similar in the case f’ < 0. Observe that
f' > 0 implies that f is strictly increasing. We have that f maps surjectively f : (a,b) —
"Interval” because it is continuous and hence maps connected sets to connected sets, and hence
its image is also an interval. That “interval” can be either of the form (c, d), [c, d), (¢, d], or
[c, d]. We claim that it must be of the form (c, d). We show why ¢ can’t be in the image of f, the
case for d is similar. If ¢ was in the image, then there would be an x € (a, b) such that f(x) = c.
Then if we take any x" € (a, b) smaller than x, then f(x") < c since f is strictly increasing. But
we just said that the image of f cannot go below c. So c indeed can’t be in the image of f. As
mentioned, the argument for d is similar, and so we get that f is of the form f : (a,b) = (c,d)
and is surjective.

Since f is strictly increasing, we have that the inverse exists: for every y € (c, d) define f~1(y)
as x = f~1(y) where x is the unique x € (a, b) such that y = f(x) (i.e. x exists since f is
surjective onto (c, d) and is unique since f is strictly increasing). So let us prove (22) above.

Pick any x, € (a,b) and let y, = f(xo) € (¢, d). We need to show that

1 (0) =
f'(xo)

In other words, we need to show that

- 1

lim

Y=o Y = Yo (%)
O —f"Go) 1
SVe>0 36>0 Vye(c,d):|ly—yol <dandy # y,, - — < &.
y y Yo y Yo Y — Yo f (xo)
. . . , L Fx)=f(x0)
Take any € > 0, we will show that such a § > 0 exists. Since f'(x,) = limy_,,, —————— # 0,

we have that o
o li _ lim —— %0
Filo)  wovo fG) — FOxg) 530 F () — F (o)

X — X
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This means that
X — Xo B 1 <
- fao) [l = °

For reasons as before, f maps the interval (x, — 8, x, + §") surjectively onto an interval of the
form (y, — 8, y, + &), and we claim that this is the § > 0 that we’re seeking.

36’ >0 Vx € (ab):|x—xy <6 and x # xg,

Indeed, take any y € (c,d) : |y — yo| < 6 and y # y, (which means y € (y, — 8,y + 6)). Let
X € (xg—08',xy +6") besuch that y = f(x). Then

O o)1
Y—Yo f'(xo)

X — Xo 1

0 —fao)  Fl)l - F

So we’re done!

Corollary: Suppose I € R is an open interval, that f € C*(I) where k > 1 (k could be ), and
that £’ is never zero. Then the inverse £~ exists and is in C*(I) as well.

Proof: The fact that f € C*(I) for k > 1 implies that £ is continuous. Hence £’ never being
zero on the interval I implies that either always f' > 0 or always f' < 0 (by the intermediate
value theorem applied to £’ on I). So let us prove that =1 € C*(I) as well. From the expression

vy 1
R T =T
we see that (1)’ is continuous. If k > 2, we can take the derivative of this to get
-1
') =——=f"(»)
[F(Fr o)

from which we see that (f~1)"" is also continuous. If k > 2, we can take the derivative of this
again and again and keep going until we arrive at that (f~1)® is continuous and hence f~* €
C*(D). If k = oo, this process simply never stops.

|
As an application, we mention a rigorous construction of the logarithm and exponential function.

Definition: We define the natural logarithm function as

X

In(x) = f%dt

1

(an interesting exercise is to use this to prove that In(ab) = In(a) + In(b)). By the fundamental
theorem of calculus, the derivative of this is
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d In(x) = 1
dx T
In fact, since we can take infinitely many more derivatives here, this shows that In(x) € C*(R).

The exponential function e* is defined as the inverse of In(x). By the previous theorem

dx derivative of In(x) evaluated ate* 1
ex

By the previous corollary we also get that e* € C*(R)

Note: Defining sine and cosine is harder for the following reason: how does one define angle?
You need to answer this in order to make sense of cos 6 and sin 8 where 8 is an angle. Typically,
it’s rigorously defined using arclength along the unit circle. Arclength is something you’ll learn
about in Math 302.

Final Notes

Interchanging derivatives and integrals.

Graph Taylor polynomial approximations of cosine: it’s very illustrative.
No one’s a dictionary, we learn math for the techniques. Big concepts are

o Real numbers didn’t fall from the heavens as a number line, they are defined using sets of
sequences of rational numbers.

o We have precise ways of talking about limits, that precisely encode what it means to get
arbitrarily close. This allows to precisely build the foundation of all of analysis. A related
subject if “sup and “inf”

o Limits and continuity have been pushed to more general settings of metric spaces, one of
whose fundamental examples are function spaces which revolutionized the theory of
differential equations.

o Big concepts from topology:

= Balls
= Open sets
= Boundary

= Connectedness and sequential compactness

= Continuous function take connected/compact to connected/compact which gives
the intermediate and extreme value theorems respectively

o Derivatives as limits of secants lines
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o Derivatives and integrals are like Jekyll and Hyde, connected by the Fundamental
Theorem of Calculus

o Taylor polynomials gives numerical approximations for functions, and we have ways to
say how small the error is.
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